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Abstract. Based on the study of two commonly used stochastic elliptic models: I: -V -
(a(x,w)-Vu(x,w))=f(x) and I — V- (a(x,w)oVu(x,w))=f(x), we constructed a new
stochastic elliptic model ITl: —V - ((a~1)*(-YoVu(x,w)) = f(x), in [20]. The difference
between models I and II is twofold: a scaling factor induced by the way of applying
the Wick product and the regularization induced by the Wick product itself. In [20], we
showed that model III has the same scaling factor as model I. In this paper we present
a detailed discussion about the difference between models I and III with respect to the
two characteristic parameters of the random coefficient, i.e., the standard deviation o
and the correlation length /.. Numerical results are presented for both one- and two-
dimensional cases.
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1 Introduction

Stochastic elliptic models are of fundamental importance for the stochastic modeling of
physical and engineering applications [9,15]. The two commonly studied stochastic el-
liptic models in literature include

Model I: —V-(a(x,w)Vur(x,w))=f(x), (1.1a)
Model II: —V-(a(x,w)oVuy(x,w)) =f(x), (1.1b)

where x ¢ R, d=1,2,3, w indicates randomness, a(x,w) a non-negative random process
and ¢ the Wick product. Based on the properties of a(x,w), models I and II can be adapted
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for different applications. For example, if the random coefficient a(x,w) is ergodic and
has two wildly separated scales, model I becomes a typical stochastic multi-scale elliptic
model. In this work, we consider a general case, where we assume that a(x,w) is log-
normal and the underlying Gaussian random process is homogeneous stationary and
ergodicity is not required. For such a set-up, we refer to [1, 2, 6-8, 14] and references
therein for theoretical and numerical studies for model I and [9-11,17-19] and references
therein for model II.

The difference between models I and Il is twofold: a scaling factor induced by the way
of applying the Wick product and the regularization induced by the Wick product itself.
It was shown in [20] that the scaling factor is an exponential function of the variance of
the underlying Gaussian random process of a(x,w). By applying the Wick product in a
different way, a new stochastic elliptic model

Model TI: V- ((a1)°* Vo Vuy(x,w)) = f(x) (1.2)

was proposed in [20], whose solution has the same scaling factor as model I. Numerical
experiments showed that for one-dimensional problems the solutions of models I and IIT
can be very close to each other, which implies that the regularization effect induced by
the Wick product is relatively small.

In this work, we continue the study on the two stochastic modeling strategies based
on the regular product and the Wick product. We will focus on the regularization effect
induced by the Wick product by examining the difference between models I and IIT with
respect to the standard deviation ¢ and the correlation length /. of the underlying Gaus-
sian process of a log-normal random coefficient a(x,w). Asymptotic analysis shows that
the difference between the solutions of models I and III is of second order with respect to
o, ie.,

Hu;—umH NC(ZC)(TZ.

Such a fact is independent of the physical dimension d. Thus model I1I can provide most
of the information given by model I when ¢ is relatively small. In particular, when I, goes
to infinity, the constant C(I;) will decay to zero. It is shown that the solutions of models
I and III converge to each other as I. goes to zero, which is a fact that is only true for
one-dimensional problems. Analysis and numerical results also show that the solutions
of models I and III are almost linear with respect to each other in a statistical sense if ¢ is
relatively small.

This paper is organized as follows: in Section 2 we introduce the weighted Wiener
chaos space, which is a uniform theoretical framework for models I-III. A detailed de-
scription of the three stochastic elliptic models is given in Section 3. We present some
theoretical studies about the difference between models I and III in Section 4. Numeri-
cal results for two-dimensional problems are given in Section 5 followed by a summary
section.
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2 Wiener chaos space

We consider all stochastic elliptic models I-III in the weighted Wiener chaos space [10,13]
since we assume that the random coefficient is log-normal.

Definition 2.1. Let {u;(x)}>, be a complete orthonormal basis of the space L?(D) and
W={W(h(x)), he L*(D)} a zero-mean Gaussian family such that

E[W ()W (h2)] = (h1,hp), Vhi,ha € L*(D), (2.1)

where D C R%, d =1,2,3, indicates the physical domain and (-,-) the inner product on
L2(D). The (Gaussian) white noise on L?(D) is then defined as the formal series

W=Y W(uu(x) =) Can(x), (2.2)

k>1 k>1
where ¢ are independent normal random variables according to Eq. (2.1).

We then define F:=(Q), F, P) as a complete probability space, where F is the o-algebra
generated by the countably many independent identically distributed (i.i.d.) Gaussian
random variables {Cj}r>1. We define a random vector & := (§1,2,--+). In practice, we
often need to deal with colored noise, where the correlation between two physical points
is taken into account. Such a correlation can be modeled though the smoothed white noise,
which takes the form

W (x,w0) =) (1, 9x)Grs (2.3)
k>1
where the function ¢ (y) introduces correlation through the inner product with . For
any two physical points x1,x, € D, we then have their correlation function as

E [W¢<x1/w)w¢(x2/w)] = E <uk/¢x1 ) (uk,(sz) = <<Px1/47x2)-

k>1

Example 2.1. Let I3(x) be the indicator function, i.e., Iz(x) =1, if x € B; Ig(x) =0, other-
wise. Let ¢ (y) =1p(y—x). We then have a nonzero correlation for two points x; and x3,
if{yly—x1€B}N{yly—x € B} #Q.

