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Abstract

Elliptic interface problems with multi-domains and triple junction points have wide
applications in engineering and science. However, the corner singularity makes it a chal-
lenging problem for most existing methods. An accurate and efficient method is desired. In
this paper, an efficient non-traditional finite element method with non-body-fitting grids is
proposed to solve the elliptic interface problems with multi-domains and triple junctions.
The resulting linear system of equations is positive definite if the matrix coefficients for
the elliptic equations in the domains are positive definite. Numerical experiments show
that this method is about second order accurate in the L® norm for piecewise smooth
solutions. Corner singularity can be handled in a way such that the accuracy does not
degenerate. The triple junction is carefully resolved and it does not need to be placed
on the grid, giving our method the potential to treat moving interface problems without
regenerating mesh.

Mathematics subject classification: 65N06, 65B99.
Key words: Elliptic equations, Non-body-fitting mesh, Finite element method, Triple junc-
tion, Jump condition.

1. Introduction

Elliptic interface problems have wide applications in a variety of disciplines. However,
designing highly efficient methods for these problems is a difficult job, especially with multi-
domains and triple junctions. In the past three decades, much attention has been paid to the
numerical solution of elliptic equations with discontinuous coefficients and singular sources on
regular Cartesian grids since the pioneering work of Peskin [22] on the first order accurate
immersed boundary method. In many applications, particularly for free boundary and moving
interface problems, simple Cartesian grids are preferred. In this way, the procedure of generating
an unstructured grid can be bypassed, and well developed fast solvers on Cartesian grids can be
utilized. With a fixed unstructured grid for moving interface problem, one cannot ensure the
triple junction point is a grid point. Without careful treatment, the accuracy is compromised
when the triple junction point is not a grid point.

Motivated by the immersed boundary method, to improve accuracy, in [10], the “immersed
interface” method (IIM) was presented. This method achieves second order accuracy by incor-
porating the interface conditions into the finite difference stencil in a way that preserves the
interface conditions in both solution and its flux, [u] # 0 and [Bu,] # 0. The corresponding
linear system is sparse, but may not be symmetric or positive definite if there is a jump in the
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coefficient. Various applications and extensions of IIM are discussed in [4,14]. In [11], a fast
iterative method using the augmented ITM was developed for Poisson equations with piecewise
constant but discontinuous coefficient. The number of calls to the fast Poisson solver of the
method is independent of the jump in the coefficient and the mesh size.

In [12,13], the immersed finite element methods (IFEM) are developed using non-body-
fitted Cartesian meshes for homogeneous jump conditions. The idea is to modify the basis
functions so that the homogeneous jump conditions are satisfied. Both non-conforming and
conforming IFEM are developed in [13] for 2D problems. Numerical evidence shows that IFEM
of the conforming version achieves second order accuracy in the L* norm, and higher than
first order for its non-conforming version. In [24], the IFEM is further developed to deal with
non-homogeneous jump conditions. The non-conforming immersed finite element methods are
also developed for elasticity equations in [5,24].

In [11], a fast iterative method in conjunction with the “immersed interface” method has
been developed for constant coefficient problems with the interface conditions [u] = 0 and
[Bun] # 0. Numerical results show that this method’s conforming version achieves second order
accuracy in the L* norm, and higher than first order for its non-conforming version.

In [7], a non-traditional finite element formulation for solving elliptic equations with smooth
or sharp-edged interfaces was proposed with non-body-fitting grids for [u] # 0 and [Buy,] # 0.
It achieved second order accuracy in the L* norm for smooth interfaces and about 0.8th order
for sharp-edged interfaces. In [8], the method is modified and improved to close to 2nd order
accurate for sharp-edged interfaces, and it is extended to handle general elliptic equations with
matrix coefficient and lower order terms. The resulting linear system is non-symmetric but
positive definite. In [9], the work was generalized to solve the elasticity interface problems.
In [26], the matched interface and boundary (MIB) method was proposed to solve elliptic
equations with smooth interfaces. In [25], the MIB method was generalized to treat sharp-edged
interfaces. With an elegant treatment, second order accuracy was achieved in the L° norm.
Also, there has been a large body of work from the finite volume perspective for developing high
order methods for elliptic equations in complex domains, such as [1], [19] for two dimensional
problems and [20] for three dimensional problems. Another class of methods is the Boundary
Condition Capturing Method [16-18].

