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Abstract. A hybrid finite element (FEM) and Fourier transform method is imple-
mented to analyze the time domain scattering of a plane wave incident on a 2-D over-
filled cavity embedded in the infinite ground plane. The algorithm first removes the
time variable by Fourier transform, through which a frequency domain problem is ob-
tained. An artificial boundary condition is then introduced on a hemisphere enclosing
the cavity that couples the fields from the infinite exterior domain to those inside. The
exterior problem is solved analytically via Fourier series solutions, while the interior
region is solved using finite element method. In the end, the image functions in fre-
quency domain are numerically inverted into the time domain. The perfect link over
the artificial boundary between the FEM approximation in the interior and analytical
solution in the exterior indicates the reliability of the method. A convergence analysis
is also performed.
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1 Introduction

Transient Maxwell’s equations for electromagnetic scattering problems have been studied
extensively both in theory and computation. One of the important advantages of these
equations over their time-harmonic counterparts is that one can obtain the scattering
properties such as radar cross sections (RCS) of scatterers for a wide range of frequencies
with a single analysis by an application of Fourier transform. Integral equation methods
with retarded potentials have been analyzed and successfully implemented for both per-
fectly conducting and homogeneous dielectric bodies (See, for example, [1] and references
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therein). For the more complex heterogeneous scattering bodies, variational methods are
easier to be formulated and simulated. Among the scattering problems, of particular in-
terest is the study of electromagnetic scattering from cavities and the calculation of their
RCS. This is because cavity RCS often dominates a target’s overall RCS and is computa-
tionally challenging. One of the main difficulties in numerically approximating solutions
involving cavities is the appearance of spurious modes caused by interior resonances. A
variety of techniques have been developed to simulate the scattering by cavities. They
include high and low frequency methods [5, 8, 12],the method of moments [19, 21], the
time domain finite difference method [6], and hybrid methods [9–11, 13, 14]. Mathemat-
ical treatment of scattering problems involving cavities can be found in [2–4, 16]. It’s a
common assumption that the cavity opening coincides with the aperture on an infinite
ground plane, and hence simplifying the modelling of the exterior (to the cavity) domain.
This severely limits the application of these methods since many cavity openings are not
planar. In [18], a mathematical model characterizing the scattering by over-filled cavities
was developed and proved well-posed. In particular, the method decomposes the entire
infinite solution domain to two sub-domains: the infinite upper half plane over the perfect
electrically conducting (PEC) ground plane exterior to the hemisphere enclosing the cav-
ity aperture, and the cavity plus the hemisphere region. The problem is solved exactly in
the infinite sub-domain, while the other is solved using finite elements. The two regions
are coupled over the hemisphere via the introduction of a boundary operator exploiting
the field continuity over material interfaces.

Other methods designed to numerically determine the fields scattered by obstables/cav-
ities which give rise to infinite computational domains include absorbing boundary con-
ditions (ABC), perfectly matched layer (PML), and transparent boundary conditions (for
a survey of non-reflecting boundary conditions see [7]). In [15], transient Maxwell’s equa-
tions for the electric field are first discretized in time by Newmark’s time-stepping scheme.
Then, at each time step a nonlocal boundary condition is imposed on the cavity opening,
i.e. the interface between the cavity and the upper half space, to enable the scattering
problem to be restricted to the cavity itself. A variational formulation of the problem is
derived and shown to possess a unique weak solution at each time step. In [17], the vari-
ational problem is fully discretized by first-order edge elements of the first type. There,
approximating problems are shown to admit unique solutions and they converge to the
exact solutions provided the cavity is characterized by a regular electric permittivity ε.

In this paper, we first apply Fourier transform with respect to time t to the governing
wave equation, resulting in a Helmholtz equation in the frequency domain. We then
analytically solve the exterior problem via Fourier transform, getting an analytical formula
which is incorporated in the boundary condition of the variational problem defined in
the interior domain. The interior problem is subsequently solved via the finite element
method. At last, the image functions in the frequency domain are numerically inverted
into the real time domain by employing the cubic spline interpolation. We also investigate
the convergence property of the method.
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Figure 1: Cavity setting.