Let J be the collection of multi-indices & with & = (a1,ap,-+) such that ax € N and
|| : =Y o100 <00. For o, € 7, we define

a+B=(a1+Br02+P2 ), al=) o, al=] Ja!.

k>1 k>1
By definition, « >0 if |&| >0 and B <w if

Br <uay forall k>1.
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If B <w«, then we define

a—pB=(a1—P1,a2— P2, )
We use (0) to denote the multi-index with all zero entries: (0), =0 for all k; (i) is the
multi-index of length 1 and with the single non-zero entry at position i:

e(i) = 1, if k=i,
K70, if k#£i
LetH,=H,(t),n=0,1,2,---, t € R, one-dimensional Hermite polynomial of order n:

24t o2
H,(t)=(-1)"ez g (2.4)

In particular,
Ho(t)=1, Hi(t)=t, Hy(t)=t*—1, Hz(t)=t>—-3t,--.
With respect to ¢, we define the collection of stochastic Hermite polynomials &= {hy,x€

J } as follows:

k>1

For any fixed k, the following relation holds

E[H,, (&)Hg, (Ck)] =0up,x!,  E[hshg] =0, (2.5)

Recall the following result.

Theorem 2.1 (Cameron-Martin [5]). The set E is an orthonormal basis in Ly (IF): if € L, (FF)
and 1, =E[yh,], then

17—217,,4 N—Zm‘ and K[y 217“

aeJ aeJ - weJ

Let LZ(IF;V) denote the collection of square-integrable V-valued random elements,
where V is a separable Hilbert space. By Theorem 2.1, every v € L?(IF;V) has a unique
representation

v=Y v,Hy(Z), (2.6)
aeJ
where
- [UHJ(E)] 27
and
Eljollf = ) ljoall}- (2.8)

weJ
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Then, given a collection R={r,, « € J } of uniformly bounded positive real numbers, we
define the space RL?(IF;V) as the closure of L?>(TF;V) in the norm

0152y = 2 et loall? (2.9)
weJ

The space RL?(FF;V) is called a weighted Wiener chaos space. In this work, V =H} (D)
for the elliptic problems.

Definition 2.2. With respect to the stochastic Hermite polynomials H, (&), €7, the Wick
product can be defined as

Htx(g)OHﬁ(g) :Ha-i-ﬁ(g)' (2.10)

The mathematical correspondence between the Wick product and the Malliavin di-
vergence operator for the Skorokhod-Itd integral can be found in [9,12].

3 Stochastic elliptic models

Let D be a bounded, connected, open subset of RY,d=1,2,3, with a Lipschitz continuous
boundary dD. We consider the following three stochastic PDEs of elliptic type:

Model I: —V-(a(x,w)Vu(x,w))=f(x), (3.1a)
Model II: -V (a(x,w)oVuH(x,w)) = f(x), (3.1b)
Model III: V- (a1 (x,w) o Vi (x,0)) = f(x), (3.1¢)

in D, where homogeneous Dirichlet boundary conditions are satisfied on 0D for all the
three Egs. (3.1a)-(3.1¢c), a(x,w) is a log-normal random process, f(x) is deterministic for
simplicity and (a2~ 1)°(-Doa~1=1. All three models deal with the noise in the coefficient
a(x,w). In addition, models IT and III replace the regular product with the Wick product.
The difference between models II and III is clearer if the following linear systems are
considered [20]:

Vupg; :a*1<>P,
—V-F=f(x).

aoVuH:F,
~V-F=f(x),

Thinking of the Wick product as a regularization operation in the probability space,
model I smooths the flux while model III smooths the gradient of u(x,w). The follow-
ing features of models I-IIT are observed in [20]:

Model II: { Model III: {

e E[uj;] and E[uj]| satisfy the following deterministic PDEs
—V-(E[a]VE[uy]) =f(x), (3.2a)
—V-(Ela ] 'VE[ui)) = f(x), (3.2b)

respectively while E[u;] cannot be described by a deterministic PDE due to the
closure problem.
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e There exists a scaling factor ¢” between u rand ujg, ie., up~ e u 11, where o is the
standard deviation of the underling stationary Gaussian random process of a(x,w).
Model III removes the scaling factor e"z, which makes u; and uj;; are comparable
for many cases.

In this work, we focus on the difference between u; and u;;. More specifically, we dis-
cuss such a difference with respect to the two characteristic parameters of the underlying
stationary Gaussian random process of a(x,w), i.e., the standard deviation ¢ and the cor-
relation length I.

3.1 The log-normal field a(x,w)

oWy (x)

The log-normal random field a(x,w)=e is defined with respect to the Wick prod-

uct [9]
e?Wol¥) — lW;” (x), (3.3)

|
71:0”'

which also corresponds to the regular log-normal random field as [9]
oW,(x) Lo 2
M) = exp [ Wy (x) =5 4113, (3.4)

where ¢ € L?(D) is the function chosen for the smoothed white noise Wy (x), see Eq. (2.3).

