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Abstract

In this paper, we propose a tailored finite cell method for the computation of two-
dimensional Helmholtz equation in layered heterogeneous medium. The idea underlying
the method is to construct a numerical scheme based on a local approximation of the
solution to Helmholtz equation. This provides a computational tool of achieving high
accuracy with coarse mesh even for large wave number (high frequency). The stability
analysis and error estimates of this method are also proved. We present several numerical
results to show its efficiency and accuracy.
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1. Introduction

In this paper, we study the Helmholtz equation in a layered heterogeneous medium

Au(x) + k*n*(z)u(x) = f(x), for x = (z,) € Q, (1.1)
Uz=0 = uo(y), (% — 1kn($)u) . 0, foryeR, (1.2)
Ju 1

S2(0) = ikn(z)u(x) = 0 (7) . as = [x| = oo, (1.3)

where Q = (0,R) x R, i = y/—1 is the imaginary unit, k is the wave number, f € L?(f),
up € HY(R). Here the index of refraction n(z) € L°(0, R) is a piecewise smooth function,
which satisfies

ng < n(z) < Np. (1.4)

The boundary value problem of the Helmholtz equation (1.1)—(1.3) arises in many physical
fields, for example in seismic imaging where the interior structure of the Earth is layered indeed.
Moreover, we can also see similar problems in acoustic wave propagation and electromagnetic
wave propagation. The numerical computation of Helmholtz equation with large wave number
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in heterogeneous medium is extremely difficult [2,22-24] since the mesh size has to be small
enough to resolve the wave length. In the last three decades, many scientists have presented
efficient methods for this kind of problem, such as the fast multipole method [12], multifrontal
method [27], discrete singular convolution method [4], hybrid numerical asymptotic method [11],
spectral approximation method [32], element-free Galerkin method [36, 38|, geometrical optics-
based numerical method [6, 7], etc. In general one has the restriction kh = O(1) for the mesh
size h to achieve a satisfactory numerical accuracy. On the other hand, if we use asymptotic
method, we usually need to overcome the difficulties about caustics [6, 7,10, 31].

Tailored finite point method (TFPM) was proposed by Han, Huang and Kellogg for the
numerical solutions of singular perturbation problem [18] in 2008. TFPM is different from the
typical finite point method [9,26,29,30] which is a development of finite difference method by
emphasizing the meshless technique. The main idea underlying the TFPM is to use the exact
solution of the local approximate problem to construct the global approximation. Recently,
TFPM has been further developed to solve various numerical problems. For example, Han
and Huang studied TFPM for the Helmholtz equation in one dimension [13], and obtained the
uniform convergence in L2-norm with respect to the wave number. They also studied TFPM for
different kinds of singular perturbation problems [14-16], without any prior knowledge of the
boundary /interior layers. This method can provide high accuracy even on the uniform coarse
mesh h > ¢, where ¢ is the small parameter in the singular perturbation problem. For the
interface problem [20], the method produces uniform convergence in energy norm even for the
PDEs of mixed type. Later, Shih et al proposed a characteristic TFPM and rotated the stencil
an angle to keep the grids be a streamline aligned [34,35], that improved the accuracy on coarse
mesh. Furthermore, the method was applied to solve the steady MHD duct flow problems with
boundary layers successfully [19]. TFPM also works well for time-dependent problem [21] and
fourth-order singular perturbation problem [17]. More related work can be found in two review
papers [5,37] and the references therein. Note that there was also much work about meshless
methods for Helmholtz equation [1,3,8,28].

In this paper, we introduce a new approach to construct a discrete scheme for the equa-
tion (1.1) based on the former studies [13,20]. We call the new scheme “tailored finite cell
method” (TFCM), because it has been tailored to some local properties of the problem in each
cell. As we consider the layered medium at here, we will apply our idea after a Fourier trans-
form in y-direction. Hence this is a semi-discrete method designed on the properties of the
local approximate problem. The method can achieve high accuracy with relatively cheap com-
putational cost. Especially, we can get the exact solution with fixed points for piecewise linear
coefficient for both small and large wave numbers.

