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Abstract. In this paper, we present an efficient method of two-grid scheme for
the approximation of two-dimensional nonlinear parabolic equations using an ex-
panded mixed finite element method. We use two Newton iterations on the fine
grid in our methods. Firstly, we solve an original nonlinear problem on the coarse
nonlinear grid, then we use Newton iterations on the fine grid twice. The two-grid
idea is from Xu’s work [SIAM J. Numer. Anal., 33 (1996), pp. 1759-1777] on stan-
dard finite method. We also obtain the error estimates for the algorithms of the
two-grid method. It is shown that the algorithm achieve asymptotically optimal
approximation rate with the two-grid methods as long as the mesh sizes satisfy
h= O(H(4k+l)/(k+l))‘
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1 Introduction

In this paper, we consider the following nonlinear parabolic equations

PV K(p)Vp) = f(p.Vp), () eQx], (1.1)
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with initial condition
p(x,0) = p°(x), x e, (1.2)
and boundary condition
(K(p)Vp)-v=0, (x,t) €0Q) x ], (1.3)

where QO C R? is a bounded and convex domain with C! boundary 0(), v is the unit
exterior normal to dQ), | = (0, T|, K is a symmetric positive definite tensor and K :
O x R — R?*2, Eq. (1.1) can be rewritten as following

)
a—’z LV ¥ = f(p, V), (1.4)
K(p)"¥ +Vp =0. (1.5)

Egs. (1.1)-(1.3) are the simplification of the modeling of groundwater through porous
media [9]. In this particular case, p denotes the fluid pressure; and K is a symmet-
ric, uniformly positive definite tensor with L®(Q)) components representing the per-
meability divided by the viscosity; ¥ represents the Darcy velocity of the flow; and
f(p, Vp) models the external flow rate.

The two-grid methods was first introduced by Xu [16,17] as a discretization tech-
nique for nonlinear and nonsymmetric indefinite partial differential equations. It
based on the fact the nonlinearity, nonsymmetry and indefiniteness behaving like low
frequencies are governed by coarse grid and the related high frequencies are governed
by some linear or symmetric positive definite operators. The basic idea of the two-grid
method is to solve a complicated problem (nonlinear, nonsymmetric indefinite) on a
coarse grid (mesh size H) and then solve an easier problem (linear, symmetric posi-
tive) on the fine grid (mesh size h and 1 < H) as correction.

In many partial differential equations, the objective functional contains the gradi-
ent of the state variables. Thus, the accuracy of the gradient is important in numerical
discretization of the coupled state equations. Mixed finite element methods are ap-
propriate for the equations in such cases since both the scalar variable and its flux
variable can be approximated to the same accuracy by using such methods. Some
specialists have made many important works on some topic of mixed finite element
method for linear elliptic or reaction-diffusion equations. In [5, 6], Chen has stud-
ied the expanded mixed element methods for some quasilinear second order elliptic
equations. However, there doesn’t seem to exist much work on theoretical analysis for
two-grid methods for mixed finite element approximation of quasilinear or nonlinear
parabolic equations in the literature.

Many contributions have been done to the multi-grid schemes for finite element
methods, see, for example [11,12]. In [8], the authors have studied a two-grid finite dif-
ference scheme for nonlinear parabolic equations. Xu and Zhou have considered some
multi-scale schemes for finite element method of elliptic partial differential equations
in [18]. Recently, we constructed a new two-grid method of expanded mixed finite
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element method for semi-linear reaction-diffusion equation [4]. As a continued work
of Chen [3], in this paper, we shall discuss the case that the coefficient matrix function
K and the reaction term f are nonlinear, namely, K = K(p) and f = f(p, Vp).

In this paper, we adopt the standard notation W"?((}) for Sobolev spaces on ()
with anorm || - ||, given by

lollimy = 32 1Dl )

lae|<m

and a semi-norm | - |,,, given by

’vm@p: Z HD{XUH;;?(Q)'

|a|=m

We set
W, (Q) = {v e W"P(Q) : 0]y = 0}.