Following are some useful properties of the log-normal random field ¢°"+(*)

Theorem 3.1 (see [9]). The following statements hold for the log-normal random field e°"™o(*):
(a) E[ee™o] =1.

(b) Var(e?We)=ell9lz —1.

(c) e®Wooeo(=Wo) =1,

Corollary 3.1. Let a(x,w)=e""o(), Then

(a7 1)) =g 1913 o Wo () (3.5)
Proof. As
al(x,w)= (e°W¢(X)) Lo e We(0+ 31915 — I3 po(—Wolx))
using property (c) in Theorem 3.1, we conclude the proof. O

Thus, for the chosen log-normal random field, the difference between a(x,w) and
(a=1)°(=1 is the scaling factor e~ I1912, which is mainly related to the degree of perturba-
tion as shown by property (b) in Theorem 3.1. More discussions about such a scaling
factor can be found in [20]. Mathematically speaking, the scaling factor comes from the
fact that the regular product and Wick product cannot commute.
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3.2 Karhunen-Loéve expansion

We now establish a connection between the smoothed white noise and the Karhunen-
Loeve expansion, which is widely used in practice to approximate colored noise. Assume
that the underlying Gaussian field Wy (x) has a normalized correlation function

R(x—y) =E[Wy(x)Wy(y)],

e.g., R(x—y)=e"1¥7¥/k which is non-negative definite. The eigen-pairs {A;,¢:(x)}, of
R(x—y) are defined as

L REDwdy=1gi(x), [ pix)gi(x)dx=s;, 36)

According to the Mercer’s theorem, 1 = ¢ (x) form a complete basis of L(D).
Let () =521 VAigi(x)¢i(y). Using Eq. (2.3), it is easy to show that the correspond-
ing smoothed white noise takes the form of the Karhunen-Loeve (K-L) expansion

=fjﬁi¢i<x>§i. (37)
i=1

Note that
pxll5=Y_Aip7 (x) =R(0)=1, (3.8)
i=1

which is the variance of the Gaussian random field Wy (x). Using Egs. (3.7) and (3.8) and
the generating function of Hermite polynomials

39 ii— (3.9)

we obtain the explicit Wiener chaos expansion of a log-normal random field

0] —exp [Wy ()~ 21913] mexp [ L ()&~ (o] = ¥ Z P ma(@), @10

i=1 2 acJ Vv “!
where

D (x) = ((u1,Px), (u2,Px), ), (3.11)

and (u;,¢x) =+/A;¢i(x). For a more general correlation function, e.g., R(x—y)=c2e~ [*-¥l/k,
which satisfies R(0) =02, we only need a small modification (u;,¢y) =0c+/A;¢;(x) to make
the above formulas valid. Note that the eigen-pairs {A;,¢;(x) }$>; are subject to the corre-
lation function R(x—y) with c=1.
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3.3 Uncertainty propagators

Based on Theorem 2.1, models I-III can be transformed into some high dimensional de-
terministic problems, i.e., uncertainty propagators, through a Galerkin procedure in the
probability space. Since we will focus on the discussion of models I and III, we here only
describe their uncertainty propagators. Assume that we have Wiener chaos expansions
of random coefficients

a(xw)=Y a,He,  (a1)V=Y 4,H,.
wcJ e
We then substitute the Wiener chaos expansions of solutions
ur=Y ujgHg,  upr=Y uygHg
BeJg BeJ

into models I and III and take the Galerkin projection in the probability space, which
results in the following propagators:

— Y V-(a,Vu;g)E[HHgH, | = f(x)5(9) ., (3.12a)
o, ped

= Y V(o Vuna) = f(x)5(0), (3.12b)
o<y

where v € J. To this end, the original stochastic PDEs are transformed to a system of
deterministic PDEs, where Eq. (3.12a) is a coupled PDE system of chaos coefficients 1,
while Eq. (3.12b) is a decoupled one which is lower triangular, i.e., ujj, only depends
on uyr, with a <7.

Define an operator A, =—V-(4,V). Eq. (3.12b) can be rewritten as

Ayurro) =1 la| =0,
Aytia=— Y, Apguia-p |&[>0. (3.13)
BeJ 0<B<lua
Then Eq. (3.13) can be solved in an abstract form
Urrr,(0) ZA(_Ol)f, la| =0,
Urle = — Z A(()l)AﬁuIII,a—ﬁ/ |0C’ > 0. (314)
BeT 0<B<a

The uncertainty propagator of model I does not have such a nice property since it does
not have a lower-triangular structure.

4 Compare models I and III

There exist two characteristic parameters for the underlying Gaussian random process:
the standard deviation ¢ and the correlation length /.. In this section we consider the
difference between models I and III with respect to o and /.
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4.1 The difference between u; and u;;; with respect to o

We first consider the difference between operations of the regular and Wick products for
two random elements in RL?(IF;R).

