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Abstract

The existence of step-like contrast structure for a class of singularly perturbed optimal
control problem is presented by contrast structure theory. By means of direct scheme of
boundary function method, we construct the uniformly valid asymptotic solution for the
singularly perturbed optimal control problem. As an application, an example is given to
illustrate the main result in this paper.

Mathematics subject classification: 34B15, 34E15.

Key words: Singular perturbation, Optimal control problem, Contrast structure.

1. Introduction

The problem of contrast structure is a singularly perturbed problem whose solutions with
both internal transition layers and boundary layers (see, e.g., [1-3]). The significant feature of
the solution is that it will vary rapidly in the thin internal layer. The contrast structure has a
strong application background. For example, in the study of physics , there are cases that their
solutions vary rapidly in the interior of domain. In recent years, the study of contrast structure
is one of the hot research topics in the study of singular perturbation theory. More and more
scholars begin to pay attention to the contrast structure of variational problem. In [4], [5], the
authors consider the contrast structures for the simplest vector variational problem and scalar
variational problem. One of the basic difficulties for such a problem is unknown of where an
internal transition layer is in advance.

Currently, there are mainly two ways to solve this problem. The first way is through
the boundary function method [6]. Usually, this method is applied to necessary or sufficient
optimality conditions. The second alternative is through direct scheme of boundary function
method, which consists in a direct expansion of the optimal control problem. we will apply the
direct scheme to the singularly perturbed optimal control problem. As a result of the scheme, we
get a minimizing control sequence, each new control approximation decreases the performance
index of the given problem. It should be noted that the direct scheme not only make it easy to
obtain the relations for the high-order approximations, but also show the nature of the optimal
control problem.

In this present paper, we not only prove the existence of step-like contrast structure for the
singularly perturbed optimal control problem, but also construct asymptotic solution to the
optimal controller and optimal trajectory.
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2. Problem Formulation

Consider the singularly perturbed optimal control problem
Ju] = fOT fly,u,t)dt — muin7
u% =a(t)y + b(t)u, (2.1)
y(0,pm) =4°, y(T,n)=y".

where p > 0 is a small parameter. The following assumptions are fundamental in the theory
for the problem in question.

A1, Suppose that the function f(y,u,t) is sufficiently smooth on the domain D = {(y, u,t)|
|y |< A,u € R,0<t<T}, where A is positive constant.
As. Suppose that fu.,(y,u,t) > 0 on the domain D.

Formally setting ¢ = 0 in (2.1), we obtain the reduced problem

T
Jal= [ f(y,a,t)dt = min, a=—b"'(t)a(t)y.
0 w

]

—
o
DO

N

For convenience, problem (2.2) can be written in the following equivalent form

T
Ja] = / F(y,t)dt — min,
0 Y

where F(i,t) = f(y, —b"1(t)a(t)y, t).

Ajs. Suppose that there exist two isolated functions § = ¢1(t), § = 2(¢) such that

min F(g,t) = {?(%Et% ) 0= ’ (2.3)

<to
t<T,

t t
Y (p2(t),t), to <
lim @1() # lim a(t).

t—ty t—t
A, Suppose that the transition point ¢ is determined by the following equation
F(g1(to), to) = F(p2(to), to),

and satisfies the condition

%F(Wl(tO)vtO) # %F(sﬁz(to), to).

It follows from assumption Ag that

at) = ai(t) = —b"'(t)a(t)pi(t), 0=t <to,
as(t) = =b~ (t)a(t)pa(t), to<t<T,

Fy(gal(t),t):(), Fyy(cpl(t)at) >0, 0<t<tp,
0 Fyy((pg(t),t) >0, ta<t< T.
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Consider the Hamiltonian function
H(y,u,\t) = f(y,u,t) + " [a(t)y + b(t)u}7

where A is Lagrange multiplier.
The necessary optimality conditions imply that

Y = a(t)y + b(t)u,

N =~ fy(y, ut) = A~ ta(t),
fu(y, ust) + A)b(t) =0,
y(0, ) =9°  y(T,p) =y".