2. Tailored Finite Cell Method

In this section, we describe the method in details. To be more precise, in the rest of this
paper, we shall assume that the piecewise smooth function n(z) is also piecewise monotone, i.e.
there are some points x; (j =0,1,---,L) such that 0 = xo < x1 <--- < xr = R, and

I = (xj-1,x;), nli, € C*(I;) and n|;, is monotone, j=1,---,L.

First, we take a Fourier transform with respect to y, i.e. for v(x,y) € L?(Q),

o(x,€) = \/%—F/Rv(xvy)e_igydy-
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From (1.1)—(1.3), we have

%(%5) + (Kn*(2) — &) (2, €) = f(2,9), =€ (0,R), (ER, (2.1a)
W0, =0(©),  Fe(RE) - kn(Ru(R.=0, EcR (2.10)

We approximate the function n?(x) by a piecewise linear function n%(z), i.e. we take a
partition of the interval (0, R) as 0 = z¢ < 21 < --- < xj = R, such that
xi, !=0,--- L}y C{z;, 7=0,---,J} and

n*(z) =y + B;, for x € (zj-1, 1)), J=1,,J, (2.2a)

200\ — n2(p.
;= n (IE]) n (ﬂfjfl)’ ﬁj _ n2(xj,1) — a1, j=1,--,J. (2.2b)
Tj— Tj—1

Denote by h = max |z; — z;_1|, we have
¢ J J ’
15557

[n?(z) — n?(x)] < Ch?, for x € [0,R]. (2.3)
Forj=1,---,J,let a; = kQaj, bj = k?*B; — &2, we have three cases:
I) If aj = bj = 0, let
G s) s—x, T2>Ss, (2.4)
i(x,s) = .
/ 0, s> .
Then the solution of (2.1a) in D; can be expressed by
Zj .
Un(z,€) = A;(§) + Bj(§)x +/ f(s,8)Gj(z, s)ds, for xz € D;. (2.5)
.TCJ'71
Let
)‘;r:)‘;:L 7;27;207 :U/]Jrzx_ﬁ /J/;:xj—lv 6}25;:1,
FHO= [ fs6-a)is B =0, (26)

GH(E) = _/1-,. f(s,6)ds, G5 =0. (2.7)

II). If a; =0, b; # 0, let

1 sinh \/b;(s — ), x> s,
Gj(z,s) = . Vhils =) (2.8)
2y/b; | sinh\/bj(z —s), s>uz.
Then the solution of (2.1a) in D; can be expressed by
Un(x,€) = A;(€)e"V" + Bj(§)e ™V +/ f(5,6)G;(x,)ds, for x € D, (2.9)

Let
)\j— = ezj\/g7 )\j_ = ezj*l\/b_j, ’y;r = \/b_jemj\/b_j, ’yj_ = \/b_jezjfl\/b_j,

+ —xj4/bj — —xj_14/bj

p; =e My =€

of = —Vhe Vi g =~ hjemVh,
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7 J5,6G; (w5, 5)ds Gj(g):/v’ F(5.€)0.G; (. 9)],_, ds. (2.10)
:/ J f j(xj_1,s)ds, G]_(g):/J f(s,g)é)mGj(x,s)‘m:%‘ilds. (2.11)
II0). If a; # 0, let
z(:c)f—(aj)_%(a]:Eerj), zj—1 = z2(xj-1), 2 = 2(z;)

1 {Ai(s)AI(t) + Bi(s)BI(),t > s, (2.12)

Ai(s)Al(s) + Bi(s)BI(s), s > t,

where Ai(s) and Bi(s) are the Airy functions of the first and second kind respectively, and

Ao = [ (i) Pan. 810 = [ (witn) an.