Proposition 4.1. Let g1,92,91(x—©)g2 € RL2(IF;R). Assume that g1 =Y 4c 781,Ha (&) and
9= we782:Ha (&), where g1 o =O(e®) and g4 = O(el*!) and 0< e < 1. Then

1(81(x—)82) I mrz(rm) = O (). (41)

Here * denotes the reqular product and R is used as a general operator for weighted Wiener chaos
space.

Proof. We first look at the Wick product. According to the definition of Wick product, we
have the Wiener chaos expansion

(gl<>82)(o) =&1,(0)82,(0)~
(81082)e(i) = 81,(0)82,¢(i) T 81e(1)82,(0)

for Hy (&) of polynomial order |a| =0,1. For the regular product, we have

(81%82) (0) = 81,(0)82,0) + O(&),
(81%82) e(i) = 81,(0)82,e(i) T &1,¢(i)82,(0) +0(e"),

where the terms O (") and O(¢?) are contributions from the higher order terms. We now
identify a and b. It is not difficult to see that with respect to ¢, the largest contribution to
the mean is from the terms

gl,e(i)gz,e(i)Hi(j) =81,e(1)82,e()H(0,-,020,-) T 81,e(i)82,¢(i)s

where (0,---,0,2,0,---) is a multi-index such that only the i-th component is nonzero.
Since g1 ¢(i)82,e(i) = O(€*), we have a=2. Similarly, we can identify b=3. Then each chaos
coefficient of g1 (x—¢)g, contains a factor ¢2, which can be taken out. Since the weighted
norm forms a power series with respect to ¢, the weights {r, } should depend on the co-
efficients of e* when € <1. Then we obtain the conclusion. Note here that R is used as a
general operator for weighted Wiener chaos space, which implies that the weights for g;,
g2 and g1 (x—¢)g» are possibly different. We refer to [10] for more discussions about the
operator R. O

Models I and III correspond to the following two linear systems, respectively

(4.2)

Vu,zafl*l-“l, I Vum:oflol-g,
_V'Plzf/ . _V'P3:f/
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where * denotes the operation of the regular product. Then the equation for u; —uj; can

be obtained as
V(u;—um) =a 1« (Pl—P3)+IZ_1(>k—<>)P3,

4.3
—V-(F1—F3)=0, (43)

which corresponds to a second order elliptic equation for u;—ujj; as
—V~(th(u1—um)):—V~(a*(a_l(*—<>)P3)). (44)

Note that we express explicitly the regular products on the right-hand side since the
regular and Wick products do not commute. It is seen that Eq. (4.4) corresponds to model
I while the force term is related to model III through F3.

Theorem 4.1. Assume that F = —V-(ax(a~'(x—o)F3)) € RL2(IF;H (D)) subject to the
weights {r, }. Then there exists a set of weights R = {¥y,a € J }, such that

||”I—”HIH72L2(1F;H3(D)) =0(c?). (4.5)

Proof. It is a technical issue to study the properties of F, since this term is related to both
model I and III. We will present an idea of how to study F and then just focus on the
order of the difference between u; and uj; with respect to o. Both models I and III can
be studied by white noise analysis, which is consistent with the weighted Wiener chaos
space approach [14,17]. Once we identify a proper space RL?(IF;H~!(D)) for F, we can
adapt the results in [14] to find the space RL*(F;H} (D)) in which u;—u;j; exists. Since
in this work we are only interested in the order of |[u; —u 1| g 2, Hi(D)) With respect to

o, the explicit definition of RL*(IF;H} (D)) is not critical for our goal.
From Eq. (4.2), we know that F3= (a‘l)O(_l)OVum. We now discuss ujjj , using the
abstract form (3.14). Using Corollary 3.1 and Eq. (3.10), we have

(afl)o(*l):efaz Z q)a('x) H“(g),
ey o
ie., .
ﬁ,,‘(x) :e_gz q)a('x),
where
®(x) = (0/ 11 (x),0V/ Moo (x), ).
Thus

fa(x) = O (o).

Let 4, (x) < Cpe 7 cl®l e 7. Ford,ve Hé (D), let A(9)0=A,0v. We have

A A A A A A A o A
e 012 )= (A0):9) = (A42,0) = (8 (1) V2, V9) < Cu® ol 0 I8l
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which results in

IAG Al < Cac!

Thus

A Al=0("). (4.6)
From Egs. (4.6) and (3.14), we have

el s Y I1AgAslltma—plla o),

BET 0<p<u

which implies that
w1110 HH&(D) =O(ol*).

Thus each component of Vi , must have a factor ol e, Ox, UII]u =clel Cia(x),1<i<d.
Let F3; o be the chaos coefficient of the ith component of F3. Since F3 = (ufl)o(*l) oVuyp,
the definition of Wick product yields that Fs ; ,(x) =c1*/F5; ,(x). From Proposition 4.1, we

know that each Wiener chaos coefficient of a~!(*—¢)F3 has a factor ¢? and so does F.
Based on our assumption of F, we have

lur—unill gz 0)) < CIIFlRL2 811 (D))

where C is a general constant. It can be shown that C behaves like 69‘72, where 0 is a
constant independent of ¢ [14, 16]. We then complete the proof from Proposition 4.1. [

From Proposition 4.1 and the proof of Theorem 4.1, we can see that the right-hand
side of Eq. (4.4) takes the form

=V (ax(a”! (+=0)F3)) =0* fo(x,8) + 0 fa(x,5) ++--.