(2.5)

From (2.5), we can obtain the following singularly perturbed boundary value problem

wy = a(t)y + b(t)u,
Mu/ = gl(yauat) +ﬂg2(yau7t)a (26)
y(0, ) =4°  y(T,p) =y",

where

91 = b(t) foul fy = a(t) frud fu = Fud Fuy (a(t)y + (t)ur),
g2 = bil(t)b/(t)fgulfu - Julfut-

Nonlinear problem of type (2.6) was considered in [6], in which the existence of solution with
step-like contrast structure was shown. By means of the result as described in [6], we show the
existence of optimal trajectory with step-like contrast structure.

Now, we state the main result in [6], which we will use in the proofs of our main results.

Theorem 2.1. Consider the following boundary value problem

z
i F(y,z,t,u), p— = G(y,z,t,u), (2 7)

Suppose that the following assumptions hold:
By, The reduced system

has two isolated roots (p1(t),¥1(t)) and (w2(t),P2(t)).
By, In the phase plane (g, Z), the points M (p1(t),v1(t)) and Ma(pa(t),2(t)) are station-
ary saddle points for the associated system
dy R dz -
2 _F - = 2.
d'r (y7 Z’ t7 0)) dT G(y7 Z’ t7 0)) ( 8)

where t is a parameter, and system (2.8) has a first integral Q;(g,2,t) = Qi(p; (), :(%),1),
which passes through M;,i =1,2.
Bs.  The equations Q;(g, 2,t) = Qi(pi(t),¥:(¢),t) are solvable with respect to z:

SM1 : 2(_)=V(g7(p1(f),¢1(f),f),
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SM2 : Z(J’_) = V(ga 902(5)71#2(73,{)-

_ d
By, The equation H(#) = 1) —2(5) has a solution t =ty € (0,T), such that ﬁH(to) # 0.
Then the boundary value problem (2.7) has a step-like contrast structure solution satisfying the
limiting relations

lim y(t, 1) =

n—0

pi(t), t<to, .
lim z(¢, p) =
wa(t), t>tg, #»0

{wl(t), t < to,

11)2(15), t > 1.

3. Existence of Step-Like Contrast Structure

As mentioned above, problem (2.6) is a special case of the more general problem (2.7).
Therefore, under suitable conditions, the extremal trajectory (the solution to the system of
Euler equations (2.6)) contains a step-like contrast structure.

It is easy to see that the associated system for (2.6) can be written as

B B L fy — Bk fa — Fd Fun(a By + b(E),

% = a(t)y + b(t)u,

where t € [0,7] is a parameter.
Now we will state and prove some useful lemmas, which will be used to prove our main
results. We begin with the following lemma.

Lemma 3.1. Suppose that Ay -Ay hold. Then associated system (3.1) has two equilibria M;(p;
(1), ai(¥)), i = 1,2 , which are both saddle points.

Proof. Let

H(y,u,f) = b({)quulfy - a(ﬂf;ulfu - quulfuy (a(i)y + b(f)u),
Gy, u,t) = a(t)y + b(t)u.

Obviously, M; ((pi(f), ai(f)), 1 = 1,2 are two isolated solutions of the reduced system
H(y,u,t) =0, G(y,u,t)=0.

Moreover, the characteristic equation of the system (3.1) is given by
2 = 0 0 Fa oy~ 27 D0 o ) =0

where f.l, fyy, fuy are calculated in (cpi(f),ai(f),f), i = 1,2. Using assumption (2.4), we
obtain

2 =0+ 0 (Jul oy~ 27 Ot ) >0

Hence, in the phase plane (y,u), Mi(goi (1), a; (ﬂ)7 t = 1,2 are both saddle points. O
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Lemma 3.2. For fized t € [0,T], associated system (3.1) has a first integral

(0O + 0000 ol ) = 0O 10) = C, (3:2)
where C' is a constant.
, dy o, du o .
Proof. Let y' = e u = e Then the first equation in (3.1) can be written as
T T

fuu(ya u, E)u/ = b({)fy(ya u, E) - a({)fu(ya u, {) - fuy (a(i)y + b(f)u) (33)

Using the second equation of (3.1) , we get
fuu(ya u, E)ul - b(f)fy(ya u, E) + a(f)fu(ya u, E) + fuyyl =0. (3-4)

In view of y” = a(t)y’ + b(¢)u, we obtain

d
% <ylfu(ya U, {) - b(t_)f(ya U, E)) =0.
Therefore, the first integral for (3.1) is given by (3.2). O

Lemma 3.3. Suppose that A1-Ay and u # —a(t)b~1(t)y hold. Then, for fized t € [0,T], the
first integral (3.2) is solvable with respect to u.

