Journal of Computational Mathematics http://www.global-sci.org/jcm
Vol.29, No.1, 2011, 26-48. doi:10.4208 /jem.1006-m3057

THE L'-ERROR ESTIMATES FOR A
HAMILTONIAN-PRESERVING SCHEME FOR THE LIOUVILLE
EQUATION WITH PIECEWISE CONSTANT POTENTIALS AND

PERTURBED INITIAL DATA"

Xin Wen
LSEC, ICMSEC, Academy of Mathematics and Systems Science, Chinese Academy of Sciences,
Beijing 100190, China,
Email: wenzin@amss.ac.cn

Abstract

We study the L'-error of a Hamiltonian-preserving scheme, developed in [19], for the
Liouville equation with a piecewise constant potential in one space dimension when the
initial data is given with perturbation errors. We extend the I'-stability analysis in [46]
and apply the L'-error estimates with exact initial data established in [45] for the same
scheme. We prove that the scheme with the Dirichlet incoming boundary conditions and
for a class of bounded initial data is L'-convergent when the initial data is given with a wide
class of perturbation errors, and derive the L*-error bounds with ezplicit coefficients. The
convergence rate of the scheme is shown to be less than the order of the initial perturbation
error, matching with the fact that the perturbation solution can be I'-unstable.
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1. Introduction

In [19], we constructed a class of numerical schemes for the d-dimensional Liouville equation
in classical mechanics:

fe+V-Vef =ViV-Vyf=0, t>0, x,veR?, (1.1)

where f(t,x,V) is the density distribution of a classical particle at position x, time ¢ and travel-
ing with velocity v. V(x) is the potential. Such problem has applications in computational high
frequency waves [3,6,12,13,17,23,33,42,43]. The main interest is in the case of a discontinuous
potential V(x), corresponding to a potential barrier. When V is discontinuous, the Liouville
equation (1.1) is a linear hyperbolic equation with a measure-valued coefficient. Such a problem
cannot be understood mathematically using the renormalized solution by DiPerna and Lions
for linear advection equations with discontinuous coefficients [5] (see also [2]). Our approach
in [19-21] to such problems was to provide an interface condition to couple the Liouville equa-
tion (1.1) on both sides of the barrier or interface. The interface condition accounts for particle
or wave transmission and reflection. An important property of the interface condition is that
the Hamiltonian is preserved on particle trajectory in case of either transmission or reflection.
By using this property to determine the particle trajectory for constructing numerical fluxes,
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the so-called Hamiltonian-preserving schemes were constructed in [19-21]. See also the related
work on Hamiltonian-preserving schemes [10, 11, 14-16, 18,22-25,40]. Schemes so constructed
provide solutions that are physically relevant for particle or wave reflection and transmission
through the barriers or interfaces.
The Liouville equation is the phase space representation of Newton’s second law:

dx dv

—=v, — =-V\V,

a7 dt v
which is a Hamiltonian system with the Hamiltonian

L oo
H = §|v| + V(x).

It is known from classical mechanics that the Hamiltonian remains constant across a potential
barrier. This is one of the main ingredients in the Hamiltonian-preserving schemes developed
in [19-21]. The two schemes developed in [19]-one based on a finite difference formulation
(called Scheme I) and the other on a finite volume formulation (called Scheme II) were proved,
in one space dimension with a piecewise constant potential, to be positive, and I* and [*°-stable
for suitable initial value problems and under a hyperbolic CFL condition except the I'-stability
of Scheme 1.