For p=2, we denote
H™"(Q) = W"(Q), Hi"(Q) =W (Q), (I =]l - llm2, |- 1I=] - llo2 -

We denote by L(J; W™ (Q))) the Banach space of all L° integrable functions from |
into WP (Q) with norm

1
s

T
follsgavmsian = ([ 1ol Rymnndt) s for s € [1,0),

and the standard modification for s = oo. The details can be found in [10]. In addition
C or ¢ denotes a general positive constant independent of /.
At first, we make the following assumptions for the nonlinear parabolic equations.

(A1) There exist positive constants K, and K*, such that for z € R?,
K.||z||? < z'K(x,5)z < K*||z||?,  for x€Q,

and that each element of K is twice continuously differential with derivatives up to
second order bounded above by K*.

(A2) For some integer k > 1, we assume that the solution function (1.4)-(1.5) has the
following regularity:

pe (W),  Ye (Lz(];Hk+1(Q))>2.

To analyze the discretization on a time interval (0,T),let N > 0, At = T/N, and
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t" = n/A\t, and set

n_ sn—1
o =g, g =T

N }
Illeonx = (X Ate"IX)
n=1

¢l ((0,);%) = max, 19" x,

T 2
lolzqom = () "ot )

The plan of this paper is as follows. In next section, we introduce some notations
and projections. The approximation properties of these projections will be recalled.
In section 3, we construct a expanded mixed finite element discretization for the non-
linear parabolic equations (1.1)-(1.3). A two-grid scheme and error estimates for two-
dimensional nonlinear parabolic equations using an expanded mixed finite element
method are discussed in section 4. Finally, we give the conclusion and future work in
section 5.

2 Projection operators and approximation properties

Let (-, ) denote the L?(Q)) inner product. Let

V = H(div; Q) = {v € (L*(Q))% V-0 € L*(Q)},
V=vn{o -v=0} W = L2(Q).

The Hilbert space V is equipped with the following norm:

1
19l aiviey = (l2I* + [[divo?)?.

Let I';, denote a quasi-uniform partition of () into rectangles or triangles with the parti-
tion step h. We form V), and W, discrete subspaces of V and W, using standard mixed
finite element space such as the RT [13] spaces of order k, RT, or Brezzi-Douglas-
Marini [1] spaces of order k, BDM. In addition, we assume that

(A3) The following inclusion hold for the RT spaces or BDM spaces

V-v, €W, Vo, € V.

We shall employ some projection operators. Let Q) denote the L? projection de-
fined by

(¢, wn) = (Qup,wy),  Vwy € W, (2.1)
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for any ¢ € L?(Q)), and
(¢,on) = (Qup,on),  Vor €V, (2.2)

for any vector valued function ¢ € (L2(Q)))?2.

We also assume that the following approximation properties hold. For 1 < g < oo,
there exists a positive constant C independent of h such that [1]: for all ¢ € WK+14(Q))
(or ¢ € (WHH1(Q))?)

1Qn¢lloq < Cligllog, 2=q <00 23)
I = Qugllog < Cligllrgh’,  0<r<k+1. (2.4)
We use the well known ITj, projection for mixed finite element approximation spaces.

We shall assume that there exists a projection operator IT;, : (H!(Q)))? — V, such that
for g € H(div; Q)),

(V-Ihg,wyp) = (V-qwy),  Vw, € W (2.5)
The following approximation properties [1] hold for the projection I1j:
19~ Tagllog < Clalloaf, S<r<ket, 26)
IV (g = T1g)llog < CIV - qllrgh", 0<r<k+1. 2.7)
We also assume that
Ip = Quolleo < Cllpllch”, 0 <7 <k+1, (2.8)
[onlle < Cllonfleoh™, Vo, € V. (2.9)

Now, we recall the discrete Gronwall’s Lemma (see, e.g., [14]):