Proof. Let
gy, u,0) = (a@y i b@u) Fulyu,®) — 0D (.. F) — C.

Obviously

00, 7) = D)y, + (a@y n b(f)u) Fun(o10,) — (D) fuy, . )
= (altdy + 0 ) o0 20

By the implicit function theorem , the equation g(y,u,t) = 0 is solvable with respect to u:
’U/:h(y,ﬂC), (:%ﬂ € Dy, (35)

where D1 = {(y,t)|ly| < A,0 <t <T}.

Let us continue the verification of the assumptions of Theorem 2.1. Obviously, there exist
two separate orbits Sy, and Sy, that pass through the saddle points M; and Mas, which satisfy
the equations

SMI : (a(f)y+b(i)u)fu(yau7£) 7b({)f(yauai) = 7b(£)f(<p1({)aa1({)7£)7 (363’)
Smy + (a(®)y + b)) fuly, u,t) — b(E) f(y, u,t) = —b(#) f(p2(t), a2(?), 7). (3.6b)
It follows from Lemma 3.3 that
u () =y e (B),  uP(r,8) = B (YT, 0a(8)). (3.7)
Let
H() = u(0,8) = u(0,8) = K (4 (0), £, 01(8) — B (y(0), £, 2(8)),
where

YO0) =D 0) = (1B + 2(D) = BO)
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Lemma 3.4. Suppose that A1-Ay hold. Then, we get

aE) + by (9:0), ) = 1/ (D) Fyy — 20(DDD) fuy + 2O fur) ks =12 (3:9)
where fyy, fuy and fuy are calculated in (¢;(t), 04(t),t), i =1,2.

Proof. Differentiating the implicit function, we have

_du_ W0, — a0~ (ay + HOUD
w0 =g, = (O b

From As, A3, we obtain

<b2{)fyy2af)bf)fuy+a t_)fuu> >0 and f, >0.
Using L’Hospital’s rule , in the neighborhood of saddle points, we obtain (3.8). O
Lemma 3.5. Suppose that A1-Ag hold. Then H(tg) = 0 if and only if
flp1(to), an(to), to) = f(p2(to), 2(to), to)- (3.9)
Proof. Setting 7 =0, t =ty in (3.6a) and (3.6b), we obtain

[a(to)B(to) + b(to)h ) (to)] fu (ﬂ(tO) W (to), to) — b(to) f(B(to), k7 (to), to)
(to)

= —b(to)f((pl (to), (5] (3.10&)
[ato)B(to) + b(m)h”)(toﬂfu(ﬁ(to) W (to), to) — b(to) f (B(to), K (t0), to)
= —b(to) f(¢2(t0)), az(to), t (3.10b)
where
W) (to) = K (B(to), ¢1(to),to), B (to) = R (B(to), pa(to); to), (3.10¢)
Necessity follows directly from (3.10), and sufficiency follows from (3.5). O
Lemma 3.6. Suppose that A1-Ay hold. Then %H(to) # 0 if and only if
d d 3.11
Ef(@l(to); Oél(to),to) 7£ Ef(ch(tO)a Ozg(to),to). ( : )
Proof. Setting 7 =0 in (3.6) yields
(a(®)B(E) + bORT) (D) fu(B(E), BE), 1) = b(E) £ (B(E), ) (D), 1)
= —b(t)f(p1(t), n(t), 1), (3.12a)
(a(B)B(D) + bR (D) fu(B(E), K (E),) = b(E)f(B(D), A (D), )
= t_)f (p2( t_)’a2 {)af)v (3.12b)

where

h( )(E) h( )( (Bawl(ﬂvﬂa h(+)(f) h(+)( (5)7@2(7?)5{)' (3'126)
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Differentiating (3.12) with respect to £, we obtain
a ) ) mn) L )
g (a@ﬁ@ T b(B)h @)fu(ﬂ@, O, 5 + (a@ﬂ@ T b(B)h @) 2 5,80, h @)1
- (VOO0 + 00 F 160000
- (b'(f)f«ol(f), 0n (0).0) + b(0) 2 £ (1), al@@), (3.13)

