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Abstract

We propose a new reconstruction scheme for the backward heat conduction problem.
By using the eigenfunction expansions, this ill-posed problem is solved by an optimization
problem, which is essentially a regularizing scheme for the noisy input data with both
the number of truncation terms and the approximation accuracy for the final data as
multiple regularizing parameters. The convergence rate analysis depending on the strategy
of choosing regularizing parameters as well as the computational accuracy of eigenfunctions
is given. Numerical implementations are presented to show the validity of this new scheme.
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1. Introduction

For a bounded domain Q € RV (N = 1,2,3), consider the heat conduction problem

N — V. (a(x)Vu), €Qt>0

ot
u(z,t) =0, x € 0Nt>0 (1.1)
u(z, 0) = uo(z), x € Q.

For given initial data ug(x), this forward problem is well-posed(Chapter 3, Theorem 3.2,
[13]), which defines a map G : ug(-) € L2(Q) = u(-,T) € H} ().

Now assume that ug(z) is unknown, while the final data is given by u(z,T) = f(x),z € Q.
The backward problem is to solve u(z,t) for t € [0,T) from given f(z) or its measurement data
f2(z) satisfying || f* — f[|r2() < 0 for some known error level § > 0. It is well-known that this
problem is ill-posed due to the irreversibility of heat conduction along time direction.

For this ill-posed problem with wide engineering background [19, 20], many regularizing
schemes have been researched thoroughly, which focus on the construction of the approximate
solution u’(wx,t) from f%(x) and the convergence rate analysis on [[u’(-,t) — u(-,t)|| as § — 0.
Of course, these two issues depend on the regularizing scheme. One of the well-known scheme
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is the so-called quasi-reversibility method [3], which firstly constructs the regularizing solution
ud(x) for the initial data and then gets u®(x,t) for ¢ € (0,7T) by solving the direct problem
(1.1). The convergence of such kinds of schemes can be established in terms of the convergence
of initial data u$(z), see [4-6,9]. For solving u®(z,t) for ¢t € (0,T) directly from f°(z) with
the Holder stability of order %, the readers are refereed to [1,17,18,23]. The other work for
backward heat problem can be found in [2,15,16,21].

Recently, some attempts to construct a regularizing solution with explicit expression have
received much attention. The advantage of this new idea is that the well-posedness of the reg-
ularizing problem is guaranteed automatically, provided that the noisy input data be modified
appropriately. Then the numerical computation of the regularizing solution for all ¢ € [0,T)
is much easy, for example, see [4, 7,14, 22] for the mollification method. We call such kind of
scheme as data regularization.

In this paper, we propose a new regularizing scheme along this direction. By expanding
the noisy data f°(z) in terms of the base functions {¢y(z,T) : k € N} solved from the heat
conduction process, the regularizing data for the noisy measurement are constructed using the
finite approximate terms expansion, where both the number of expansion terms and the ap-
proximate accuracy are considered as the regularizing parameters simultaneously. Then the
regularizing solution u’(x,t) for all ¢+ € [0,T) can be constructed from the approximate final
data explicitly. In this regularizing scheme for backward heat problem, all the ill-posedness
is concentrated on the final data fitting process. Such a scheme is essentially a regularizing
technique for the input data. We analyze the convergence of this new scheme and give some
numerical implementations. It is interesting that our regularizing scheme provides the conver-
gence rate of ||u’(-,t) — u(-,t)|| decreasing by the factor e=*1* for fixed error level § > 0, which
is physically reasonable from the smoothing property of direct heat conduction process, where
A1 > 0 is the minimum eigenvalue of the operator —V - (a(z)V).

We would like to emphasize the difference between our data fitting technique and the classical
TSVD method to deal with the linear ill-posed problems. For our problem, u(z,t) for ¢t € [0,T)
satisfies a linear integral equation of the first kind, so the TSVD method can be used to solve this
equation, where Tikhonov regularization can be combined together to determine the truncation
term from the noise level. In this scheme, the regularization technique is applied at each time
t € [0,T), and therefore the regularization equation should be solved for every time ¢t. However,
in our data fitting scheme, we only regularize the final measurement data u’(x,T) by its base
function expansion, with both the truncation term and the approximate accuracy as regularizing
parameters. Then the approximate solution for any ¢ € [0,7") can be expressed explicitly using
the spatial base function of elliptic operator. In other words, we extract the ill-posedness of the
problem from the original parabolic system with the help of the eigensystem of elliptic operator
—V - (a(x)Vu). Therefore, the novelty of the proposed scheme in this paper compared with
the classical TSVD method is that we can decrease the amount of computations by solving the
regularizing equation only one times at ¢ = T and then get the regularizing solution for all
t € [0,T) explicitly with convergence rate estimate. Moreover, we also analyze the influence of
the computational error for the eigensystem and give an explicit error estimate.