Then the solution of (2.1a) in D; can be expressed by

Un(2(z),€) = 4;(Ai(2(z)) + B;( / Fla,6)(s G, (z(x), s)ds, Yo € Dy,
with two constants A;, B; € R. Let
= Ai(z2(z))), = Al(z( D), = (ay)F AT (2(xy)),

vy = (a;) AT (=(2;-1)), ( (), wy = Bi(z(a;-1)),

5f = (aj)3BY (=(x)), 6* §) B (2(2j-1)),
FHE) = / F(5.)G; (2(x;), s)ds, (2.13a)
61O = [ 75.90.6,(:(0).5) ., . (230)
Fr© = | 76,06 (2(aj1),5)ds (2.142)
G; (&) = / 7 Fs,00:6, (2(2), 8)],—,,_ds. (2.14D)

From (2.4)—(2.14Db), consideringzﬁlle boundary conditions (2.1b) and the continuities of
w(x, &) at x; (j=1,---,J —1), we have
A A+ pp By + F = o, (2.150)
YFA;+ 0B+ Gy —ikn(R) (A\YA; + u By + FF) =0, (2.15Db)
and for 1 <j<J -1,
+ + +_ - - -
AjAj g By + B = A Ajn + iy B+ Fyyg, (2.16)
VA + 6B+ G =~ Aj + 0, B + Gy

Solving the linear system (2.15)—(2.16) gives the coefficients A,(¢) and B;(&), j =1,---,J.
Finally, we obtain the solution of (1.1)—(1.3) by the inverse Fourier transform

— L 2z eiﬁy
wey) = o= / Un (=(2). €) V. (217)
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3. Stability Analysis

In this section, we study the stability estimate of the model problem (1.1)—(1.3) and the
error analysis of our discrete solution by (2.17). First, we establish the following regularity
estimate.

Lemma 3.1 (regularity estimate for analytic solution) Suppose that n(x) € L*°(0, R) is
piecewise smooth and piecewise monotone, f € L*(Q). Then the solution of the problem (1.1)-
(1.3), u(z,y), satisfies the following estimates

|ul1,0 + Klul

0= €Il + Kooy + e ). (3.1)
with a constant C independent of the wave number k.

Proof. Let U(z,y) = u(z,y) + uo(y)(Az — 1) with A = =2 Then we have

Fn(R)R—1"
AU (z,y) + E*n?(2)U(z,y) = F(x,y), (x,y) € Q, (3.2)
Ur(z,y) — ikn(x)U(z,y) =0 <%) , asr =22 +y? = oo, (3.4)

with
F(z,y) = f(z,y) + kK n®(@)(Az = Duo(y) + (Az — Dug(y).

From the boundary conditions (3.3), we can immediately get
U2y < RIUzllz2(0)- (3.5)

Multiplying (3.2) by U and integrating over Q yields
R R
ikn(R)/ |U(R,y)|*dy — // (IVU? = k*n?(2)|U|?) dedy = // FUdxdy.
R R Jo R Jo

Taking the real and imaginary parts of the above equation gives

R R
f// (|VU|27k2n2(z)|U|2)dzdy:Re// FUdxdy,
RJO RJO
R —
k:n(R)/ |U(R,y)|2dy:Im// FU dxdy.
R RJO

Using Cauchy’s inequality and the expression of function F' produces, Ve; > 0,5 =1,---,6,

€1 1
[RlInU a0 = VU132 | < 5 10120 + 51 I

1 €2 1 €3
+ 1 (G tmllagy + 210l ) + gl + 2W0 @, (36)
TR 1] .
(BT (R, ey < SN0+~

1 €5 1 €6
+ (G tmllagy + S0l ) + gl + FW0 @ 6D
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It is similar to the procedure of Lemma 2.1 in [13], we can define a function z(z), such that

2(00=0, 0<z2(z)<C, 1<2'(z)<C, (3.8a)
(z(:c)nQ(:E))/, for = €0, R]. (3.8b)

Multiplying (3.2) by (z(z)U, + 2'(2)yU,) and integrating over  and taking the real part yield

R22
K2n2(R)2(R)|U (R, )22, — // K ((2n? +zn)|U|2dxdy7/0 ;R)|Uy(R,y)|2dy
R B , B
=Re/R/O F(a,y) (2(2)Us(z,y) + 2" (2)yUy (2,y)) dady.