(a0 4 60D ) 50 KD D).+ (a5E) + HOND D) ) (500000,
- (O30 0.0+ 00 160000
—— (VO (a0.02(0) 8+ 6O 7 22(D),02(0).D)) (3.14)

Letting t = ¢ yields

(a0 + BN 1)) o (t0) o)) G )

=~ b(t0) 51t (o) t0) = 5 Conlto), et ) ) (3.15)

Using assumptions A; and As, and also the fact that different orbits do not intersect with the

d
line @ = «;(to),7 = 1,2 at the point y = B(ty), we know that EH(tO) # 0 if and only if (3.11)
holds. g

From Lemmas 3.2 and 3.5, it is easy to obtain the next lemma.

Lemma 3.7. Suppose that A1-Ay hold. Then there exwists t = ty at which associated system
(3.1) has a heteroclinic orbit connecting saddle points My (¢1(to), a1(to)) and Ma(p2(to), aa(to)).

From the above discussions, we know that the boundary value problem (2.6) satisfies all
the assumptions of Theorem 2.1. Then problem (2.1) has an extremal trajectory y(t, u) with a
step-like contrast structure.

Theorem 3.1. Suppose that A1-Ay hold. Then for sufficiently small i > 0, the optimal control
problem (2.1) has an extremal trajectory y(t, u) with a step-like contrast structure

lim y(, p) =

pn—0

(pl(t), 0<1t<ty,
(pg(t), to<t<T.

4. Construction of Asymptotic Solution

An asymptotic solution of problem (2.1) is sought in the form

[e e}

y(t, ) = 3 1 @(t) + Liy(mo) + Q% y(r), 0<t <t
k20 (4.1)
ult.p) = 3 ph(@n(t) + Liu(mo) + Q5 u(r)
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u(t.n) = 5 i ®) + Qy(r) + Rug(n), # <t<T.
2 (42)
ult.p) = 3 ph(an(0) + Q4" u(r) + Reu(r),

where 79 = tu~t, 7= (t—t)u"t, T = (t—-T)u !, Lyy(r) are coefficients of boundary
layer terms at ¢t = 0, Ry (71) are coefficients of boundary layer terms at t = T, Q](;F)(T) are left
and right coefficients of internal transition terms at ¢ = t*.

The position of a transition time ¢*(u) € [0, 7] is unknown in advance. Suppose that t* has
also asymptotic expression of the form

t* =t + puty + o Pty

The coefficients of the above series are determined during the construction of an asymptotic
solution.
From the main results of [4], we obtain

min J{u] = min J(ug) + Zui min J; (ug) + - -,
“ o - "

where
jz(uz) = Ji(wi, Uj—1,- -+ ,Up), Uk = arg(n;ikn jk(uk)), 0<k<i-—1.

Substituting (4.1) and (4.2) into (2.1), and equating separately the terms on t, 79, 7 and
71 by the boundary function method, we can obtain a series of variational problems to de-
termine {5 (1), m (1)}, {Lry(m0), Lru(ro)}, {Qc7 (). Q7 u(r)}, {Riy(m) Reu(r)}, k = 0
respectively.