This paper is organized as follows. In Section 2, we construct the regularizing solution
explicitly. Then in Section 3, we give the convergence analysis on the regularizing solution
using the exact eigenfunction expansions. In Section 4, we consider the convergence for the
noisy eigensystem, noticing that both the eigenfunctions and the eigenvalues must be computed
numerically for general heat conduction system. In this case, the error n in computing the
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eigenfunctions has essential effects on the regularizing solution. We show that the accuracy of
eigensystem should match the noisy level of input data in the sense 7 = O(¢) in such a practical
situation, explaining the optimal balance between the amount of computation for eigensystem
and the convergence rate of regularizing solution. Finally we present some numerical results in
Section 5 to show the validity of our inversion scheme.

2. The Construction of Regularizing Solution

Denote by {A\n,¢%(z) : n € N} the eigensystem of the operator Afo] := —V - (a(z)Vo),
acting on D(A) := {¢(x) : v € H*(Q),¥(x)|aq = 0}. That is, ©?(x) solves

X
=V (a(2)Ve)(2)) = Ay (2), 7€Q

It is easy to know that {¢?(z),n € N} constitutes the base of L?(Q) and 0 < \; < -++ <
An -+ — +oo (Chapter 2, Theorem 4.1, [13]). We assume that {¢!(z),n € N} is orthogonal
with ||¢%|12() = 1 and introduce the functions

(2.1)

pn(x,t) == e ) (x), (2.2)
which obviously satisfies

Genlel) — . (a(z)Ven(z,t)), x€Qt>0

ot
¢n(z,t) =0, z e dt>0 (2.3)
pn(2,0) = ) (2), z € Q.

Lemma 2.1. {p,(-,t) : n € N} forms the orthogonal base of L*(Q) with ||¢n(-,t)|| = e~ (n €
N) for any fized t € [0,T)].

Now let us expand the initial temperature distribution as
up(z) = Y emeh (@), TE€Q (2.4)
m=1
with ¢, = [, uo(2)¢% ()dz, n € N. So the exact solution of (1.1) can be expressed as
(o)
u(@,t) = cmipm (2, 1). (2.5)
m=1
Especially, the final value has the expansion
F@) =" empm(x,T). (2.6)
m=1

In practice, only the noisy data f°(z) of f(z) is given. On the other hand, we can only
compute finite terms of the series in (2.6). Therefore, ¢, are determined by the following
approximation to (2.6):

M
> uom(@,T) = f(x), (2.7)



Solving the Backward Heat Conduction Problem by Data Fitting 421

where the truncation term M is unknown in advance which will affect the inversion result.
So the solution to (2.7) for determining both M and {¢,, : m = 1,---, M} is ill-posed, the
regularization method should be applied to solve (2.7).

To this end, denote by CIEV’[J = {ci;f :m=1,2,---, M} € RM the minimum norm solution
to the equation (2.7) with discrepancy . That is, CIEV’[J satisfies

H ontT) - PO < 2.9
L2(Q)
105 o = {1 Y chionT) ~ £l <<, 2.9
m=1
where C3, := {¢’, : m = 1,2,---,M}. In the following we will choose ¢ = §. The positive

integer M := M () as the regularizing parameter will be specified later.
Define the operator K : RM — L%(Q) by

(KCS,) (z Z e om(x,T), (2.10)
with its adjoint operator under the dual system (RM RM) and (L2(2), L?(2)):

Krg = (/Q o1(z, T)g(z)dx, - - - ,/QcpM(:c,T)g(:c)dx)T. (2.11)

The minimum norm solution Cf\f can be solved by Tikhonov regularization with Morozov
principle [10], i.e., C’gf satisfies the following equation

(a(8)] + K*K)CS = K* f9(x), (2.12)
where the regularizing parameter @ = «(9) is determined from the implicit system

{(a14kﬁkncgy5n*f5
IKg5i’ = £l = 6.

which can be solved numerically by classical Newton method [10] or recently developed model
function method [11,24]. We remark that the regularizing scheme (2.12) for solving the ex-
tremely ill-posed problem (2.7) is valid from the standard theory of Tikhonov regularization in
finite dimensional space [10].