2 Problem setting

Let Ω ⊂ R
2 be the cross section of a z-invariant cavity (or trough) in the infinite ground

plane such that its fillings of relative permittivity εr ≥ 1 protrudes above the ground
plane. Let (Ei,H i) be an electromagnetic wave incident on the cavity to generate the
scattered field (Es,Hs). The scattering problem is to find (Es,Hs).

In the rest of the paper, we will denote Ω as the sub domain occupied by the cavity,
ΩR the sub domain above the cavity and below the artificial boundary BR consists of a
semicircle with radius R, UR the homogenous region above BR, Γ and Γext the ground
plane respectively inside and outside BR, S the wall of the cavity. Details are depicted in
Fig. 1. For the convenience, indicating U = ΩR

⋃

UR and Γtol = Γ
⋃

Γext.
Due to the uniformity in the z-axis, the scattering problem can be decomposed into

two fundamental polarizations: transverse magnetic (TM) and transverse electric (TE).
Its solution then can be expressed as a linear combination of the solutions to TM and TE
problems. In the TM polarization, the magnetic field H is transverse to the z-axis so that
E and H are of the form

E = (0, 0, Ez), H = (Hx,Hy, 0). (2.1)

In this case, the nonzero component of the total field, also denoted as E, satisfies the
following equation

(TM)



















−∆Ez + εr
∂2Ez

∂t2
= 0 in Ω ∪ U × (0,∞)

Ez = 0 on S ∪ Γtol × (0,∞),

Ez|t=0 = E0,
∂Ez

∂t
|t=0 = Et,0,

(2.2)
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where εr is the relative electric permittivity, E0 and Et,0 are given initial conditions. The
homogeneous region U above the protruding cavity is assumed to be air and hence, its
permittivity is εr = 1. In U , the total field can be decomposed as Ez = Ei

z +Er
z +Es

z where
Ei

z is the incident field, Er
z the reflected field, and Es

z the scattered field. The reflected
field exists due to the presence of the infinite ground plane. The incident and reflected
electric fields satisfy

Ei
z + Er

z = 0 on Γtol ⊂ {(x, y) : y = 0}. (2.3)

The scattered field Es
z solves the following equation

(TMs)















−∆Es
z +

∂2Es
z

∂t2
= 0 in U × (0,∞),

Es
z = Ez − Ei

z − Er
z on Γ × (0,∞),

Es
z = 0 on Γtol × (0,∞),

(2.4)

and satisfies the radiation condition at infinity, that is,

lim
r→∞

√
r

(

∂Es
z

∂r
+

∂Es
z

∂t

)

= 0, t > 0. (2.5)

The components of H can be obtained in terms of Ez and its partial derivatives by using
Maxwell’s equations.

Similarly, in the TE polarization, the electric field E is transverse to the z-axis and
hence,

E = (Ex, Ey, 0), H = (0, 0,Hz). (2.6)

The nonzero component of the total magnetic field, also denoted by H , satisfies the
following equation

(TE)



























−∇ ·
(

1

εr
∇Hz

)

+
∂2Hz

∂t2
= 0 in Ω ∪ U × (0,∞),

∂Hz

∂n
= 0 on S ∪ Γtol × (0,∞),

Hz|t=0 = H0,
∂Hz

∂t
|t=0 = Ht,0,

(2.7)

where H0 and Ht,0 are given initial conditions. In UR, the total magnetic field can be
decomposed into Hz = H i

z + Hr
z + Hs

z where

∂H i
z

∂y
+

∂Hs
z

∂y
= 0 on {(x, y) : y = 0}. (2.8)

The scattered field solves

(TEs)































−∆Hs
z +

∂2Hs
z

∂t2
= 0 in U × (0,∞),

∂Hs
z

∂n
= 0 on Γtol,

∂Hs
z

∂n
=

1

εr

∂Hz

∂n
− ∂H i

z

∂n
− ∂Hr

z

∂n
on Γ × (0,∞),

(2.9)
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where ∂/∂n is the normal derivative on Γ. The scattered magnetic field also satisfies the
same radiation condition defined in (2.5). The components of E can be obtained in terms
of Hz and its partial derivatives by using Maxwell’s equations.