Lemma 2.1. Assume that k,, is a non-negative sequence, and that the sequence ¢, satisfies

o < go,

n—1 n—1 (2.10)
¢”§g0+zps+zks§05, 7’121

s=0 s=0

Then ¢, satisfies
¢1 < go(1+ko) + po,

n—1 n—2 n—1 (211)
o <g[JA+k)+ Y ps [T Q+k)+pu1, n>2.
s=0 s=0 r=s+1

Moreover, if go > 0 and p, > 0 for n > 0, it follows

n—1 n—1
Pn < (go +) Ps> exp (Z ks> , n>1 (2.12)
s=0 s=0
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3 Expanded mixed finite element discretization

First, we set three variables: the pressure p, the gradient Y=—Vp, and the flux
Y=K(p)Y.

We suppose that the following assumption is satisfied.
(A4) The reaction term f is a sufficiently smooth function with bounded derivatives
through the second order on Q. For all (§,Y) € W x V there exists F > 0 such that

fr(p.Y) <F, fy(p,Y) <F.

Now, we define the weak form of the nonlinear parabolic equations (1.1)-(1.3) as fol-
lows: Find (p,Y,¥) € W x V x V such that

(g’:,w> +(V-Y,w) = (f(p, —Y),w), weW, (3.1)
(Y,9) = (p,V -0), veV, (3.2)
(¥,v) = (K(p)Y,v), veV. (3.3)

The discrete time mixed finite element approximation to (3.1)-(3.3) can be defined as
follows: Find (pj, Y}, ¥})) € Wy x V), x V,, such that

pZ - Pfl n _ n n
Y},o,) = (p, ¥V -op), v, €Vy, (3.5)
(¥h on) = (K(pi)Yh on), vy €V (3.6)

At the time of t = t", we rewrite (3.1)-(3.3) in the following form

a n
(%/wh) +(V-¥" wy) = (F(p", =Y"),wp), wy € Wy, (3.7)
(Y, 01) = (p",V - vp), v, €V, (3.8)
(¥",01) = (K(p")Y", 01), v, € V). (3.9)

Using the definition of I, and Qj, and the assumption (A3) that V -V}, C W), we can
obtain

n__ n—1
(th Qup ,wh>+(V.Hh‘I’”,wh)

At
= (f(p", =Y"), wp) + (9p" — P}, 1), (3.10)
(QuY",v3) = (Qup", V - oyp), (3.11)
(IL,Y",0,) = (K(p")Y",05) + (IL,¥" — X", 0y,). (3.12)

Set
Wr=Qup" =y M= Yy, AT=ILYT Y
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Subtracting (3.10)-(3.12) from (3.4)-(3.6), we derive the error equations:

n_ ,n—1
<VA‘1:/wh> + (v : Al/l’ wh)

= (f(p", =Y") = f(pr, —Y5), wn) + (9:p" — p}, wn),
(&"on) = (W', V -op),
(A", o) = (K(p")Y" = K(pi)Yi, o) + (T, ¥" =", 03,).

Letting wy, = ", v, = A", v, = ¢" in Egs. (3.13)-(3.15) respectively, we can get

n_ ,n—1
(V AP; m”) + (VA" ")
= (f(p", =Y") = fpy, =Y3), ") + @ep" — pil, "),
(¢"A") = (W', V- A"),

(A", ") = (K(pp) (Y" = QuY"), &") — ((K(p}) — K(p")Y", ")
+ (K(pp)&", &") + (I ¥" — ¥, "),
Noticing that
— 2 (I P+ 11 < G,
(K(pp)e",e") = IK(pp)2e" |
We have

1 1
@ 1"+ (K(PE", ") = g (12 = 1 12) + K (i) &P

Applying the Taylor expansions, we have

f",=Y") = fph, =Yi) = fr (B, YV)(P" = pi) = A (B, ) (Y" = Y).

Then,
(f(p", =Y") = f(ph, —Y3), ")
<(F(p" — Qup"), ") + (Fu", u") — (F(Y" — QuY"), ") — (FZ", u").