Now we construct

M
Fyl (@, 1) =Y eiom(a,T) (2.13)
m=1

and consider the problem

MMa,fz ) =V (a(:c)Vu‘IS\;[‘s(x,t)), rete(0,T)
uy (@, t) =0, z€dNt>0 (2.14)

uSl (x,T) = FOO(x,T), z € Q.

The unique solution to this backward problem can be expressed explicitly as

u? (x,t) Zcm om(x t€0,T]. (2.15)
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The function u(]s\f(x, t) will be taken as the regularizing solution for u(z,t), with the regu-
larizing parameter M specified in terms of the noise level in the sequel.

3. Convergence Analysis on the Regularizing Solution

Since our scheme regularizes the measurement data and gives an explicit expression of
regularizing solution (2.15) uniformly for all ¢ € [0, T, we can establish the uniform convergence
rate for all ¢ € [0,7]. This fact is quite different from the classical regularization where the
convergence rate depends on t. Especially, to get the convergence rate at ¢ = 0, some more
strong regularity on wug(x) should be assumed there [4].

Firstly, we consider the approximation error u‘;\f(-, t) — u(-,t).

Theorem 3.1. Assume that ug € H? with ||uo||gr < Up for p=1 or p =2. Then there exists
a constant C, > 0 such that for arbitrary § > 0 and positive integer M, it holds

LGl

2
X

a2 (,0) = (-, 1) gy < 3o [aeAMT tefo.T. (3.1)

Proof. From direct computations, we have

M 2 o 2
|u(15\7/16(x7t) - u(xvt)|2 - <Z (Cf{f - Cm)@m@%ﬂ) + < Z CmsOm(IE,t)>

m=1 m=M+1
M 0
-2 Z (Cfr’f - Cm)cpm(xv t) Z Cm@m(xv t)'
m=1 m=M+1

So it follows from the orthogonality of {¢,(+,t) : m € N} that

5,8
l[ung (5 8) = u( )72

M oo
5,8 2,—2Amt 2, —2Amt
= g (2 —em)7e + E Cr€

m=1 m=M+1
M 0
<e Mt Z (cf,’f —cm) e~ Pt Z . (3.2)
m=1 m=M+1
On the other hand, the following identity

M

D (e = em)pm (@, T)
m=1

M 0

= on(@T) = @)+ f2@) — f@)+ D cnpmla,T)

m=1 m=M+1

yields
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Consequently, it follows from (2.8) that

1 o0
§ (Cf;f _ Cm)2ei2A‘mT § 252 + 672A]WT Z
m=1 m=M+1
Therefore
| M
3 D () —em)? < 20752 4 Z (3.3)
m=1 m=M+1
Inserting (3.3) into (3.2) yields
[ugy (1) = u( 1) |32y < 60%eMTem2Mt 4 <3e%t +e2mt> > (3.4)
m=M+1
On the other hand, we have
V - (a(z)Vuo(z Z cm V- chm Z Cm mcpm (3.5)
Then for ug(z) € H*(), it follows
> A2 = Calluollz o) < C2U3 < 400 (3.6)
by using the equivalent norm. While for ug € H'(Q2), (3.5) yields
/ a(x)|Vuo(z)|2de = Z 2 A\,
Q m=1
by noticing uo(z)|sq = 0. Then using the Poincare inequality we have
Mo Do e Z CnAin < D €Ay, < CLUS (3.7)
m=M+1 m=M+ m=1
for p =2 and
e Y, Z <Y A <CIUT (3.8)
m=M+1 =M+ m=1

m
for p = 1. Now it follows from (3.4), (3.7) and (3.8) that
1) = e ) gy < 0% Tem M ¢ (372 4 oo ) C2URNY

The proof is complete. O

Now we can establish the optimal convergence rate based on this error estimate.