Substituting
a(x,w) =ag+oa; (x,w)+0?ay(x,w)+---

and the following ansatz of u;—ujj;
Ur—uy = ﬂo(x) +01lq (x,i;) +0’2ﬁ2<x,§) +---
into Eq. (4.4) and comparing the coefficients of ¢, it is not difficult to obtain that

—V'<llov110) IO,
-V (lloVﬁl) =
—V-(agViip) =

'(H1Vﬁ0),
~(a2Vﬁo)+V'(Q1Vﬁ1)+f2(x,€),---,

which results in
ﬂo(x) :121(36,6) :0, ﬂi(x,g) 750, i:2,3,-~- .
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Thus, u;—up has the following power series expansion with respect to o
ul—MU[2(72122<x,§)—|—0'3123(x,§)—|-'-'. (47)

Then both the mean and standard deviation of u; —ur are of O(¢?) if they exist.
We now look at the autocorrelation function of u; and u;;;, defined as
I [(u;—E[ug]) (urrr —Elumm))]

R(ul,um): 00y s (4-8)
YU

where 0y, and 0, are standard deviations of u; and u;;;. We assume here that ¢;,, and
Oy, s positive for any x€ D. Let

up = 1o (x) oty (x,8) + 228" (x,&) + 21l (x,8) +- -,
upp =1o(x)+oiy (x,8) +‘72ﬁ§3) (%,C) +‘73ﬁ§3)<x/§) +ee

We then have the standard deviations of u; and ujj; as

Nl

aulza(augl—i—(?(a))%, Ouy =0 (07, +0(0)) (4.9)

and

E [ (u;—E[u;]) (upr —Elup])] =g, + O (). (4.10)
Thus if ¢ is small enough, R(uy,ur) ~1, which implies that u; and ujj; are almost linear.
Remark 4.1. The model difference between models I and III is of O(c?). When ¢ is
relatively small, model III is able to give most of the information we need from model I.

However, it is much more easier to solve model III than to solve model I due to the fact
that the uncertainty propagator of model III has a lower-triangular structure.

4.2 The difference between u; and u;;; with respect to I,

It is not straightforward to discuss the difference between u; and u;; with respect to the
correlation length I, since we are not able to link it explicitly to the Wiener chaos expan-
sion as we did for the discussions of . We will mainly focus on the one-dimensional
problems which have an explicit solution, based on which we present some comments
for the high-dimensional problems.

For the one-dimensional problems, we have the following exact solutions for
Egs. (3.1a)-(3.1¢):

Theorem 4.2 (see [20]). Let D = (0,1), a(x,w) =" and f(x) € L1(D) is a deterministic
function. Then the exact solutions of models I-1II are:

x x pt
u1:e|4’|5{A- [fecmoa [*] f(s)dseo(‘wfﬁ(t))dt}, (4.11a)
0 0 Jo

X x pt
U= Ao / ¢ (Wl g / / F(s)dse? W), (4.11b)
0 0 JO

MU[IBMH%MU, (4.11C)
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where

1 1 1 gt
i o(—Wy(t)) ) o(=Wy (1))
A= (/0 e e dt) /0 /Of(s)dse o) dt,
1 o(—1) 1 ,t
— o(=Wy(t)) o(=Wy(t))
A= </0 e e dt) <>/0 /Of(s)dse o) df.

4.2.1 Infinite correlation length

This case is the simplest one, since Wy (x) does not depend on x if the correlation length
is infinitely large. Then u;(x,w), i=1, 11 III take the following forms [20]

ulzeazuu:um:eazeo(’%)A’lf(x), (4.12)

where W (x) is independent of x, A™! is the inverse of Laplace operator satisfying the ho-
mogeneous boundary conditions. In other words, u; and ujj; are exactly the same when
Wy (x) is just a Gaussian random variable and u;; is obviously not a good approximation
of u; due to the exponential divergence.

Note that Eq. (4.12) is obtained directly from the fact that the underlying Gaussian
random process is spatially-independent, which is actually valid for physical dimension
d=1,2,3. If we combined such an observation with Theorem 4.1, we obtain the following
corollary.

Corollary 4.1. Let ||u;—uyy;|| <C(I.)o? with respect to a proper weighted L2 norm for d=1,2,3.
Then C(l.) goes to zero as I goes to infinity.