Although there are many different methods above in the literature for solving the elliptic
interface problems with two domains, the elliptic interface problems with multi-domains and
triple junctions have not been extensively studied. The new challenges include the treatment
of the triple junction point and the added complexity of the problem. In [23], the MIB method
is generalized to solve the elliptic interface problems with multi-domains. Numerical evidence
shows second order accuracy.

Based on the method in [8], in this paper we propose a numerical method for solving the
elliptic problem in multi-domains. We propose an accurate treatment for the triple junction
point shown in Figure 3.1. The resulting linear system is positive definite if the matrix co-
efficients f3;, ¢ = 1,2, 3 for the elliptic equation in three domains are positive definite. This
method is not just a trivial extension of the one in [8], as the triple junction point has to be
carefully studied. Numerical results demonstrate about second order accuracy for the method,
even with presence of corner singularity. Compared with the existing method [23] for the same
setup of the problem, there are two advantages of our method: one is the positive definiteness of
the coefficient matrix, the other is the generalization to matrix coefficients 3; instead of scalar
coefficients in [23].
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2. Equations and Weak Formulation

Consider an open bounded domain @ C R?. Let I' be an interface of co-dimension d — 1,
which divides  into disjoint open subdomains, 1, Q5 and Q3, hence Q = Q; JQ Q23 UT,
see Figure 2.1. Assume that the boundary 02 and the boundary of each subdomain 9Q; 5 3 are
Lipschitz continuous as submanifolds. Since 02 2 3 are Lipschitz continuous, so is I A unit
normal vector of I" can be defined a.e. on I', see Section 1.5 in [6].

Note that although for simplicity of discussion the above setup is for three domains with a
triple junction, the method proposed in this paper works for multi-domains with many triple
junction points since the treatments are local.

We seek solutions of the variable coefficient elliptic equation away from the interface I' given
by

= v (Bx) Vulz)) = f(z), z€Q\T (2.1)

in which « = (1, ..., x4) denotes the spatial variables and ¥/ is the gradient operator. The

coefficient f(z) is assumed to be a d x d matrix that is uniformly elliptic on each disjoint

subdomain, 7, 2 and 3, and its components are continuously differentiable on each disjoint

subdomain, but they may be discontinuous across the interface I". The right-hand side f(z) is
assumed to lie in L2(2).
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Fig. 2.1. A uniform triangulation.

Consider the problem on the rectangular domain Q@ = (Zymin, Tmaz) X (Ymin, Ymaz) =
91UQQU93. ry, 7=1,2,3

-V (A/1Vu1) = f1, in Qq,
-V (,BQVUQ) = fg, in QQ, (2.2)
-V - (B3Vusz) = f3, in Qs.

Given functions a and b along the interface I' = 'y | JT'2 | I's, we prescribe the jump condi-
tions

u]r1 :=ug —u3z = ay, on I'y,
u]F2 :=1u3 — u; = as, on I's,
u]F3 ‘= u; — Uz = asz, on '3,

2.3
:= (B2Vug — f3Vuz) -ny = by, on T, (2:3)

B
BVulr, = (B3Vuz — f1Vu1) - ng = by, on Ty,
B = (B1Vuy — B2Vug) - n3 = b3, on I's.
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The “1,2,3” subscripts refer to limits taken from within the subdomains €2 2 3.
Finally, we prescribe boundary conditions

Uy = gi, on 8Qﬂ8§21,
Uz = g2, On 89(]892, (24)
uz = gs, on 8Qﬂ893

The interfaces prescribed by the zero level-set {(x,y) € Q; | ¢;(z,y) = 0} of a level-set
function ¢, (x,y), which have the following properties:

<07 (Zay) €Q3a
d)l(zay) =0, (Zay) ely,
>07 (Iay) 692;
<07 (Zay) GQI;
¢2(Zay) 207 (Iay) €F2a
>07 (Iay) 693;
<07 (Zay)EQQa
¢3(Iay) = 07 (Iay) S F3a
>0, (z,y) € V.