Theorem 3.2. Assume that ug € HP with ||uo||gr < Up for p=1 or p = 2. If the truncation

term M = M (0) satisfies
1 1

for any fized g € (0,1), then as § — 0

1

Cnoprz’ '€ [0, T7. (3.10)

||“M(5)( t) —u( )| r2(q) < Cola,p, T, B)e ™
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Proof. For any positive function A () tending to 0 as 0 — 0, we firstly take Ap;(s5) ~ %L),

7o
then it follows from Theorem 3.1 that for ¢t € [0, 7]

Hu(js\f(g) ('a t) - u('a t)HL?(Q)
<Be Mt | /PO § 4 TP2C,U,ME (5)| < Cla,p, T)e (/"D § + hE(5)) (3.11)

with the constant C(a,p, T) := 3 max{1,T?/2C,U,}. By choosing h(J) := 1/1In =5 for any fixed
B € (0,1), we are led to

1
1/h(5) Zogy _ 51—
0<e 0+ h2(6)=4¢ +7(1n6_1ﬁ)p/2—>0, 0 —0.
Noticing §'=7 = o(m) as 0 — 0, the proof is complete. O
sB

Remark 3.1. We cannot take 8 = 1 in this result. On the other hand, it should be noticed that
limg_,; Co(a,p, T, B) = +oo. Therefore, a practical convergence rate depending on 8 € (0,1)
should be

|"H

||U(15\};5(5)('7t) — ()|l L2() < Cla,p, T)e ™ (515 + W) ; 0—=0. (3.12)

(In 55

E]

This observation means that it is impossible to get O(m) convergence in practical com-

putations. The notation ~ in (3.9) means that A5y has the same order as that of % In 5%,
ie., Ay = C% In 5% for some constant C' > 0.

4. The Error Effect of Eigenfunctions

Different from some classical regularizing schemes, here we propose the eigenfunction-based
regularizing scheme. In most of the cases, both eigenvalues and eigenfunctions can only be
obtained numerically, especially for the operator with variable coefficient and general domain
Q. Therefore we need to consider the error effect arising in computing eigenfunctions on the
regularizing solution. On the other hand, since the measurement data contain error, too much
accurate computation of eigenfunctions is senseless. We should keep some optimal balance
between the accuracy of eigensystem and the noise level of input data.

Assume that the eigensystem (2.1) is solved approximately. Denote by {4, ga?w :n € N}
the approximate eigensystem with error level n > 0 measured by

H<P91,n*8091|\L2(Q) <1, Ay = Al <11 (4.1)

For the approximation errors of eigensystem for Laplace operator, the readers are refereed
to [12]. Our first result is about the linear independence of the noisy eigenfunctions {cp%’n tn =
1,---, M} for small n > 0.

Theorem 4.1. For eract eigenfunctions {©% :n=1,---, M}, the noisy functions {cp%’n in =
1,--+, M} satisfying (4.1) are linear independent for small n > 0.

Proof. Note the relation

M
Z ckgagm(:c) =0, zel (4.2)
k=1
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We express the noisy functions as <pk n( x)

OV (z) + ndi(z), with di(x) € L*(Q) satisfying
ldk||z <1 and being expanded as dj(z) ~.D

kj©) (x). Therefore (4.2) becomes

2.5
M M oo

chsﬁg ZZ e Dj (x) = 0.
k=1 k=1

Taking inner product with respect to cp?(:n) forany [ =1,--- , M yields
M
Cl+nZCkal=0, l=1,---, M.
k=1
For small n > 0, this linear system has only trivial solution ¢; = ¢c3 = -+ = ¢py = 0, noticing
|Dwil* < 3772, Dy = |ldgl|72 < 1, the proof is complete. O

Based on this result, the Schmidt orthogonalization can generate a set of standard orthogonal
functions from {¢9 , :n = 1,---,M}. So we assume that {¢0, :n = 1,--- M} itself is
standard orthogonal in the sequel directly. Then the regularizing solution to our backward heat
problem can also be constructed from the approximate eigenfunctions. That is, we define

Gz, t) = e At () (4.3)

and determine the minimum norm solution to the equation

M
Z cfngomm(x,T) = f‘s(x) (4.4)

with discrepancy §. Denote by 05 ‘5 the solution of (4.4). Then we construct the regularizing
solution by

uM“7 x,t) Z %0 ' Pmn (T, 1) (4.5)

In this case, we have the following error estimate.

