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Abstract. Multiphoton ionization of the Na2 molecule by a single phase shaped fem-
tosecond laser pulse has been theoretically studied using time-dependent quantum
wave packet method including the effect of molecular rotation. We analyze the tempo-
ral development of the population and further discuss the molecular motion by map-
ping the rovibrational wave packet propagation in the excited state. The calculated
results show a strong dependence of the kinetic energy-resolved photoelectron spectra
on the laser chirp directions and the pulse duration.
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1 Introduction

With the rapid development of laser technology, femtosecond laser pulses have opened
the possibility to observe or to control the real-time molecular dynamics [1,2]. Compared
to atoms, molecules exhibit complex behavior due to their multi-center nature, which in-
troduces additional vibrational and rotational degrees of freedom. Many interesting phe-
nomena, such as bond softening and hardening [3, 4], above-threshold ionization (ATI)
and dissociation (ATD) [5, 6], adiabatic passage of light-induced potentials (APLIP) [7],
and more, have been explored. To illustrate the matter-field interaction process, fem-
tosecond pump-prob photoelectron spectroscopy has become a useful tool in ultrafast
molecule science [8, 9]. As a prototype, a large number of experimental and theoretical
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studies using the pump-prob technology have been made on dynamics of the sodium
dimer in laser fields [10–13].

In Ref. [14], the authors reported the observation of the coherent control of the Na2
molecular multi-photon ionization process in a single phase shaped pulse experiment,
where the carrier frequency ω0 is 618 nm. In the experiment, starting from a Fourier-
transform limited 40 fs pulse, either an up-chirp (+3500 fs2) or a down-chirp (-3500 fs2) is
introduced. The measured kinetic energy photoelectron spectra showed a strongly chirp-
and pulse-duration-dependent behavior and revealed that for down-chirp the population
in neutral state may be higher, but the up-chirp led to a higher ionization yield.

In present work, we theoretically stimulate the Na2 molecular multi-photon ioniza-
tion process in Ref. [14] including the effect of rotation using time-dependent quantum
wave packet method. As the torque exerted by laser fields on molecules can lead to
molecular alignment, the effect of rotation should be taken into account to obtain quanti-
tative agreement with experiment. In Ref.[14], the photoelectron spectra had been calcu-
lated using time-dependent perturbation theory [13, 15]. Compared with their work, the
dynamics of the Na2 molecule is dealt with accurate non-perturbation quantum mechan-
ics method in this letter. The paper is organized as follows: in Section 2, the theoretical
method is summarized. The numerical results and their discussions are presented in
Section 3, and Section 4 contains the conclusion.

2 Theoretical method

In accordance with the experimental conditions the calculations are performed include
four electronic states, the ground state X 1Σ+

g , A 1Σ+
u , 2 1Πg, and the ionic ground state

Na+
2

2Σ+
g , as shown in Fig. 1. For convenience we refer to the four electronic states as

|X〉, |A〉, |2〉, and |I〉 states, respectively. The nuclear wave functions Ψ are obtained by
solving the time-dependent Schrödinger equation

ih̄
∂

∂t
Ψ(R,θ,t)= [T̂(R,θ)+V̂(R,θ,t)]Ψ(R,θ,t), (1)

with

Ψ=




ΨX
ΨA
Ψ2
ΨI


. (2)

In this work we consider the initial magnetic quantum number M of the Na2 molecule
to be zero. In the linearly polarized laser field, M is conserved, which is equivalent to
ignoring the ∂φ term (φ azimuthal angle) in a full three-dimension Hamiltonian. Then
the kinetic energy operator T̂(R,θ) can be expressed as [16, 17]

T̂(R,θ)=− h̄2

2m
∂2

∂R2−
h̄2

2mR2
1

sinθ

∂

∂θ
(sinθ

∂

∂θ
), (3)
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Figure 1: Illustration of the ionization process and the potential energy surfaces of the Na2 molecule. The
dashed line shows the difference potential |I〉 - |2〉 + 2h̄ω. The dash-dotted line shows the difference potential
|2〉 - |A〉 + h̄ω.

where m is the reduced mass, R is the internuclear distance, and θ is angle between the
laser field direction and the molecular axis. The potential matrix V̂(R,θ,t) can be written
as

V̂(R,θ,t)=




VX WXA 0 0 · . . . 0
WAX VA WA2 0 · . . . 0

0 W2A V2 W2I · . . . W2I
0 0 WI2 VI +E1 0 ... ·
· · · 0 VI +E2 0 0
...

...
...