The unit normal vector of T'; is n; = ‘g—zz‘ pointing from Q" := {(z,y) € Q | ¢;(z,y) < 0}
to Q7 ={(z,y) € Q| ¢;(x,y) = 0} for j =1,2,3.

We use the weak formulation in [8] for the elliptic equation with matrix coefficient and define
the inner product:

B u,v] = Qﬁvu-ver/Q ﬁvu-vv+/Q B u- . (2.5)

Definition 2.1. A function u (the space of u is defined in [8])is a weak solution of equation
2.1-2.4, if u satisfies, for all ¢ € HL(Q),

Qlﬁvu-v¢+/926vu-vw+/936vu-vw=/wa+/rbw- (2.6)

A classical solution of equation 2.1-2.4, u|g, ,, € C?(Q1,2,3) is necessarily a weak solution.
Because all the subdomains’ boundaries 02 23 are Lipschitz continuous, the integration by
parts are legal in each subdomain, €25 7 3.

It is shown in [6] that corner singularity could develop at the triple junction point with
f = 0 in all the three domains. In this case, the solutions are in C' but not in C2. Special
numerical treatment is necessary to avoid a degeneracy in the convergence order, which will be
discussed in Section 3. A numerical example for such case is provided in Section 4.

We have the following theorem:

Theorem 2.1. If f € L*(Q), and a, b € H'(Q), then there exists a unique weak solution of
equation 2.2-2.4.

Proof. See Theorem 2.1 in [7].
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3. Numerical Method

In this paper, we restrict ourselves to a rectangular domain Q = (Zsmin, Tmaz ) X (Ymins Ymaz)
in the plane, and § is a 2 X 2 matrix that is uniformly elliptic in each subdomain. Given positive
integers I and J, set AT = (Timazr — Tmin)/I and Ay = (Ymaz — Ymin)/J. We define a uniform
Cartesian grid (2;,y;) = (Tmin + 1AZ, Ymin + jAY) for i =0,..., T and j =0, ..., J. Each (z;,y;)
is called a grid point. For the case i1 = 0,1 or j = 0, J, a grid point is called a boundary point,
otherwise it is called an interior point. The grid size is defined as h = max(Az, Ay) > 0.

Two sets of grid functions are needed and they are denoted by

H" = {o"=(wiy):0<i<T0<j< T},
and
gLh o _ ho 1,h | sl .
0+ = {w 7(wi,j)€Hi .wiyj—OIfZ—O,IOI‘j—O,J}.

We cut every rectangular region [x;,zi41] X [yj,y;+1] into two pieces of right triangular

regions: one is bounded by x = z;,y = y; and y = %(.ﬁ — Zi+1) + yj, and the other is
k3 k3

Yit1=y;

Ti—Ti41

bounded by © = xi41,y = y;41 and y = (x — z441) + y;. Collecting all those triangular

regions, we obtain a uniform triangulation 7" :  J xern KK, see Fig.2.1. We can also choose the
hypotenuse to be y = i]i%g’
Cartesian grid. There is no conceptual difference for our method on these two triangulations.

A cell K belongs to one of the three sets below:

(x—x;)+y;, and get another uniform triangulation from the same

Ay ={Ap CQ:ki,ko, ks are in the same domain among (2;, j =1,2,3},
Ao ={Ar CQ: ki, ko, k3 are in two different domains among (2;, j =1,2,3},
A3 ={Ap CQ: ki, ko, ks are in three different domains of Q;, j=1,2,3}.