Theorem 4.2. Assume that {¢), (x) :n=1,---, M} is standard orthogonal and uo € H?(Q2)
forp =1 orp = 2. Then there exists a constant C > 0 such that for arbitrary 6 > 0 and
positive integer M, it follows for all n € [0,1] that

|\u‘;’4‘in(~,t) —u(- )| L2 () <C(T, uo, a)e MteAuT {5 + VMM T (25 +1)

C’U

)\”/2 , te[0,T]. (4.6)

Remark 4.1. The structure of the error in this case is clear: the error order for n = 0 is just
the same as that for the exact eigensystem. Notice, the factor e~*1t
error decreases exponentially with respect to ¢ € [0, T] for fixed d,7. Once M (§) is chosen such
that e*7T§ — 0 as § — 0, the term e Mfe?T§ still decays exponentially with respect to
t € (0,T) for any given small § > 0.

indicates that numerical

Proof. From the triangle inequality

8,0
[unry (1) = ul- D) 2@
<lfuy? (o 8) =y Gt gy + llusy (o 8) =l )22 (4.7)
=Yg\t M\ L2(Q) M\ ) L2(Q) .
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and Theorem 3.1, we only need to estimate the first term in (4.7).

5,6 5,8
[y, (- t) — uyy )l

M M
= lnma( ) = > om0l
m=1 m=1
M M M
S|| Z cfn‘fncpm,n( 7t) - Z fn n@m ’ || + || Z Cm n@m ’ Z Cfnécpm(vt)”
m=1 m=1 m=1
=:(I) + (II). (4.8)

<3 1 omale) = e
mM

I )

m=1
M M
3,8 —Am,n —Am 3,6 |, —Am
<D leylle et — e lop, 4+ Y el le T eh, = el
m=1 m=
M
< (1 + TeT) e My Z |cfnm|7 (4.9)
m=1
where we have used the estimate |e~Amnt — e=Amt| = e=Amt|e=0mt _ 1| < e~ AmteT Ty with

Om € (—1,1) due to (4.1). On the other hand, it follows from the definition of cf;{fn that

H B0 ol H H nfnsom,n«,T)—fé(-)H+||f6—f||+||f||s26+||f||.

Therefore the orthogonality of {¢y, ,(-,T) :m =1,--- , M} yields

M M
T Y < 3 i et <220+ 1117
m=1 m=1

Using this estimate gives

M M
S < VML Y 12 < 2V MM T (26 + | £]): (4.10)
m=1 m=1

Inserting (4.10) into (4.9) yields
(I) < 22T(T + 1)e MV Me T (25 + | £])). (4.11)

For (II), we have

M
Z _ 2 e~ Pmt < =2t Z c . (4.12)

m=1
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On the other hand, we also have

M M
() = e )pm (@, T) Z L (Pm(@,T) = P, T)) + D> 5 omn(@, T)
m=1

3
£

M
— @)+ @) = Y e om(z, T), (4.13)

which generates by using the same technique in deriving (3.3) that

2

+252,  (4.14)

1 M 2 M
32 (et b)) e < | 5 ety (el T) = (T
m=1 m=1 L2(Q)

using the definitions of cf;fn and ¢, The first term in the right-hand side of (4.14) is the same
as (I) with ¢ replaced by T. So it follows from (4.11) that

( 3,0 —66’6)26_2)\’"'T < 4€4T(T+ 1)2,'72M62/\MT(25+ ||f||)2 +2(52. (415)

mn m

Wl

m=1

Inserting (4.15) into (4.12) gives
(IT) < de Mt AMT[2T(T - D/ Me T (26 + || £]]) + 6], (4.16)

and inserting (4.11) and (4.16) into (4.8) yields

) = 0 < e (S VBT (T4 1)1+ AT 25+ 1 ).
Noticing the continuous dependence of ||f||z2 on ug, we rewrite this estimate as

H“?\fm('a t) —uly (1)l 22 () < C(T,ug, a)e™ e T | § 4 v/ Me T (26 + 1)} (4.17)
for € [0,1]. The proof is complete from (3.1) and (4.17). O

Now we can analyze the convergence rate of regularizing solution in terms of d, 7.