Using Cauchy’s inequality and the properties (1.4), (3.8), we have, Ve7,eg,e9 > 0,

2

k
23U |2y <C (k2|U<R, Mgy +

E7k‘ |
2

U m)

1
||VUHL2(Q) + ||U0||L2(R) +2 HVU”L?(Q) +5— 90 HfH%Q(Q)' (3.9)

luol|Z2 gy +

Combining with (3.6)—(3.7) and choosing ¢; small enough, we get
IVU 3200 + K202y < € (11320 + Kol ) + 12y -

That implies (3.1) immediately. O

Suppose that u(z,y) is the solution of problem (1.1)—(1.3), up(z,y) is the approximation
obtained by our method in Section 2 from (2.17). Let E(x,y) = u(z,y) — un(z,y), be the error
of our approximation. Then E(z,y) satisfies the following problem

AE(z,y) + k*n?(2)E(z,y) = k* (7°(z) — n*(2)) u(z,y), (2,y) € Q, (3.10)

E(0,y) =0, E.(R,y)+ikn(R)E(R,y) =0, (3.11)
E.(z,y) — ikn(x)E(z,y) =0 (%) , asr=+vyaZ+y? - oo, (3.12)

By Lemmas 3.1 and Eq. (2.3), we arrive at the following result immediately.

Theorem 3.1 (error estimates) Suppose that n(x) € L*°(0,R) is piecewise smooth and
piecewise monotone, f € L?(Q). Then the error function E satisfies the following estimate:

Bl + HElln < Ch1 (12 + Fluol ey + luolin ) (3.13)
with a constant C' independent of the wave number k and mesh size h.

4. Numerical Examples

In this section, we present some numerical examples to show the efficiency and reliability of
our new method.
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TFCM
™™™

Fig. 4.1. Example 4.1 with k = 100, h = 1, n(z) =1 — z.

Example 4.1. First, for a sake of simplicity, we consider
Au(x) + k*n?(z)u(x) = f(x), forx= (2,y) € Q= (0,R) x (~L, L), (4.1)

Ulz=0 = uo(y), <% - 1kn(z)u>

= 0, forye(—L,L), (4.2)

with a periodic boundary condition in y-direction, and
f(z)=0, n?(z) =1—u, up(y) = e*¥/2, R=L=1.

The exact solution is
Ai (K2/3(z — 3))

_ iky/2
U(:L',y) e A (7%]432/3)

Note that there is a caustic line at x = 0.75 if we use WKB asymptotic expansion to solve this
problem (cf. [6,7]). But there is no caustic by our method (cf. Fig. 4.1). We give the error of
uTFCM (the approximation by our TFCM) in Fig. 4.2 (a). Because n?(z) is a linear function,
from Fig. 4.2 (a), we can see that our method can achieve the machine accuracy in this case,

although our mesh size h is much larger than the wavelength.

-13 -12

5x 10 4x 10
4 3
53
FD F: 2
52 El
1 1
0 L . . . 0 !
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

(a) (b)
Fig. 4.2. Errors of Example 4.1 at y = 0 with k£ = 100, h = 1. (a): n(z) =1 —z, (b): n(z) given by
(4.3).
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Table 4.1: Example 4.2, the £*° and relative £? errors for TFCM, k = 500.

h 275 276 2~ 7 28
(2 error 1.35x107Y 371 x1072 949 x107° 238 x 1073
2 error 6.83x107%2 184 x107%2 476x107° 1.19x 1073

Table 4.2: Example 4.3, the £>° and relative ¢? errors for TFCM, k = 400.