... 0
. . . 0

0 0 WI2 0 0 0 VI +EN




, (4)

where VX,VA,V2 and VI represent the potential energies of different electronic states in
the absence of laser field. For |I〉 state, there are N discrete free-electron-ion pair states
detached. Here N is optimally taken as 100. EN(N =1,2,··· ,100) are the electron kinetic
energies of the ionic ground state, and VI +EN(N =1,2,··· ,100) denote the total energies
of the discrete set of continuum states in the part of ion-pair states.

In Eq. (4), the off-diagonal elements represent the laser-molecule interaction, they are
given by

WXA =WAX =−µXAE(t)cosθ, (5)
WA2 =W2A =−µA2E(t)sinθ, (6)
W2I =WI2 =−µ2I E(t)sinθ. (7)

Note the difference in angular dependence between WXA and WA2(W2I) because |A〉←
|X〉 is a parallel transition and |2〉 ← |A〉(|I〉 ← |2〉) is a perpendicular transition [18].
The shape of a unchirped laser pulse is chosen as E(t) = ε f (t)cos(ωt), where f (t) =
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exp(−4ln2(t/T)2) is the pulse envelope function, ε the peak intensity, ω the central fre-
quency, and T is the full width at half maximum (FWHM) of the pulse. The electric fields
of the up-chirped and down-chirped laser pulses are taken from Ref. [19] in the analyti-
cal expressions. All of the laser parameters are the same as those of the experiment. We
employ the R-dependent transition dipole moments µXA and µA2 given by Konowalow
et al. [20]. The coupling strengths between the bound states and the continuum states are
much smaller than those between the bound states, and they are always considered to be
about a factor of 10 lower than the coupling strengths between the ground and excited
states [21].

Before propagating the wave function, its initial form is chosen to be the rovibrational
eigenfunction of the ground state |X〉. Here we use the discrete variable representation
(DVR) method to obtain the radial vibrational eigenfunction [22]. The Legendre polyno-
mials PJ(cosθ) are employed as eigenfunctions for the angular part. Then the initial rovi-
brational eigenfunction is a direct product of the radial part and the angular part [17,23].
The time propagation is accomplished using the split-operator method [24]. The time-
dependent population in the electronic |2〉 state is obtained from the calculation

P2(t)=
∫

dθsinθ
∫

dR|Ψ2(R,θ,t)|2, (8)

and the energy-resolved photoelectron spectrum is defined as

PI(EN)= lim
t→∞

∫
dθsinθ

∫
dR|ΨI(R,θ,EN ,t)|2. (9)

3 Results and discussion

The ionization scheme and the relevant potential energy curves of the Na2 molecule are
depicted in Fig. 1. At the center wavelength of the laser pulse 618nm the Na2 molecule is
ionized from its neutral ground state |X〉 into its ionic ground state |I〉 via two resonant
states. Under the Franck-Condon principle, one-photon excitation leads to a wave packet
at the inner turning point of the |A〉 state potential. Then a wave packet is prepared at the
inner turning point of the |2〉 state potential by two-photon absorption. The dash-dotted
line in Fig. 1 displays the difference potential |2〉−|A〉+h̄ω and the dashed line indicates
the difference potential |I〉−|2〉+2h̄ω relevant for the ’direct’ photoionization process.
It is well known that the electrons of different kinetic energies are released at different
internuclear coordinates.

The simulated photoelectron spectra and that obtained from experiment as well as the
results of their theoretical study [14] are displayed in Fig. 2. To sum up the comparison
between our predicted results including the effect of rotation and the presented in Ref.
[14], the agreement of our calculated results with the experimental one is fairly satisfac-
tory, both in ionization yield and in the kinetic energy distribution of the photoelectrons.
Two characters of the spectra can be derived explicitly from Fig. 2(c). Firstly, the ion-
ization yield is higher for up-chirped than for down-chirped laser pulses. Secondly, the
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electron energy distribution with unchirped laser pulse is shifted towards higher energies
than the chirped pulse (±3500 fs2) electron spectra.
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Figure 2: (a) Electron spectra measured in Ref. [14] with single up-chirped (+3500 fs2), down-chirped (-3500
fs2) and unchirped laser pulses. The transform-limited pulses of 40 fs duration are centered at a wavelength of
618 nm. The chirped pulses are of 240 fs duration. (b) Calculated spectra in Ref.[14] with perturbation theory.
(c) Simulated spectra with the quantum wave packed method in this work using the same parameters as above.