Moreover,

@ =] = | ([ €=t )t )|
t" azp

2
o) e

tn
<Ot paCos) sl < (847 ( /

-1

(3.13)
(3.14)
(3.15)

(3.16)
(3.17)

(3.18)

(3.19)
(3.20)

(3.21)

(3.22)

(3.23)
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and

((K(ph) = K(p")Y",&") < K1Y ol i = " Il - 1 E"
SCK ([l p = Qup™ I+ 11 Qup" = p" 1) 18" |l
=CK ([l " |+ Qup" = p™ 1) 18" |l
<CIu" 1P+ 1 Qup" —p" I?) +ol1E" 1%, (3.24)

where we have used the assumptions (A1)-(A2). From (3.16)-(3.24), applying the
Holder’s inequality gives

Z%t(l\ﬂ”l\2 — " Y2) + K () e
< (B )+ kot
< (@p" — piop") + (ILY" =¥, 8") + (F(p" — Qup"), 1)
+ (Fp", ") — (F(Y" = QuY"), u") — (FG", u")
+ (K(p) (Y" = QuY"), ") + ((K(pp) — K(p"))Y", ")
< Cllp"|I> + CAR +8)18"|1> + ClITT " — %712
H 1Y = QY12+ " = Qup" 117 (3.25)

We next multiply both sides of (3.25) by 2At and sum over n, n = 1,- - -, N, applying
the discrete Gronwall’s Lemma, to obtain

N
1
N7+ Y AtIK(pip)2E" |12
n=1

N
<C Y At[ImE =¥ 2+ Y - Q|
n=1
1P = Qup" 2] + 11017 + (At

With a proper choice of the initial function p) = Q,p°, we have y° = 0, combining
(2.4) and (2.6), we get

N
InVI12+ 3 AHIK(p "I < € (A2 +142).
n=1

Then, we have

N ] 2
1Nl + (Z AtHK(PZ)ZC”Hz) <C (At+hk“) : (3.26)
n=1

Applying the triangle inequality, we have the following result.
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Theorem 3.1. Suppose that assumptions (A1)-(A4) are valid. Let (py, Y}, ¥)) € Wy X
Vi, X V, be the solution of the mixed finite element equations (3.4)-(3.6) for n > 1. If we
choose the initial function

pi = Qupo,

for1 < M < N and k > 1, then there exists a positive constant C, independent of h such that

1 1
M 2 M 2
Ip™ = il + (Z AHK(pi) 2 (Y" —YZ)H2> + (Z At|¥" - ZHZ)

n=1 n=1

<C (At T hk“) : (3.27)

4 A two-grid method and error estimates

Note that the two-grid algorithms used in Wu and Allen [15] involve only one Newton
iteration on the fine grid. Nevertheless, some more interesting results can be derived
if one more Newton iteration is carried out on the fine grid. The idea is from Xu’s
work [16]. Thus, based on the works of Dawson [7], we can construct an algorithm of
the two-grid method for Egs. (1.1)-(1.3) discretized by expanded mixed finite element
methods. )

To iteratively solve the nonlinear system (3.4)-(3.6), we find (ﬁZ,YZ,‘i’Z) e Wy, x
V', x Vj, in three steps as follows:

Step 1: On the coarse grid I'y;, compute (p};, Y§, ¥},) € Wy X Vi x Vyto satisfy the
following original nonlinear system:

n _ ,n—1
(Ww) + (V- ¥, wm) = (£, 0n), wi € Wy, (1)
(Y%, o1) — (P}, V -oy) =0, vy € Vy, (4.2)
(‘Y”H,UH) = (K(PHH)YHH,’DH), vy € V. (43)

Step 2: On the fine grid I, compute (p, Y}, ¥7) € W, x V), x V), to satisfy the fol-
lowing linear system:

=n __ =n—1 _
(phAI;h/ wh) + (v Tﬂ/ wh) = (fn/wh>/ wy, € Wh, (44)
(Vi on) = (Ph, V- ou) = O, v, €V, (45)