3 TM polarization

For convenience, we denote ui as the incident field Ei
z, ur the reflected field Er

z , u the
total field Ez, and us the scattered field Es

z . The scattered field us satisfies the following
exterior problem:

−∆us +
∂2us

∂t2
= 0 in UR, t > 0, (3.1)

us = us
R on BR, t > 0, (3.2)

us = 0 on Γext, t > 0, (3.3)

us = ∂us/∂t = 0 at t = 0, (3.4)

and the radiation condition:

lim
r→∞

√
r

(

∂us

∂r
+

∂us

∂t

)

= 0., t > 0 (3.5)

where the time is scaled by the light velocity c, (t/c). In addition, as shown in Figure
1, UR indicates exterior domain of artificial boundary BR. With Fourier transform {t →
ω, u → U}, Equation (3.1) subject to the initial condition (3.4) becomes

∆U s + ω2U s = 0 in UR, (3.6)

and with the radiation condition

lim
r→∞

√
r

(

∂U s

∂r
+ iωU s

)

= 0, (3.7)

where, U s is the image of us, ω the Fourier transform parameter or the frequency.
In polar coordinates, the Helmholtz Equation (3.6) becomes

∂2U s

∂r2
+

1

r

∂U s

∂r
+

1

r2

∂2U s

∂θ2
+ ω2U s = 0. (3.8)

The solution of equation (3.8) subject to the boundary condition (3.2)-(3.3) and radiation
condition (3.7) is

U s =
2

π

∞
∑

n=1

H
(k)
n (ωr)

H
(k)
n (ωR)

sin(nθ)

∫ π

0
U s

R(ϕ) sin(nϕ)dϕ, (3.9)
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where H
(k)
n (·) is the Hankel function with k = 1 as ω < 0 and k = 2 as ω ≥ 0, U s

R indicates
U s along BR. Define the boundary operator

T : H1/2(BR) → H−1/2(BR)

as

T (y) =
2

π

∞
∑

n=1

(

ωH
(k)′
n (ωr)

H
(k)
n (ωR)

∫ π

0
y sin(nϕ)dϕ

)

sin(nθ). (3.10)

With this operator, we have the following interior problem for the total field in Fourier
domain:

∆Uω2ǫrU = 0 in ΩR

⋃

Ω, (3.11)

∂U/∂r − T (U) = ḡ on BR, (3.12)

U = 0 on Γ ∪ S, (3.13)

where ḡ = ∂(U i + U r)/∂r −T (U i + U r), U i and U r are the incident and reflected fields in
the Fourier domain respectively.

With pdetool under GUI environment of Matlab, Equation (3.11) is classified as elliptic
equation, and (3.12), the generalized Neumann boundary condition, can be discretized
accordingly. We have the stiffness matrix

Ki,j =

∫

ΩR

∇φj · ∇φidxdy, (3.14)

the mass matrix

Mi,j = ω2

∫

ΩR

ǫrφjφidxdy, (3.15)

and the boundary matrix

Gi = R

∫ π

0
ḡφidθ, (3.16)

which can all be generated automatically. Here, φi is the basis function. Contribution
from the non-standard (artificial) boundary condition

Qi,j = −R

∫ π

0
T (φj)φidθ (3.17)

needs to be implemented manually. Let

u =

Np
∑

j=1

uj φj , (3.18)
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where Np is the number of nodes. Substituting the above expression in (3.17) and simpli-
fying gives

Qi,: = −2R

π

∞
∑

n=1

ωH
(k)′
n (ωR)

H
(k)
n (ωR)

βn,i

B
∑

j=1

βn,j, (3.19)

where

βn,i =
1

n2

(

sin(nθi) − sin(nθi−)

θi − θi−
− sin(nθi+) − sin(nθi)

θi+ − θi

)

and θi is the central angle of node i located on BR; θi− and θi+ are the central angles of
left and right neighbors of node i, B is the number of node on the artificial boundary.