Theorem 4.3. Under the assumptions of Theorem 3.2, we can choose M = M(d,n) appropri-
ately such that

1

8,0 —Ait
||uM(6,77),77('7t) - U’(7t)HL2(Q) S 0(65T7p5 Upaa)e (_ ln(5 + n))p/Q

(4.18)

for all t € [0,T) uniformly with any fized 8 € (0,1).

Remark 4.2. It should be noticed that the analogy of Remark 3.1 also holds for this result.
From this convergence rate, it can be seen that we should compute the eigensystem up to the
accuracy 1 = O(9) for noisy input data with noisy level 4.

Proof. Firstly we rewrite (4.6) for t € [0,T] as

1

2
N7

s, (1) = u( )] < Crem M [TV Mp(1 4 6) + e 75 + (4.19)
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for all n € [0,1], where the new constant C* = C~'*(T, uo, a,p,U,) > 0 is obvious from (4.6).
The first term in the right-hand side is the error caused from the error 77 in computing the eigen-
system, while the remained two-terms represents the approximation error by our regularizing
scheme.

Noticing 6 — 0, (4.19) yields for all ,6 € (0,1) that

1
||U§\’/16’n(7t) — u(’t)H < C*ef)\lt <62AMT /Mn + GAMT(S + p_/2> ) (420)
AM
On the other hand, we can estimate the eigenvalue Ay; from the asymptotic behavior v M <

Coe™ T with Cy = Cy(a,Q,T). Therefore (4.20) becomes

. 1
g 1) = u( )] < Cge ™ <e3W<n +8)+ T/) - (4.21)
M

Using the same technique as that in the proof of Theorem 3.2 for the right-hand side, we know
that for M = M (0, n) choosing

1

1
3\ ~—=In——— 4.22
M(sm) = 6 +1)P (4.22)
leads to (4.18). This completes the proof. O
5. Numerical Examples
We present three numerical examples to show the validity of our inversion scheme.
Example 5.1. Consider the following 1-dimensional heat conduction problem
0
8_1; = Ugy, x € (0,7m),t € (0,T] (5.1a)
u(0,¢) = u(m,t) =0, t e (0,7 (5.1b)
2 s
=z, zel0,T
u(z,0) =497 ", 0, 3] (5.1c)
2—zux, r € (g,

where the measurement data is given at 7' = 0.4.

For this model, the eigensystem has the exact representation A\, = n?, ¢ (z) = sinnz, for

n=1,2,---. The exact solution is
—+oo
8 . omm _,2 .
u(z,t) = E —— sin ——e sinma.
= mem 2

We approximate the above infinite series by its first 20-terms, and the noisy data of u(x,T) is

simulated by
28 mm
2
ul(z,T) = E pon sin Te_m Tsinma + 6§ x randn(z),
m=1
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Fig. 5.1. Example 5.1: errors with respect to truncation term M.
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Fig. 5.2. Example 5.1: inversion results with different § (left) and different nodes for § = 0.03 (right).

where the random number randn(z) is a normal distribution with mean 0 and standard devi-
ation 1 uniformly distributed in [~1,1]. So the L?—error is

||U6(',T) — u(,T)||L2(Q) = \/7_1'(5 = 51.

In our numerical procedure, we must solve the minimum norm solution C’f\f to the equation
(2.7) or C?an to (4.4), where the regularizing parameter M can be chosen in terms of (3.9)
or (4.22) from our result. However, this choice strategy is numerically not easy, since the
theoretical relation between M, d,n given in (3.9) and (4.22) contains some implicit constant
C'. In the following numerical procedure, M is given by minimizing the error between the exact
initial temperature u(z,0) and the inversion result u‘;\fn(x, 0). In this example with § = 0.01,

Exact u(x0)

Exactu(xT)
+ 5002

- = -5=005

e | = - 5008

08

06

04

02

Exact u(x,0)
Exact u(x.T)

02

Fig. 5.3. Example 5.2: inversion result with different ¢ (left) and Inversion result with different nodes

(right).
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we get the optimal value M = 3 by trials and errors for the node number N = 80 of the interval
[0, 7]. In this case, the corresponding A\j; approximates % In 6% for 5 = % with C' = 10.