4.2.2 Small correlation length

For a small correlation length, we have the following theorem:

Theorem 4.3. Let
P)=TEl g g

for the definition of the smoothed white noise Wy (x), where . is a constant and can be regarded
as the correlation length. Then for one-dimensional stochastic elliptic problems considered in
Theorem 4.2, we have

lim u7(x) —¢% lim u(x) :llimum(x)
: -

le—0 Ic—0 =0
= (x/ol/otf(s)dsdt—/Ox/otf(s)dsdt>, as.. (4.13)

Proof. We will still use the smoothed white noise to discuss this case. However, instead of
using the Karhunen-Loéve expansion which is global in the physical space, we consider
the step functions for the expansion of (smoothed) white noise.
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Let D=(0,1) and I'; be a uniform partition of D, i.e.,
I':0=xp<1<--<x,=1,
where x;11—x;=h=1/n,i=0,--- ,n—1. Define the following step functions:

1
7%11 [xk Xk 41)7

Itis known that {u; } is a complete orthonormal basis of L?(D) when n—sco, which implies
that the Gaussian white noise on L?(D) can be approximated as

we= k=0,---,n—1. (4.14)

n—1 1
= ﬁ][[xk’karl)

For the smoothed white noise, we consider a simple smoothing function

W= & (4.15)

‘P(y):ﬁ

Then the smoothed white noise takes the form

I where 0<c€R and |[|¢|2=0.

451

n—1 1
W¢ <x) = k;o ﬁ (H[xk,xkﬂ)/cpx) Gk (4.16)
where we assume that /1 <I.. For any x, we have
n—1 1 n—1 1
E [6W¢(x)] =E [Hexp (ﬁ (H[xk'xk+l)’¢x)gk>:| =exp ( Z 2h (H[kaxkﬂ)’qjx)z)
k=0 k=0
nl1 1 1
—exp (¥ 5 (uo)?) =exp (514[3) =exp (50%), (4.17)
k=0

where we use the fact that ¢, € span{ug,---,u,_1}, if n is large enough. It is not difficult to
verify that the properties listed in Theorem 3.1 hold for the smoothed white noise define
in Eq. (4.16).

Consider the finite difference approximation of the following integral

ny—1

* o(=Wo(1) 74 _ 1s o(-Wo(t,1))
/Og(t)e ¢ dt—}gr(l)lgg(tiJr%)e 277 8x,

where the function g(t) is bounded on [0,1], ny is an integer and x=n,dx. We take dx=I,,

which implies that e(~W¢(fi+1/2) are independent random variables. According to the
strong law of large numbers, we have

1 ny—1

o Z (g(ti+%)€0(w¢(ti+%)) _]E[g(tw%)eO(W(P(tH%))}) —0, a.s.

nx =0
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as ny — oo, i.e.,

ny—1

X X
£)e*WolD) gg —y | ) / H)dt, a.s.,
| stve Jim, 1 gt g)ox= [ g, as

where we use the fact that

E|exp(—o(Wy(tsy))) | =1

/ (WD)t x  and //f (~Wy(t) dsdt—>//f \dsdt,
0

a.s., as 0x =1, — 0. Using the equality

Thus

we know that

For a more general discussion, we consider a equidistant mesh with a step size [,
0=x0<x1 <'“<xL%J Sx[%j-ﬁ-l:x'

Then
X Xit1
| ahe e ar=y- [ (et
0 :

(T o+ L) [ st

i<|{|andeven i<|f]and odd

where we split the summation into two parts. Since both the correlation length and the
step size is I, f;"*lg(t)eo(*w‘?(f))dt and fx’?“g(t)eo(*wfi’(t))dt are independent when both i
and j are odd or even. Using the strong law of large numbers, we have

/()xg(t)eO(_W¢(t))dt—>< Y o+ ) / F)dt— / 2()dt,

X

i<[f]andeven i<[j ]andodd
as l.—0. O

Remark 4.2. When the correlation length goes to zero, both u; and u;; converge almost
surely to a deterministic solution, which satisfies the mean of Eq. (3.1c)

-V <WW> = f(x). (4.18)
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This is actually what stochastic homogenization theory tells us for a one-dimensional
problem when the random coefficient is ergodic. Although we do not have the ergodicity
condition here, we see that as the correlation length decreases to zero a small length scale
is introduced and the spatial integral corresponds to the strong law of large numbers,
which satisfies the ergodicity condition. Similarly, the stochastic elliptic equation (3.1a)
will also goes to the homogenized one as I —0 when the physical dimension d>1. How-
ever E[u;] and E[ujj;] will be not the same any more, since the effective coefficient for the
homogenized equation of u; does not take the form of a harmonic mean for d > 2 while
E[uj| satisfies Eq. (4.18) for d=1,2,3 [15]. Such a difference is due to the regularization
of the Wick product.

Remark 4.3. In Theorem 4.3 we introduce the correlation length in a particular way
through the indicator function ¢(y). Such an assumption can be relaxed and it can be
shown that the random solution u; will converge to the solution of the homogenized
equation (4.18) in the limit of a vanishing correlation length. In [3, 4], some central-
limit-like results were given to quantify such a convergence in distribution for one-
dimensional problems. In this paper, we are more interested in the limits of u, u;; and
urrr when the correlation length goes to zero. The generalization of Theorem 4.3 is be-
yond the scope of this paper.