With expressions (3.14)-(3.16) and (3.19), we obtain the following discrete problem:

Np
∑

j=1

(Ki,j + Mi,j + Qi,j)Uj = Gi, 1 ≤ i ≤ Np. (3.20)

4 TE polarization

In this case, the scattered field us satisfies the following exterior problem:

−∆us +
∂2us

∂t2
= 0 in UR, t > 0, (4.1)

us = us
R on BR, t > 0, (4.2)

∂us/∂n = 0 on Γext, t > 0, (4.3)

us = ∂us/∂t = 0 at t = 0, (4.4)

and the radiation condition (3.5). The solution in the Fourier domain is

U s =
2

π

∞
∑

n=0

δnH
(k)
n (ωr)

H
(k)
n (ωR)

cos(nθ)

∫ π

0
U s

R(ϕ) cos(nϕ)dϕ, (4.5)

where δn is defined as 1/2 for n = 0 and 1 for n > 0. As in the TM case, we define the
boundary operator:

S(y) =
2

π

∞
∑

n=0

ωH
(k)′
n (ωR)

H
(k)
n (ωR)

cos(nθ)

∫ π

0
y cos(nϕ)dϕ. (4.6)

Then the total magnetic field in the Fourier domain defined in ΩR satisfies:

∇ · (ǫ−1
r ∇U) + ω2U = 0 in ΩR

⋃

Ω, (4.7)

∂U/∂r − S(U) = ḡ on BR, (4.8)

∂U/∂n = 0 on Γ ∪ S, (4.9)
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where ḡ = ∂(U i + U r)/∂r − S(U i + U r).
The same difference scheme can then be applied here to obtain the discrete system.

Specifically, we have the stiffness matrix

Ki,j =

∫

ΩR

ǫ−1
r ∇φj · ∇φidxdy, (4.10)

the mass matrix

Mi,j = ω2

∫

ΩR

φjφidxdy, (4.11)

the boundary matrices

Gi = R

∫ π

0
ǫ−1
r gm+1φidθ, Qi,j = −R

∫ π

0
ǫ−1
r S(φj)φidθ. (4.12)

As before, Qi,j can be further written as:

Qi,: = −2R

π

∞
∑

n=1

δnωH
(k)′

n (ωR)

H
(k)
n (ωR)

βn,i

(εr)i

B
∑

j=1

βn,j, (4.13)

where

βn,i =
1

n2

(

cos(nθi) − cos(nθi−)

θi − θi−
− cos(nθi+) − cos(nθi)

θi+ − θi

)

.

The discretized system for the TE case follows similarly.

5 Numerical experiment

We consider a composite cavity of a triangular shape below the ground plane and circular
above filled with a dielectric material of relative electric permittivity ǫr = 4 − i. The
geometry and mesh of the cavity is shown in Fig. 2. A Fourier frequency spectra is
obtained by numerically scanning the space of frequency at selected nodes as show in
Figs. 3 and 4.