Fig. 5.1 (left) shows the truncation-error curves for exact data u(x, T') and exact eigensystem.
It is consistent with our theoretical analysis that, the larger M is, the better the inversion result
is for exact input data, although the L?—error keeps almost a small constant for M > 8 due
to the truncation error from the computer itself. However we can see from Fig. 5.1 (right) that
the optimal parameter M = 3 for noisy data u®(z,T) and exact eigensystem.

In Fig. 5.2 (left), we present the exact data u(z,0), u(z,T) and inversion results of u(z, 0) for
different noise level § of u’(x, T') using the exact eigensystem. It can be seen that the inversion
results are satisfactory with the exact eigensystem expansion.

To show the effect of computational error of the eigensystem, we yield the eigenfunction
and eigenvalue by FEM and the computational error is controlled by the node number N of
the interval [0, 7]. It should be pointed out that the optimal value of truncation term M also
changes for different node number N in numerical implementations. Fig. 5.2 (right) gives the
inversion results of u(z,0) and the according optimal value of M with different node number
N for fixed § = 0.03. It can be seen that the accurate computation of eigensystem is necessary
for our inversion scheme.

Example 5.2. Consider the following 1-dimensional heat conduction problem with variable
coefficient a(z) = e*/20:

% =V - (a(zx)Vu), z€(0,1),t€ (0,T] (5.2a)
w(0,t) =wu(m,t) =0, te€(0,T] (5.2b)
u(x,0) = sin(mx), x € [0,1], (5.2¢)

where the measurement data is given at T = 1.

In this example, both exact solution and the eigensystem have to be computed numerically.
The FEM is used here to solve the direct problem and the eigenvalue problems. The optimal
value of parameter M is 2 for node number N = 80 in this case. Fig. 5.3 (left) shows the
exact data u(z,0), u(z,T) and the inversion results with different noise level §. Similarly the
inversion results are satisfactory.

Now we consider the effect of the error in computing eigensystem on the inversion results.
Similarly we represent the accuracy of eigensystem by using different node number N of the
interval [0,1] in computing (5.2) and the eigensystem (2.1). In Fig. 5.3 (right), we show the
inversion results and the corresponding optimal value of M with § = 0.03 for different node
number N. Similarly the truncation term M is also different for different N. From Fig. 5.3
(right), we can get the same conclusion as that for Example 5.1.

Example 5.3. Consider the following 2-dimensional heat conduction problem

% =V - (cVu), x €= (0,7)x (0,7),t € (0,T] (5.3a)
u(z,t) =0, x € 00, te (0,T] (5.3b)
u(z,0) =sinzy sinzy, € (0,7m) x (0,7), (5.3¢)

where the measurement data is given at 7' = 0.2 and o(z) = 0.323 + x5 + 1.
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Fig. 5.5. Example 5.3: isolines of u(x,T') (left) and Inversion result for § = 0.02 (right).

L2 error
- <
L2 error

0 0005 00L 0015 002 0025 003 0035 004 0 0.05 01 015 02

Fig. 5.6. L?>—error curve with different & (left) and with different time (right).

Both exact solution and the eigensystem are computed numerically by FEM. And the noisy
data of u(z,T) is given by u®(z,T) = u(z,T) + § x randn(z). So [[u’(-,T) — u(-, T)||r2(0) =
79 := 9. In this case, the optimal M is 4 for node number N = 100. Fig. 5.4 shows the isolines
and three-dimensional shaded surface of exact initial data u(x,0) which is symmetric from
Fig. 5.4 (left). Due to the general form of o(z), the final data u(z,T) becomes dissymmetric
as shown in Fig. 5.5 (left). However the inversion results are satisfactory for 6 = 0.02 even we
apply the noisy data u®(z,T), see Fig. 5.5 (right).

Fig. 5.6 (left) gives the L2—error curve between u’(-,0) and u(-,0) with different noise level
5. Fig. 5.6 (right) shows the L?—error between u’(-,¢) and u(-,t) depending on time ¢ for
0 = 0.02 and node number N = 100, which shows the exponentially decreasing with respect to
time ¢, as given in our theoretical analysis in Section 4.
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