The variational problem to determine the zero-order coefficients of regular terms {go(t), @o(t)}
are given by
Jo(to) fo (Yo, Uo, t) dt — mm

(4.3)
a(t)ijo + b(t)io = 0.
By assumption As, we get
) ,0<t<to,
go = 1910 0 (4.4a)
(,DQ(t) o<t < T,
t)=—a®)b"(t)p1(t) ,0<t <t
o [ = —ar O 0 w
as(t) = —a(Ob (pa(t) to <t < T
The following variational problems to determine {Qéx)y(T), Q(():F)U(T)} are given by
QT = [P AT F(ra(to) + @57y, calte) + Q67w to) dr — i
Qg
d
67y = alto) (e1.2(t0) + QF y) + blto) (e 2 (to) + QT w), (4.52)

Q“F) (0) = Bto) — p12(to), QST y(Foo) =0,

where

T f = flpr2(to) + Q5T y, a1a(to) + Q5P u, to) — f12(to), a1 2(to), to).- (4.5b)
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Making the substitutions

G5 = p1a(to) + QéﬂF)y(T)v %) = aya(to) + QézF)“(T)v

we obtain - O(o0) A (F)
Ty — 0) AF) £((F) 5 (F)
Qo(;] Sy Do f(HF(r), a ()to)dT%u(g}%g};))
di(F
?(Ji alte)§® + blte)a'®, (4.6)
-

FE(0) = B(to), §F) (Foo) = p1,2(to).

The substitution
dy®)

a(to)gF) + b(te)aF)
produces the following variational problem, which is explicitly independent of 7

Q(:F)J _ /B(to)(wz(to)) Aof@(:!:)7 @(:F)7 to) 75 min (4 8)
0 o1 (to) (B(to))  @(t0)TF) + b(to)alF) a® (5®) '

= dr, (4.7)

The necessary condition for a minimum of the integrand has the form
< (to)g ™ + b(tO)u(:F)) fu = (o) f(FF),aF) t0) = =b(to) f(pr,2(f), a1 2(t0), o). (4.9)
In view of (3.6), we have that @(¥) = h(¥) (§(F) t) is the minimum, as it satisfies
(a(to)d + b(to)@) "> (alto)§ + b(te) i ™) fz2 > 0. (4.10)
The equations to determine QgﬂF)y are given by

dQ(:F)
dr

= a(to) (901,2(750) + QBJF)Q) + b(to)h ) (p1,2(t0) + ng)% to).

As. Suppose that the following initial problems

(F)
@07 (to) (1. (to) + Q') + b(to)h P (w12 (t0) + Q. to), (4.11)

Q“” (0) = B(to) — ¢1,2(to),

have continuously differentiable solutions Q(():F)y(T), —00 <7 < +o0.

Substituting QéﬂF)y(T) into (4.5), it is easy for us to get Q(:F) (1), thus QéﬂF)y(T) and
Q(():F)U(T) are determined. From Lemma 3.4 we get

alto) + b(to)hl ) (¢1(to),t0) > 0, alto) + blto) R (pa(to), to) < O,

which imply that

Q7 y(M < Cemm, ko >0, 7 <0,
|Qé+)y(7)| < C’éﬂe*"”, k1 >0, 7>0,
|Q87)u(7')| < 057)6”07, ko >0, 7 <0, (4.12)
Q5 u(n)| < e ™™, k>0, 7> 0.
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Below, we give the equations and their conditions for determining { Loy(7o), Lou(o)}

L()J = fooo Aof(cpl (0) -+ L()y, 041(0) -+ L()U, 0) dT() — Ill/lin,
ou
d

d—TOLoy = a(0)(1(0) + Loy) + b(0)(a1(0) + Lou), (4.13a)

Loy(0) = y° — ¢1(0), Loy(co) =0,

where
Aof = f(#1(0) + Loy, a1(0) + Lou, 0) = f(1(0), 1 (0), 0), (4.13b)
and the problem to determine {Roy(71), Rou(1)} is given by

RoJ = ffoo Ao f(2(T) + Roy, a2(T) + Rou, T) dry — rgjg,

j%&w=a@XmGU+&m+h@xmaj+RWL (4.14a)

Roy(0) = y" — 2(T), Roy(—oc) =0,

where
Aof = flp2(T) + Roy, az(T) + Rou, T) — f(p2(T), aa(T),T). (4.14b)

Ag. Suppose that the boundary data y° — ¢1(0) and y? — 2(T') in the problems Lo.J and
RyJ belong to certain neighborhoods of the origin that guarantee the existence of these
optimal control problems.