For the frequency sequence (100 : 0.5 : 100), the linear system (3.20) can be easily
solved by calling the build-in functions of pdetool. The image solution then can be inverted
to time domain using the following formula:

u =
1

2π

∫

∞

−∞

Ue−iωtdω. (5.1)

A cubic spline interpolant is implemented for U and may be expressed as

U =

Nf
∑

k=1

[

akχ
3 + bkχ

2 + ckχ + dk

]

, (5.2)
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Figure 2: Cavity and mesh system, inner sector of the circle is the filled cavity, permittivity ǫr = 4 − i.
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Figure 3: Us versus ω for TM polarization, r =
0.3m, θ = π/2, k0 = 2π, θinc = π/2.
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Figure 4: Us versus ω for TE polarization, r =
0.3m, θ = π/2, k0 = 2π, θinc = π/2.

where Nf is the number of interpolants, ak, bk, ck and dk are the spline coefficients related
to ωk and Uk, and χ = ω − ωk. Substituting (5.2) into (5.1) yields

u =

Nf
∑

k=1

∫ ωk+1

ωk

[

akχ
3 + bkχ

2 + ckχ + dk

]

e−iωtdω. (5.3)

Each integration term in Equation (5.3) can be derived analytically. The time domain
field solution can then be obtained by evaluating Equation (5.3) at selected notes in the
mesh system.
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Figure 5: Change history of scattering field for TM
polarization at r = 0.3m, θ = π/2 with k0 =
2π, θinc = π/2.
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Figure 6: Change history of scattered field for TE
polarization at r = 0.3m, θ = π/2 with k0 =
2π, θinc = π/2.

5.1 Field calculations

We assume that when time t > ts and t < te, there is a incident field defined as

ui = exα+yβeik0t. (5.4)

The reflected field is then

ur = −exα−yβeik0t (5.5)

for TM, and

ur = exα−yβeik0t (5.6)

for TE, where α = ik0 cos(θinc), β = ik0 sin(θinc), θinc is incident angle, and k0 = 2π. We
observe that the incident and reflected fields are weak solutions of Equation (3.1).

The scattered fields at two selected (interior) nodes are plotted in Figs. 5 and 6 for
TM and TE polarizations respectively. The exterior solutions are solved using Equation
(3.9) for the TM polarization and Equation (4.5) for TE.

Figs. 7 and 8 depict the scattered fields throughout the entire domain. The perfect link
between the approximated (interior) solution and the exact (exterior) solution indicates
the reliability of the method.
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Figure 7: Link of scattered field for TM polarization

at r = 0.3m, θ = π/2 with k0 = 2π, θinc = π/2.
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Figure 8: Link of scattered field for TE polarization

at r = 0.3m, θ = π/2 with k0 = 2π, θinc = π/2.

5.2 Convergence analysis

The convergence rates of the method are examined for both polarizations using the round
cavity geometry. The relative errors in the L2-norm and the H1-norm are defined as:

errorn =















log2

‖uAe
n
− uAe

n−1
‖0

‖uAe
n
‖0

for L2-norm,

log2

‖uAe
n
− uAe

n−1
‖1

‖uAe
n
‖1

for H1-norm,

where Ae
n is the average element area at the nth mesh refinement. The relative errors

are plotted against the reciprocal of the average element area 1/Ae
n in Fig. 9 for the TM

case. As indicated in [20], the error in the H1-norm is of order O(h), versus O(h2) of the
L2-norm, where h is the element dimension.

6 Conclusion

We have implemented a finite element/Fourier transform method for the time domain
scattering of plane waves by overfilled cavities embedded in the 2D ground plane. The
reliability of the method is demonstrated by the perfect linkage between the numerical
solutions of the interior problem and those of the analytical over the exterior. Finally the
convergence charts confirm the error analysis in [20], which is helpful in determining the
mesh refinement for specified error tolerance.
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Figure 9: Relative error versus the reciprocal of average

element area for TM polarization, k0 = 2π, θinc = π/2.

0 0.5 1 1.5 2 2.5 3

x 10
4

10
−3

10
−2

10
−1

10
0

1/Ae

E
rr

o
r

•  •  •   H1−norm

οοο  L2−norm

Figure 10: Relative error versus the reciprocal of average

element area for TE polarization, k0 = 2π, θinc = π/2.
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