If K € Ay, it is a normal finite element. If K € As, it has the same definition in Section
3, [8]. If K € A3, Fig 3.1 show the interfaces inside K.

Theorem 3.1. For all u” € Hi’h, U (ul) can be constructed uniquely, provided T", ¢, a and b
are given.

Fig. 3.1. One Triangle Cell.
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Proof. see Theorem 3.1 in [8].

Lemma 3.1. The coefficient matriz A generated by the method above is independent of a;(x,y)
and bj(z,y), 7 =1,2,3.

Proof. See Lemma 3.2 in [8].

Theorem 3.2. The coefficient matriz A = (a;j)nxn generated by the method above is positive
definite if B;, j =1,2,3 are continuous and positive definite.

Proof. We want to show that for any vector ¢ € R™, ¢ Ac > 0. Since

n n
[ 7
E Gu, E Cﬂ/f
=1 =1

where u’ are basis functions for the solution and 1* are the test functions. For i-th grid point,

u® and 1" both have non-zero support only on the six triangles which have a vertex on the i-th
grid point. So we can decompose u' into u’ = Z?zl u}, where each u/ has non-zero support

only on the j-th triangle around the i-th grid point.
Let m be the number of triangles on the whole domain Q = [J;°; Ax. We can rewrite the

n
T Ae = E aijcic; = B

ij=1

summation of u® over all the triangles:

m

n n 6
>_c' =3 > ;=3 Uk
i=1

i=1 j=1 k=1

where Uy is defined on Ay = Agykoks, and Ux = Ci Uk, + CkoUky + ChyUks, K1, k2, ks are the
three vertices of A\.
Similarly, we can rewrite the summation of 1)* over all the triangles:

n n 6 m
D et =) Y ev; =D Wi
=1 k=1

i=1 j=1

with ¥, = Cl, l/}kl —+ CkQ”L/)kQ —+ Ck31/}k3.
Consider sets
A ={Ar, CQ:ki, ko, k3 are in the same domain among ();, j =1,2,3},
Ao ={Ar CQ: ki, ko, k3 are in two different domains among (2;, j =1,2,3},
A3 ={Ap CQ: ki, ko, ks are in three different domains of Q;, j=1,2,3}.

Then
m
U= > U+ > Ui+ Y Uk
k=1 JANNSHINY JANN SO AR€As
m
YW= Tt Y Tt Y U
k=1 JANNSHINY JANN SO AkEA3

The difference between Uy and Wy, is, Uy satisfies the jump conditions on the interface and
U, is a simple linear function on Ag. So when Ay € Aq, there is no jump in Ay. Thus

Uk(xay) = \I/k(I,y), (Iay) S Alﬁ Ak € Al-
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When Ay € Ag or A, € Ag, by adjusting jump conditions to a;(x,y) = 0 and b;(x,y) =0
we can obtain that

Uk(z,y) = Uiz, y), (x,y) € Ay

Note that Lemma 3.1 says the matrix A for the generated linear system is independent of the
the jump conditions. Therefore the above choice of jump conditions would not change the
matrix A.

We combine the results in Aj, j =1,2,3 to obtain

n n
g cu' = g .
i=1 i=1

It now follows from the positive definiteness of 3 that

z": cz-ui, i ciwi] > 0.
i=1 i=1

Therefore, A is positive definite. O

¢c"Ac=B

Remark 3.1. A positive definite matrix has positive determinant, and is therefore invertible.
It also has an LDM7” factorization where D = diag(d;) and d; > 0, and L, M are lower
triangular. The linear system Ax = b can be solved efficiently. Although a rigorous proof
requires the continuity of the coefficients, all our numerical examples show that even with
jumps in the coefficients across the interface, the matrix A is (non-symmetric) positive definite.