(%5, 0n) = (K(pi) Yii, on) + (K (pk) Yi (Pl — P on). o €Vi  (46)
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Step 3: On the fine grid I';, compute (ﬁZ,\:{Z,‘:I’Z) € Wy, x V}, x V, to satisfy the fol-
lowing linear system:

zn _ Zn—1 -
<phAl:h,wh> + (V -‘I’”,wh) = (f",wh), wy, € Wh, (4.7)
(Yr,o0) — (B, V - 04) =0, v, € V), (4.8)
(Y5, on) = (K(Fp)Yh,on) + (K'(B) Y5 (Pl — P).on), v, €V (4.9)

Remark 4.1. Eq. (4.9) is motivated by the Taylor expansion

K// xn & s 21 n
(2 i -me @)

WY (Ph — ph) +

~
—~
u
==
SN—
=
=3
Il
~
—
A
==
SN—
<
=3
+
~
—
A

for some x" between pj! and pj.

Lemma 4.1. Suppose that assumptions (A1)-(A4) are fulfilled. Let (pr, YY) € Wy x
Vi, x Vi, be the solution of the mixed finite element equations (4.1)-(4.6) for n > 1. If we
choose the initial function

i = Qupo,
for1 < M < Nand k > 1, then there exists a positive constant C, independent of h such that

1

M 2
1™ — gl + (Z At|[K(pp)2 (Y" — YZ)\F) < C(At+HH 4 HH,
n=1

The proof can be found in [7].
Moreover, by an argument similar to that in Lemma 4.1, we can also prove the
following result:

Remark 4.2. If we choose the initial function ﬁg = Qupo, thenforl1 <n < N,2<g<
oo, and k > 1, we have

1" = Pillog < C(AL+ BT+ g, (4.11)
Now, we can prove the following main theorem.

Theorem 4.1. Suppose that assumptions (A1)-(A4) are fulfilled. Let (ﬁZ,YZ,‘i’Z) € Wy x
Vi, X Vy, be the solution of the mixed finite element equations (4.1)-(4.9) for n > 1. If we
choose the initial function

P = Qupo, (412)

then for1 < M < N and k > 1, we have

NI

M =
1™ — Bl + (Z AHK () (X"~ YZ)HZ) < C(At+HH 4 ). (413)
n=1
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Proof. We now derive an estimate for this two-grid scheme. We set

W= Qupt — L, B = QY =Y, o =TI -8

Using (3.10)-(3.12), (4.7)-(4.9), and the definition of projection Qy, I'l;, we get the error
equations:

A — g1

(7

(QnY" = Y7, 0) — (Qup" — B,V -03) =0, v, €V, (4.15)

Jwp) + (V- (ILY" =¥, w,) = (Ep,wy),  wy, € W, (4.14)

and

(Hth - ‘I:[Z,Uh)

=¥ = ¥, 0) — (K(p")(QuY" = Y"),00) + (K(p})(QiY" = Y}), 01
+ (@ + (p" - th">>1<'<ﬁz>ffz,vh) ( (B (P — P (QuY" = ¥7), 1)
o (= PR Q") o, € V), (4.16)

for some x" between pj and pj; and E, = 9;p" — p}.
Choosing wy, = a" in (4.14), v, = 7" in (4.15), v, = B" in (4.16), adding (4.14) and
(4.15), and subtracting (4.16), yield

() (k)
= (Ep ") — (IL,¥" =¥, ") + (K(p")(QuY" ~ Y"), ")
— (@ + (p" = QMK (P Y3 B") = (K'(B) (0" = P (QuY" = ¥7), B")
=2 (= K e 8, @17
for some x" between f! and pj. Note that
(" = P12 (=) QX" ")
=([(8h — P2 =207 — ") (p" = Pli) — (" — i) - K" (") (QiY" = X"
Y=Y, B) + (" = PP (") (Y — Y+ X7), ), (4.18)

and using the Holder’s inequality, we get

((p" = P2k ()Y, B7) < Cllp" = i3 all 811 (4.19)
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Using the Holder’s inequality and (3.23), multiplying by At and summing n = 1 to
M, M < N, using the approximation properties, we see that