=

h 27° 276 2~ 7 2-8
0> error 496 x 107' 136 x 107! 344 x 1072 8.84x 107°
2 error 171 x107Y 472x1072 121x107%2 3.08 x107°

Furthermore, even if n?(z) is a piecewise linear function, for example,

2, v [ 1+z, x€][0,0.25);
(@) = { 1—z, z€l[0.25,1]; (4.3)

we can also achieve the machine accuracy (cf. Fig. 4.2 (b)) with only one node in each
subdomain.

Example 4.2. Then we consider a more complex case with n?(x) = 0.6 + 0.5z — .

In this case, the ‘exact’ solution is solved on very fine mesh h = ﬁ. The results of this
example are given in Fig. 4.3 and Table 4.1. Because n?(z) is not a linear function anymore,
we can not achieve the machine accuracy in this case. But we still have the second order
convergence rate from Table 4.1, although our mesh size h is much larger than the wavelength.
It is consistent with our theoretical result (cf. Theorem 3.1).

3 0.14

0.12

0.1

1 =
E 0.08
T 006
0.04
0.02

0 0.2 0.4 0.6 0.8 1 00 0.2 0.4 0.6 0.8 1

X X

Fig. 4.3. The approximation and the error of Example 4.2 at y = 0: k£ = 500, h = 3—12

3 0.14
2 0.12
1 0.1
=
= 0 o 0.08
2 5

5 1) 7 0.06
El

-2 0.04

-3 0.02

0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

X X

Fig. 4.4. The approximation and the error of Example 4.3 at y = 0: k£ =400, h = 6—14.
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Example 4.3. Next we consider a case with discontinuous index of refraction

—2x : )
n? () :{ e~ (14 sin(2mz)) +0.25, = € [0,0.75];

11—, x € (0.75,1].
Here the ‘exact’ solution is also solved on very fine mesh h = ﬁ. The results of this

example are given in Fig. 4.4 and Table 4.2. We still have the second order convergence rate
from Table 4.2.

Example 4.4. Finally we consider a more complex case with discontinuous index of refraction

cos(mx) — 0.5, x € [0,0.25);
1+ € [0.25,0. 5)
2 _ )
(A R} € [0.5,0.75);
1—x, € [0.75,1].
In this case, the ‘exact’ solution is also solved on very fine mesh h = ﬁ. The results of

this example are given in Fig. 4.5 and Table 4.3. The convergence rate is also of second order.

Table 4.3: Example 4.4, the £>° and relative ¢? errors for TFCM, k = 200.

h 27" 276 27" 2% |
£ error  2.37x 107" 6.09x107* 154x10° 3.88x107° |
Ceror 714x107% 175 x107% 447x107% 112x107° |

3 0.07
2 0.06
0.05
1 —
3 . o o004
= >
E] Too03
-1
0.02
-2 0.01
3 ol
0 0.2 0.4 0.6 0.8 1 0 02 04 06 08 1
X X

Fig. 4.5. The approximation and the error of Example 4.4 at y =0, k = 200, h = 6%1.

5. Conclusion

In this paper, we present a tailored finite cell method for Helmholtz equation in the layered
heterogenous medium. This is a semi-discrete method designed on the properties of the local
approximate problem. Following the idea of our previous works about TFPM [13,20], we solve
the problem numerically after taking the Fourier transform in y-direction and approximating
the squared index of refraction function using piecewise linear function. We analyze the stability
of the original problem, prove the second order convergence rate of the method, and present
several numerical examples to confirm the theoretical results. The numerical examples also show
that this method can achieve high accuracy on coarse mesh even with discontinuous coefficient.
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When the coefficient n?(x) is a piecewise linear function, we can obtain the exact solution with
only one point in each subdomain. The method applied to more general cases will be studied
later.
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