Remark 3.2. The above results are valid with presence of corner singularity. However, without
a special treatment, the convergence order would degenerate in this case. In order to obtain
second order accuracy, one could use a procedure similar to the one discussed in [25] and [23].
This is demonstrated by a numerical example in Section 4.

4. Numerical Experiments

In all numerical experiments below, the level-set function ¢,(x,y), the coefficients 3;(z,y),
and the solutions u; are given for j = 1,2,3. Hence f;, a;, b; can be calculated on the whole
domain €. g; is obtained as a proper Dirichlet boundary condition, since the solutions are
given.

All errors in solutions are measured in the L norm in the whole domain Q.

We present three numerical examples to demonstrate the effectiveness of our method.

Example 1. Our first example has two triple junction points of intersection of three domains.
The level-set function ¢;(x,y), the coeficients 3;(z,y), and the solution w;(z,y) for j =1,2,3

Table 4.1: Numerical results for three-domain problem with two triple junction points

Nz X Ny Err in U Order
40 x 40 5.4492e-002
80 x 80 1.6279¢-002 1.74
160 x 160 | 4.3505e-003 1.90
320 x 320 | 1.0927e-003 1.99
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are given as follows:

¢1(z,y) = —((z +0.17)% +y* - 0.317%),

po(x,y) = (# — 0.153)2 + 32 — 0.412,

d3(z,y) = (x +0.17)% + % — 0.317%,

B (z,y) = 2 4+y?+1 22 +y?+2

1 &Y 22 +y?2+2 2244245

B (z,y) = 4yt +1 a2ty 42

2 T, Y eyt r2 2tiytes
22yt 1 22yt 2

6;(3579): 2 4 2 4
r+y*+2 x*4+y*+5

Ul(xay) = I+ey+ ]-a

uz(x,y) = sin(27z) sin(2my) + 6,

uz(w,y) = 2 +y° + sin(z + y).

).
).
).
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Fig. 4.1 shows the numerical solution with our method using a 40 x 40 grid. Table 4.1 shows

the error on different grids. The numerical result shows close to second order accuracy in the

L norm for the solution.

Example 2. Our second example is two circles circumscribed with each other. The level-set

function ¢;(x,y), the coefficients 8;(z,y), and the solution w;(z,y) for j = 1,2,3 are given as

<
<SS
<S
SSSSeS
===
oSS
SISSSS

o kB N W A O O N

-1

Fig. 4.1. Three domain problem with two triple junction points.

Table 4.2: Numerical results for two circles circumscribed.

Nz X Ny Err in U Order

40 x 40 9.5274e-003

80 x 80 2.6414e-003 1.85
160 x 160 | 7.7858e-004 1.76
320 x 320 | 2.1667e-004 1.84
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¢1(z.y) = —((z +0.35)" + y* — 0.35%),
b2(z,y) = (x — 0.35)% + 3% — 0.35%,

¢3($,y):1,

sty = (LTI e
LA 2 +y?+2 2?+y?+5 )’

4 4 4 4

+ (e +y +1 "yt +2
62 (x,y) (m4+y4+2 $4+y4+5 ’
B (. y) = 2 +yt+1 22yt 2

3 4, Y) = 2 byt 2 a24ytes )0

ui(x,y) = bz + 6y + 1,
uz(x,y) = —br + 6y + 1,
uz(z,y) = 2y + sin(2mz) — 2.

Fig. 4.2 shows the numerical solution with our method using a 40 x 40 grid. Table 4.2 shows
the error on different grids. The numerical result shows close to second order accuracy in the
L norm for the solution.