4.2.3 Moderate correlation length

We subsequently look at the cases when the correlation length is moderate. Since no scale
separation can be used, we resort to numerical simulations. For the numerical study, we
choose f(x)=sin(x) as the force term and R(x—y) =c2e~*~¥I/k as the correlation func-
tion of the underlying Gaussian random field. We will examine three typical correlation
lengths I, =0.01,0.1,1 in contrast to the computation domain D = [0,1]. For each correla-
tion length, we truncate the K-L expansion such that the smallest eigenvalue is about 1%
of the largest one. Let M be the number of Gaussian random variables in the truncated
K-L expansion. According to our truncation criterion, M = 300,30,6 for I. = 0.01,0.1,1,
respectively. For each /., we will examine the cases o =0.1,0.5,1, which corresponds to
the degrees 10.03%,53.29%,131.08%, respectively, of perturbation of the log-normal coef-
ficients.

Different numerical strategies will be used for the cases M =300, 30,6, which are cho-
sen according to several computational issues: the computation cost, the approximation
errors of the Wiener chaos expansions and the difference between u; and uyj;. The com-
putation cost is determined by the polynomial order and the number of random vari-
ables. The approximation errors of the Wiener chaos expansions are determined by the
polynomial order. Since our main interest is the difference between u; and w7, we choose
different polynomial orders for different numbers of random variables such that the com-
putation cost is affordable and the difference between u; and uj; is dominant compared
to the approximation errors of the Wiener chaos expansions. If the number of random
variables is too large such that the computation cost of the Galerkin method for model I
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is prohibitive, we will employ the Monte Carlo approach for the numerical approxima-
tion of model I.
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Figure 1: Statistics of u; and uy. Io=1.
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Left: Mean; Right: Standard deviation.

Case (a): [, =1.

For this case, we use fifth-order Wiener chaos expansion for both model I and III.
In Fig. 1 we plot the statistics of models I and III for different . It is seen that for the
one-dimensional problem, the first- and second-order moments of model III agree very
well with those of model I when the degree of perturbation in the random coefficient is
relatively low. However, the statistics of model III can be computed much more efficiently
than those of model I due to the low-triangular structure of the uncertainty propagator
induced by the Wick product, see Egs. (3.12a) and (3.12b). In Fig. 2, the autocorrelation
R(uj(x),urr(x)) is plotted, where we set R(uy(x),up(x)) =1at x=0and x=1. Itis
seen that a perfect correlation R(u;(x),u(x)) ~1 is obtained for different degrees of
perturbations. In other words, the relation between u;(x) and uj;(x) is almost linear. If
we are only interested in the relative change of statistics with respect to x, models I and
III give us almost the same information.

11
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Figure 2: Correlation coefficient between u; and uy. I.=1.



792

X. Wan / Commun. Comput. Phys., 11 (2012), pp. 775-796

0.2 T 0.1 T
u, 0=0.1 u, 0=0.1
0185 | Uy 0=0.1 0091 o Uy 001 0000 ]
_ _ 000 00,
0.16H - .- U, 0=05 oooooooo%% 0.08H - - u,005 Ooooooooo 0% i
014 % U 0=05 Oo‘) 9 0.07 % U, 0=05 00000 - 00
' - -y 071 OOO /,”-—\\\ _§ ’ e A 0 ,”" \\\0
0.12[ o Uyl |0 - o § 0.06f| o U, 0=l | - o
=4
< L o 7 \ ° L o s oo
g o1 o0 - 0.05
= OO e \\ g Oo// ’ \\(>
L / \ 1 L ]
0.08 o R Ve £ 004 Y 5
o7 **ﬁ * \ P \
0.061 0, o ¥ ‘o ?0.03 9 9
2 + €, ¢ 7
()?/ ***j **( © \
- Lo \
004 9 ¥k > *\“* ‘o 002 ,Q ug##ﬂ*—**ﬂ***“******ﬁﬂ“**ﬁ ®
0.02] o5y o 0.01f¢ yue** o
% K*\
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
X X
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Case (b): [.=0.1.

For this case, we use second-order Wiener chaos expansions for both models I and III.
We plot the statistics of u; and uj;; in Fig. 3 and the autocorrelation between u; and uj; in
Fig. 4. Similar phenomena are observed as in case (a). For a certain degree perturbation,
the difference between statistics of u; and uj; is a little bit larger than the corresponding
case in case (a). By noting that for the one-dimensional problem u; and u;; will converge
to the same limit as I, goes to zero or infinity, it is not surprising that the maximum
difference will be reached when I, is moderate [20].
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Figure 4: Correlation coefficient between 17 and uj. I, =0.1.

Case (c): I,=0.01.

For this case, we use the Monte Carlo method to approximate model I and second-
order Wiener chaos to approximate model III. We plot the statistics of u; and uy; in Fig. 5
and the autocorrelation between u; and ujj; in Fig. 6. Compared to case (b), the corre-
sponding difference between statistics of 1 and uj;; decreases since /. becomes smaller.

It is observed that the largest absolute difference between u; and u;;; happens around
x=0.6 for cases (a)-(c). In Fig. 7, we plot, in the log-log scale, the evolution of the differ-
ence between statistics of 1; and uj; at x =0.6 with respect to the degree of perturbation
in the random coefficient. The slopes of all straight lines are 2, which confirms that the
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difference between the corresponding statistics of u; and upy; is Co? with C being a con-
stant, as predicted by Theorem 4.1. Apparently C depends on the correlation length /..
Numerical experiments show that C is around 0.1. The small fluctuation in the right plot
of Fig. 7 for I, = 0.01 is because of the small statistics and the relatively low accuracy of

Monte Carlo simulations.