The more difficult issue of the I!'-stability and error estimates for Scheme I was further
established in the recent work [45,46]. We proved in [46] that, in the case of a step function
potential, Scheme I with the homogeneous Dirichlet incoming boundary conditions is [!-stable
under a certain condition on the initial data. We also presented counter examples showing
that Scheme I can be ['-unstable if the initial data condition is violated. In [45] we proved
that in the case of a step function potential and the Dirichlet incoming boundary conditions,
Scheme I is L!-convergent for a class of bounded initial data by utilizing the L'-error estimates
developed in [41,44] for the immersed interface upwind scheme to the linear advection equations
with piecewise constant coefficients. We presented the halfth order L!-error bound with explicit
coefficients. The halfth order convergence rate is sharp, since even for the discontinuous solu-
tion to linear hyperbolic equation with a smooth coefficient, the halfth order convergence rate
is already optimal for a monotone difference scheme [36]. The Liouville equation with a step
function potential belongs to hyperbolic equations with measure-valued coefficients. For the
discontinuous coefficient case, one can refer to [1,4,7-9,26-32,34,37-39] for the wide study of
the convergence of numerical schemes. The initial conditions considered in [45] can be satisfied
when applying the decomposition technique proposed in [12] for solving the Liouville equation
with measure-valued initial data arisen in the semiclassical limit of the linear Schrédinger equa-
tion. In particular, the initial data condition in [46] is more general than that in [45], which
implies that the stability results established in [46] is in consistent with the convergence results
established in [45] since a convergent scheme for the Liouville equation with the homogeneous
Dirichlet boundary condition should be [!-stable.

The error estimates for Scheme I in [45] was established under the condition that the initial
data is exactly given. In practical computation, however it is common that the initial data
is given with errors. Therefore an interesting issue is to further investigate error estimates
for Scheme I when the initial data is given with perturbation errors. In this paper we will
study this issue. Due to the linearity of Scheme I, these error estimates can be obtained by
applying the error estimates for Scheme I with exact initial data established in [45] and the
I'-norm estimates for the perturbation solutions. Therefore in this paper we will investigate the
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latter estimates. If the perturbation solution is {!-stable, then the I'-norm of the perturbation
solution can be estimated directly from that of the initial perturbation values. However we
will see that the initial perturbation values do not necessarily satisfy the condition required
for the [!-stability of Scheme I given in [46]. Therefore the perturbation solution yielded by
Scheme I can be ['-unstable. In this paper we extend the analysis in [46] to show that even if
the solution of Scheme I can be [!-unstable, the {!-norm of the solution can still be estimated
from the L and L'-upper bounds of the initial data. Consequently we prove that Scheme I is
L'-convergent when the initial data is given with a wide class of perturbation errors and give
the Ll-error bound with explicit coefficient. The L!-convergence rate given in this paper is less
than the order of the initial perturbation error, matching with the fact that the perturbation
solution can be {!-unstable.

This paper is organized as follows. In Section 2 we review the Hamiltonian-preserving scheme
called Scheme I proposed in [19] for the Liouville equation with a discontinuous potential in one
space dimension. In Section 3 we review the L!-error estimates for Scheme I with exact initial
data established in [45] for the Liouville equation with a step function potential. In Section
4 we present the main Theorems in this paper related to the L!'-error estimates for Scheme I
with perturbed initial data which are proved in Section 5 by extending the analysis in [46]. We
conclude the paper in Section 6. In this paper we denote [z] ™, [z]T to be the largest integer no
more than x and the smallest integer no less than x respectively.

2. A Hamiltonian-Preserving Scheme

In this section we review the Hamiltonian-preserving scheme proposed in [19] to the Liouville
equation in one space dimension

ft+€fx_vxf€:()v (2'1)

with a discontinuous potential V(x).

Consider a uniform mesh with grid points at Tig 1 ,1 € Z in the z-direction and §j+% ,JEZ
1) and
&= %(Eﬂ% +§j7%). The mesh size are denoted by Az =z, 1 —2;_ 1, AL =¢;1 =& 1. We
also assume a uniform time step At and the discrete times are given by ¢, = nAt,n € NU{0}.

in the ¢-direction. The cells are centered at (z;,&;), (4,7) € Z* with z; = %(Jci_ir% +x;_

We assume that the computation is performed in a bounded rectangular domain

§£§§M+;}. (2.2)