M
~n\ L
™2 =[]+ Y AtIK(p7)2 B[P
n=1

M
< C(AN2+38 Y. At|B"|*+C
n=1

M
E At‘|an||2+h2k+2
n=1

M _ -
+C L A" = Qup" YR + (7" = P (QuY" = Y [> + T
n=1

M M
=C(A)2+6 Y AP+ C | Y At |+ 12+ T |, (4.20)
n=1 n=1
where
Ty =[p% — prllz et — Pl QnY" = Y15
+lp" = Brllzle" = phP QY — Y15
+lp" = il = PhIPIQrY" — Y |I3,
+ " = wlE e = I s = Y % + " = Phlloa (4.21)
M
T =C Y At[I(" = Q" YEIE+ 11" = QY - YDIP+Ti].  (422)

n=1
Using (4.11) and the Holder’s inequality, we have
T =lpl — palla Pk — ARl 1QY" = Y"II5
+p" = BllElp” = pEIPIQrY" = Y"1
+p" = PhlEle" = phIPIQnY" — Y 1%
+1p" = ArliE e = BRlPIYE = Y 1% + 1" = pillos
IR 2L g2
_|_h72(hk+1 +H2k+1 —|—At)2(Hk+1 +At>2h2k+2
+h 2 P - ADHY = Y51 + (BT HPL E ADE (4.23)
H

Combining (4.22)-(4.23), Lemma 4.1 and Theorem 3.1, we can obtain
A ()2 ny |2
T =C Y At[I(0" = QYR + (" = F(QiY" = Y|P+ i
n=1
M
<C Z At[h2k+2_|_h—2(hk+1  HEL 4 A2

n=1

+h—2(hk+1 4 2kl +At)2(Hk“ +At)2h2k+2+ (hk+1 4 2kt +At)4}
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M
+h72(hk+l +H2k+1 + At)4 Z AtHYn o nHH%o

n=1

From (2.4), (2.8)-(2.9), and Theorem 3.1, we have
M
Y ALY = YIS
n=1

M
<C Y AH(IY" — QuY"[|2% + 11QuY" — Y [I1%)

n=1
M M
<CY AtH*P24+C Y AHHTYQuY" = Y|
n=1 n=1
<CH2(H*' 4+ At)?, (4.24)
and

" = Yilleo < [[Y" = QuY"[lo + |QuY" = Yoo

< H Y HMY 4 Ab). (4.25)
Then, we obatin
T, <C (h2k+2 4 H8kH2 4 pl0k+dy -2 (At)2> ) (4.26)
where h < H*!, we have
T, < C <h2k+2 + H8EH2 4 (At)z) . (4.27)

Noticing that a’ = 0, and applying the discrete Gronwall’s Lemma, we deduce that

1

M 2
o™} + (Z AfIIK(IﬁZ)éﬁ”HZ> < C(HH + H¥ 1+ A, (4.28)
n=1

Applying the triangle inequality and the approximation properties, we can prove the
results of the Theorem.

5 Conclusion and future works

In this paper, we have presented a new two-grid scheme for expanded mixed finite
element solution of nonlinear parabolic equations. The theory demonstrates a remark-
able fact about the two-grid scheme: we can iterate on a very coarse grid I'y and still
get good approximations by taking one iteration on the fine grid I';. We have derived
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an error estimate for the algorithms of the two-grid method. It is shown that the algo-
rithm achieve asymptotically optimal approximation as long as the mesh sizes satisfy

h:o(Hi’%f).

The next step of our work is to carry out some the numerical experiment with the
proposed two-grid scheme. Furthermore, we shall consider the two-grid schemes for
expanded mixed finite element solution of nonlinear hyperbolic equations.
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