Relative difference of mean at x=0.6

=0.6

Relative difference of std at x:

10 10°

Figure 7: Relative difference between the mean and standard deviation of u; and ujj; at x=0.6. Left: Mean;

Right: Standard deviation.
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5 Numerical experiments for two-dimensional problems

For the two-dimensional case, we consider the computation domain D = [0,1]? and the
force term f(x)=sin(x)cos(y). We assume that the underlying Gaussian random process
is subject to a Gaussian correlation function R(x,y) = o219/ instead of an expo-
nential correlation function used for the one-dimensional case. The reason we choose
the Gaussian correlation function is that the Gaussian correlation function is smooth and
its eigenvalues and eigenfunctions can be computed accurately by a high-order numeri-
cal discretization while the exponential function has explicit formulas of eigenfunctions
for one-dimensional cases [7,20]. Three correlation lengths I. = 5172 05172 0.051/2 are
examined, for which M =5,20,100 Gaussian random variables are used, respectively,
in the Karhunen-Loeve expansions. We use the Wiener chaos expansion to deal with
1.=5%2,0.51/2 and the Monte Carlo method to deal with I. =0.05!/2 for model I. Almost
all observations are qualitatively consistent with the one-dimensional case. For [, = 51/2
and ¢ =1, we plot in Fig. 8 the contours of the relative difference between the mean
and standard deviation of u; and uj;;, which are normalized by the maximum absolute
value of the mean or the standard deviation. The maximum relative difference occurs
around the point (0.615397,0.453080), which is 3.25% and 3.24% for the mean and the
standard deviation, respectively. As the correlation length /. decreases, such a relative
difference increases for a certain ¢. This is consistent with the fact that for two- and
three-dimensional problems, models I and III have the same solution only when the cor-
relation length is infinite. In Fig. 9 we plot the relative difference between the mean and
standard deviation of u; and u;j; at point (0.615397,0.453080) with respect to . The fluc-
tuations that occurs when [, =0.05/2 and ¢ is relatively small are due to the low accuracy
of the results given by Monte Carlo simulations. It is seen that the slope 2 is obtained,
which verifies that the difference between u; and uyy; is of O(0?)=C(l.)c?. The constant
C(l:)=~0.03,0.23,0.55 for the relative difference of the mean and C(I;)=0.03,0.21,0.53 for

1 T T T T 1 T T

0.7¢ .0259g,

> 051

Figure 8: Contours of the relative difference between u; and u;; for two-dimensional problems, which are

normalized by the maximum absolute value of the mean and the standard deviation, respectively. 1.=5'2 and
oc=1. Left: Mean; Right: Standard deviation.
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Relative difference of mean at (0.615397,0.453080)
Relative difference of std at (0.615397,0.453080)

- 6
10 : 10
107 10™ 10°

2 =

10° 10 °

10

Figure 9: Relative difference between 1 and ujj; with respect to ¢ at point (0.615397,0.453080). Left: Mean;
Right: Standard deviation.

the relative difference of the standard deviation, corresponding to [, =51/2 0.51/2 0.051/2.
It appears that C(l;) has a limit as I. goes to zero. However, the discussion about such a
limit of C(I;) for two- and three-dimensional problems is beyond the scope of this paper.

6 Summary

In this work, we presented a discussion on the difference between models I and III with
respect to the standard deviation ¢ and the correlation length I. of the underlying Gaus-
sian random process of the log-normal random coefficient through asymptotic analysis
and numerical experiments. There are several facts which do not depend on the physical
dimension: (1) The difference between models I and III is of second order with respect to
o, ie., ||uy—uy|| ~C(I.)o?, where the constant C(I.) depends on the correlation length.
Note that such a difference is induced by the regularization of the Wick product. (2) When
the correlation length is infinite, models I and III have the same solution. (3) When ¢ is
relatively small, ; and uj; are almost linear with respect to each other, i.e., their autocor-
relation function is close to 1. We also have the following fact depending on the physical
dimension: The homogenized equation of model I is the same as the mean equation of
model IIT only when d=1.

There are several open questions related to this work: (1) The constant C(I.) needs to
be quantified, especially for two- and three-dimensional problems. For one-dimensional
problems, C(I.) goes to zero as I. goes to zero or infinity. For two- and three-dimensional
problems, C(I.) goes to zero when I goes to infinity and the limit of C(l.) as I. goes to zero
needs more clarification. (2) We have seen that 1 and uj;; can be highly correlated. Such
a perfect correlation provides a sufficient condition for us to use uj as a control variate
for variance reduction when the Monte Carlo method is employed for u;. (3) Since ujj;
provides a second-order approximation of u; with a relatively small computation cost, its
stiffness matrix can be a good candidate to serve as a preconditioner when the stochastic
Galerkin projection method is employed for u;.
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