In order to explain the first character we obtain the time-dependent population of the
|2〉 state, which is directly coupled to the discretized continuum of the ionic ground state
|I〉, for both up- and down-chirped laser pulses. The result is exhibited in Fig. 3(a). It
is clearly seen that the up-chirped laser pulse (red frequencies first) transfers population
from the |A〉 state to the |2〉 state earlier than the down-chirped laser pulse (blue frequen-
cies first). Because the Frank-Condon overlap maximum for the |2〉←|A〉 state transition
is shifted towards the red of the central laser wavelength. Since the ionization from the
temporal wings of the pulse is small with the main contribution coming from the peak of
the pulse [25], the high ionization yield is achieved with up-chirped pulse, which trans-
fers high population in the |2〉 state at the maximum laser intensity (t=0 fs), but not with
down-chirped laser pulse. It is another interesting phenomenon in Fig. 3(a) that the to-
tal population in the |2〉 state after the end of pulse is larger for the down-chirped laser.
This finding can be interpreted by the semiclassical difference potential analysis. Taking
Mulliken’s difference potential principle into account [26], as for the down-chirped pulse,
the decreasing photon energy in time follows the decrease in the difference potential be-
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tween the |2〉 state and the |A〉 state as the wave packet of the |A〉 state moves to larger
internuclear distances (see Fig. 1), the excitation is more efficient. The calculated result
from Ref. [14] is available in the inset. Our calculations are closely in agreement with
them. As Assion et al. pointed out that the kind of optimization is desired in coherent
control schemes [14]. That is to say the up-chirped laser pulse minimize the population
remaining in the excited state and maximize simultaneously the yield of the final product
Na+

2 . The results are displayed in Fig. 3(b).
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Figure 3: Calculated the time-dependent populations in (a) the |2〉 state and (b) the Na+
2 |I〉 state with up-

and down-chirped laser pulses. The result of Ref.[14] is in the inset. The laser parameters are the same as those
in Fig. 2.

With regard to the second character, combining the difference potential analysis and
the time-resolved wave packet theory, we can understand the different electron signal
for upchirped 40 fs laser pulse compared to the chirped laser pulses of 240 fs duration.
One peak around 0.9 eV is observed in the spectra for the short laser pulse, however the
longer pulses yield electrons with kinetic energy of about 0.8 eV or less (see Fig. 2(c)). A
more detailed picture about the wave packet dynamics in the |2〉 state is presented in Fig.
4. We can draw the main conclusion easily from it. The identical duration of about 240
fs for the up- and down-chirped laser pulses allows the wave packet to sweep the wide
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range of the internuclear distances. But the unchirped laser pulse is of much shorter
duration. Therefore the wave packet has no time to move to large internuclear distances
during the ionization process. On the other hand the difference potential between the
ionic ground state |I〉 and the excited |2〉 state is increasing with increasing internuclear
distance, which results in the corresponding electron energy decreasing. In other words,
the electron formed at the outer turning point has less kinetic energy than that formed at
the inner turning point (see Fig. 1). So, the fast electrons are from the unchirped pulse and
the photoelectrons with broad energy distribution are released from the chirped pulses.
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Figure 4: The evolutions of the wave packets in the |2〉 state during interaction with up-chirped, unchirped and
down-chirped laser pulses. The laser parameters are the same as those in Fig. 2.

In the above calculations, the initial wave function is chosen to be the rovibrational
eigenfunction |v, j〉= |0,0〉 of the ground |X〉 state. It is well known that the initial rota-
tional populations in the ground vibrational state of the ground |X〉 state at one rotational
temperature comply with the Boltzmann distribution. Furthermore we simulate the pho-
toelectron spectra at an initial rotational temperature T = 10 K by adding up the results
from different rovibrational states of the |X〉 state scaled by the Boltzmann distribution
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,respectively. The calculations, which are not presented here, show that the different ini-
tial rotational states can only change the intensity of spectra without affecting the patterns
of the photoelectron signals. Here we demonstrate the time-dependent angular distribu-
tions in the |2〉 state with initial J0 = 0, 3, 6 for both laser chirps in Fig. 5. As shown
in this figure, the higher initial rotational quantum numbers, the more population will
be transferred to the |2〉 state around θ≈ 0 and π. At the same time the temporal an-
gular distributions obviously verify that the up-chirped laser pulse transfers population
|2〉←|A〉 earlier than the down-chirped laser pulse.
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Figure 5: Contour plot of the temporal angular distribution in the |2〉 state with initial rotational state J0 = 0,
3, 6 during interaction with up-chirped and down-chirped laser pulses. The laser parameters are the same as
those in Fig. 2.

4 Conclusion

We have theoretically investigated the coherent control of the Na2 molecule multiphoton
ionization process using chirped femtosecond laser pulses. The time-dependent wave
packet method with the effect of molecular rotation is used to numerically simulate the
photoelectron kinetic energy spectra. It is found that both the pulse duration and the
phase modulation of the ultrashort laser pulse can strongly affect the resonance enhanced
multiphoton ionization process and our results agree well with the experimental mea-
surements. In addition, we choose different rotational quantum numbers in the initial
rovibrational wave function to test the reliability of our results. It is noted that the effect
of the initial thermal rotational distribution does not change the main results.
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