2

{(Iay) ‘ l‘% SxSxN+%a f

1
2

Let the cell averages of f be

1 Tivd &+ Dded
fUM/x%é /ﬁj; f(z, &, t)dédz.
The 1D average quantity f;;1/2 ; is defined as
LS e
fiv1/2,5 = Af /gjé f(@ig1/2,8,t)dE;

and f; jy1/2 is defined similarly.
In classical mechanics, a particle will either cross a potential barrier with a changing mo-
mentum, or be reflected, depending on its momentum and the strength of the potential barrier.
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The Hamiltonian H = %«52 + V' is preserved across the potential barrier:
Loy oyt _ Lemy2
SEP V=€ P +V (23)

where the superscripts 4+ indicate the right and left limits of the quantity at the potential
barrier. This property was used in [19] to provide the interface condition for (2.1) at the
barrier:

ft, T, 60 = ft,a,&7) for transmission, (2.4)
f(t, xT, %) f(t, zt, —Ei) for reflection,

where £ and £~ are related by the constant Hamiltonian condition (2.3) in the case of trans-

mission. With such an interface condition, we established the well-posedness of the initial value
problem to the Liouville equation with a piecewise constant wave speed in [21].

The main ingredient in the Hamiltonian-preserving schemes developed in [19], like the ear-
lier work for shallow-water equations [35], was to build into the numerical flux the interface
conditions (2.4) and (2.5) at the barrier.

We now present the first Hamiltonian-preserving scheme, called Scheme I'in [19].

Assume that the discontinuous points of the potential V' are located at the grid points. Let
the left and right limits of V' at point z;;/» be VZ;% and Vli% respectively. Note that if V' is

continuous at x;, 1,5 then V;l = Vzil We approximate V by a piecewise linear function
2 2

Vijrl/z - ‘/itl/2(

Viw) ~ Viil/Q + Az

T =T /2) .
The flux-splitting, semidiscrete scheme (with time continuous) reads

+ - +
B fifé,j B V;+% - Vif% fijrr = Fij-1

Ax Ax A&

oL
+1,
Oy fij + & —=2 =0,
where the numerical fluxes f; ;, 1 are defined using the upwind discretization. Since the charac-
teristics of the Liouville equation may be different on the two sides of a barrier, the corresponding
numerical fluxes should also be different. The essential part of the algorithm is to define the
split numerical fluxes f~ , e f;:l ;at each cell interface, and (2.4)—(2.5) will be used to define
2. PRl
these fluxes.

Assume V' is discontinuous at z;,;/o. Consider the case {; > 0. Using the upwind scheme,

f;r 1= fij. However,

+ — f(t Y — flpm -
fi+1/2,j = f($i+1/27§ ) = f(xi+1/2’€ ),

in the case of particle transmission, where £~ is obtained from £t = &; from (2.3). Since £~
may not be a grid point, we have to define it approximately. The first approach is to locate the
two cell centers that bound this velocity, then use a linear interpolation to evaluate the needed
numerical flux at £~. The case of particle reflection and ¢; < 0 is treated in the same principle.
The algorithm to generate the numerical flux is given in [19]. Here we present the simplified
algorithm for the case

- +
‘/;Jr% > V;Jr%

being discussed in this paper.
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Algorithm I
* >0

f;_%,j = fl_}7

0if ¢ > \/2 (Ve —vity):

—— fe2 T
¢ \/fj +2(Vly-viy)
if & <& < &gy for some k
then fitr%,j - %f"k + %ﬁfﬁkﬂ
O else
f;;%yj = fit1,k where & = —¢;

0 end

° gj <0
f:r%’j = firr
+_ g2 - _y+
e =g +2 (v, - vihy)
if & < €1 < &gqq for some k

— —¢t + ¢
then fi+%7j = %f’ﬁl,k + EA—f"le,kﬂ

After the spatial discretization is specified, one can use any time discretization for the time
derivative.

In [19] we proved that, when the first order upwind scheme is used spatially, and the forward
Euler method is used in time, and the potential V has a single jump, Scheme I is positive and

[*°-contracting under the CFL condition:

max;

- _yt
mas, ] 2% | (Vigy ~ ity )/Ad]
Ax A€

At

<1. (2.6)

In [45,46] we further proved that when the potential is a step function, the same scheme is I!-
stable and L'-convergent under the CFL condition (2.6) and suitable conditions on the initial
data.