Then, we have so far constructed the leading terms

{wo®), ug®)}s {Loy™(10), Lou™(70)}, {Qoy™ (1), Qou™(7)}, {Roy™(m1), Rou"(71)}

of asymptotic series for the problem (4.1) and (4.2). Additionally, we can obtain the minimum
values of the corresponding optimal control problems J§, LoJ*, QéﬂF)J * RoJ*:

T
ﬁ@wa/f@ﬂmm@ Lsm)
0
©1(0) A(:F)f(** i*,0)
bl = 7 oy 4.15b
’ /y a(0)5* + b(0ya (4.15D)
Blto) AP f(5®* a®= ¢
(:mJ*:i/ o f@T* 4 ’O)d” s
“ »1,2(to) a(to)ﬂ(jF)* +b(t0)ﬁ,(q:)* Y ( . C)

T
RyJ* :/ B LA Rl Rt/ 70 4.15d)
o= | o aDi 1 BT (

where

IS

7" = ¢1(0) + Loy (10), " = a1(0) 4+ Lou* (7o),
U = p2(T) + Roy™(11), 4" = aa(T) + Rou™(71).

S

Theorem 4.1. Suppose that A1-Ag hold. Then for sufficiently small ;v > 0 there exists a step-
like contrast structure solution y(t, u) of the problem (2.1). Moreover, the following asymptotic
expansions hold

(4.16a)

y(t, p) = @1(t) + Loy(ro) + QG y(r) + O(n), 0 <t <to,
7 o (t) + Roy(m1) + QP y(r) + O(w), to <t <T.
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a1 (t) + Lou(ro) + Q4 u(r) + O(u),

M.K. NI AND L.M. WU

0§t<t()7

u(t,ﬂ) = {ag(t) + ROU(T1) + Q(()+)U(T) + O(N)a to <t < T.

5. An Example

Consider the problem

1 1
4 —y3sint —y? + ysint + =u? | dt = min,
3 2 u

27 1
s = 177 (3
dy
P = Yt
y(0,1) =0, y@2m, p) =2,

where
1

1 1
fly,u,t) = —yt — gyg sint —y? +ysint + 5u2,

4

For each t, we have

0<t<m,

T <t<2m.

—3—2sint, 0<t<m,
—%—l—%sint, T<t<2m

The transition point ¢y = 7 is determined by the equation sinty = 0.

(4.16D)

In this example, different orbits Sys, and Syy,, passing through the saddle points M (¥) and

M>(t), respectively, have the form

2
Sar, s ul) =y & V2

92 (1 - y(_)2)a

2
Sar, s uP) =y 4 V2

5 (1 _ y(+)2).

(5.4)

The left and right zero-order terms of transition layer are determined by the following problems

dQsPy

—0 7 — _QFy+Q5u, QPy(0) =+1,

dr
whose solutions are
(_)y _ 26‘/57
0 1 + 6\/57— )
), __ =2
QO y 1 + 6\@7,

Similarly, we have

2e— V210
Loy =
1+ e—V270
2
Roy 3e—V2m — 1’

QS y(Fo0) =0,

(), _ 2+2v2+ 2eV2T)eV2T

0 (1+ev2r)2 7
b, _ @V 30 )
0 (1+eV2r)2

2e~ V20 4 972V270 _ 9, /9= V20
L()U =
(1+ e_\/%))2
6e= V2 — 2 4 6y/2e~ V2T
RQU = .

(36*‘/571 —1)2

Y

(5.5)

(5.6a)

(5.6b)

(5.7a)

(5.7b)
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Finally, the formal asymptotic solution is

2e~ V20 2eV2r
-1+ + +0(n), 0<t<m,
y(t,p) = LbgmVomo 14V
< 2.
1+36_\/§Tl—1+ oV +0(u), w<t<2r
and
) 267 V270 4 272V270 _ 9\/2e7VE0 (24 2/2 4 2eV2T)eV?T o .
R (14 e V)2 Qe Owtem
y ) = - 66—\/571 _2_;'_6\/56—\/571 (2\/56\/57_26\/57_2) +O( ) et <on
(3e—v2r — 1)2 (1+ev?r)2 . =
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