Example 3. Our third example is a circle circumscribed on a star. The level-set function
¢j(z,y), the coefficients 5;(x,y), and the solution u;(x,y) for j = 1,2, 3 are given as follows:

B Rsin(6:/2)
010 = (e re-0, —arG =15 "
0, +m(2i —2)/5< 0 < 0, +m(2 —1)/5),
b1(r,0) = —( Rsin(6:/2) .

sin(6;/2 — 6 + 6, — 2w (i — 1)/5)
O, + (2 —3)/5 < 0 < 6, +m(2i —2)/5),

N VAV A arAYAVaY
NN AV v AVAVAVAY:
NSRS
VAVAVAvAé"
AV AVAvaRsY

Fig. 4.2. Two circles circumscribed.
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Table 4.3: Numerical results for the Star in Circle example.

Ng X Ny Errin U Order
40 x 40 1.7135e-002
80 x 80 5.2382e-003 1.71
160 x 160 | 1.3995e-003 1.90
320 x 320 | 3.5629e-004 1.97

with 6, = 7 /5, 6, = /7, R=6/7 and i = 1,2, 3,4,5.

pa(m,y) = 2% +y° — (6/7)°
o3(z,y) = —(2* +y* — (6/7)%),

2+ +1 22+ +2
22+ +2 22+ +5

B (2.1) <ac—y—|—3 ac—y+1>
2 9

ﬂ1xy

22 —y?+1 22 —y?+4
xy + 2 acy—i—l)
zy+1 zy+3

ui(z,y) = 2y + 1+ 0.1sin(27(2* + y)),

us(z,y) =0,

uz(z,y) = y> +e” + 1.

Fig. 4.3 shows the numerical solution with our method using a 40 x 40 grid. Table 4.3 shows
the error on different grids. The numerical result shows close to second order accuracy in the
L norm for the solution.

Example 4. Our final example has a triple-junction point at which corner singularity of
solution is present for three domains. The level-set function ¢;(z,y), the coefficients §;(z, y),

Fig. 4.3. Star in circle.
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Table 4.4: Numerical results for triple junction with corner singularity.

Ng X Ny Errin U Order
40 x 40 1.2742e-002
80 x 80 3.5392e-003 1.85
160 x 160 | 8.8849e-004 1.99
320 x 320 | 2.1758e-004 2.03

and the solution u;(x,y) for j = 1,2, 3 are given as follows:
N 10
(bl(may):x—i_()ly) 61 (may): 0 1 )
2 0

balan) =y 0035 Al =( 5 5 ),

U;l(l‘,y) =z+e’+1+ U}1(l‘,y)7
uz(x,y) = sin(z) + 6 + wa(x,y),
ug(z,y) = 2% +y° + sin(z + y) + ws(z, y),

where wy, wa, w3 are the singularity terms:

w;(r,0) = e sin (1(9 — 91-)),
@;

with o = 1.798, 67 = —0.030, «ap =1.441, 60, = —1.471, a3 =3.049, 63 =1.768, The
singular terms are derived from the Laplace equation in polar coordinates, see [6] for details.

By a procedure similar to the one implemented in [25] and [23], we multiply the solution
by a polynomial (2 + y2)2. Corner singularity can be removed so that the accuracy does not
degenerate.

Fig. 4.4 shows the numerical solution after multiplied with (22 + y?)? using a 40 x 40 grid.

SN
NAYaVAvav.N
FAVA v, AVAVAVAVAN
SXRRLD
G TavaaToN

Fig. 4.4. Dealing with corner singularity.
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Table 4.4 shows the error on different grids. The numerical result shows close to second order
accuracy in the L> norm for the solution.

5. Conclusion

In this paper, we modified the method in [8] to solve the elliptic interface problem in multi-
domains with triple junctions. The matrix for the linear system generated by our method is
positive definite (but not symmetric) if the matrix coefficients for the elliptic equation in three
domains are positive definite. Through numerical experiments, our method is shown to be close
to second order accuracy in the L°° norm, thanks to our careful treatment of the triple junction
points. By using a standard procedure of multiplying by a polynomial, the accuracy does not
degenerate with the presence of corner singularities.

Acknowledgments. This research is partially supported by Louisiana Board of Regents RCS
Grant No. LEQSF(2008-11)-RD-A-18.
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