Note that the quantity }(VZ; 1 V: 1 ) / A:r} represents the gradient of the potential at its
smooth point, which has a finite upper bound. Thus the scheme satisfies a hyperbolic CFL
condition.

3. The L'-error Estimates for Scheme I

In this Section we review the L'-error estimates for Scheme I with exact initial data estab-
lished in [45]. We consider a step function potential V' (x) with a jump —D, D > 0 at = 0.
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Namely
V(07)-V(0")=D.

Let the computational domain be confined in the rectangular domain (2.2). We employ the
uniform mesh introduced in Section 2. Define mesh ratios A, = %, A = %, assumed to be
fixed. Let the potential barrier z = 0 be at a grid point z,, , 1. Then the point-wise values of
V' satisfy

Vo ,-Vr .,=D, V=

m+4 m+3 i+i

_ . +
=V 1< m, VH_%z‘/Jr

m+%7 m+%’ Z>ma

where the superscripts —, + represent the left and right limits at x = 0.

We consider the typical situation that & < —v/2D, &y > v/2D, so that all possible particle
behaviors, including both transmission and reflection, are included. We choose the mesh such
that 0 and /2D are grid points in the ¢-direction.

Define the index I, satisfying

2
-8 < — (E%) —2D <&, 1,

and the domain
Dy = {(:c,g) ‘ r<0,6< g,b_%}.

The computational domain is chosen to be

D¢ = {(%5) ‘ rr<w<ayy1, €1 S«ES«EMJF%}\D&

1
2

since D; represents the area where particles come from outside of the domain [z 1INy %] X
[5% , §M+%] and thus is excluded from the computational domain, as discussed in [19,45]. Fig. 5.1
depicts the sets Do and Dy.

We consider the Dirichlet boundary conditions at the incoming boundaries and assume that
the initial data satisfy these boundary conditions:

f(x%agat):f(méagao)a 0<£<§M+%’ (31)
f(xN+%a€7t):f($N+%a€7o)a g% <€<0' (32)
The expression of the exact solution f(z,&,t), (z,£) € Do, t > 0 can be obtained from the

initial data f(z,&,0) and boundary conditions (3.1), (3.2) by the method of characteristics.
One can refer to [45] for the concrete expression of f(x,&,t). Let

=X\ &5, 1<j<M, (3.3)

which are less than 1 under the CFL condition (2.6).

With the first order numerical flux, the forward Euler method in time and the boundary
conditions (3.1), (3.2), Scheme I on D¢ is given by:

1)if 0 < g <§M+%,i7$m+1, then

g = (1= 13)g + 1G5 (3.4)

2) ifglb_% <& <0,i<mor E% <& <0,i>m, then

gZ-H = (L= p5)gi + 13934155 (3.5)
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3)if V2D < ¢ < a1, then

Imirg = (U= 13)Gm 415+ 1 (cj,lylz,dj + Cj,agl;,djﬂ) ; (3.6)

4)if 0 < §; < V2D, then

Imirg = (L= )G g + HiGm1.a,s (3.7)
5)if &, 1 <& <0, then
9:::5‘1 = (1= 1) 9m; + K (Cj,lgzlﬂ,dj + Cj,29?n+1,dj+1) ; (3.8)

where 0 < ¢j1,¢52 < 1 and ¢j1 +¢j2 = 1. dj’s in (3.6)-(3.8) are determined according to
Algorithm I by

€a, <2/ (&) — 2D < &4,41, for d; in (3.6), (3.9)
&q; = =&, for d; in (3.7), (3.10)
€a; < —\/(&)* +2D < &4,41, for d; in (3.8). (3.11)

The initial and incoming boundary values of the numerical solution are given by

g A /g”é Fla,€,0)dede,  (05,65) € D (3.12)
9i5 = z,q, X, Tiy S5 Cy .
J AIA€ 3:1.7% §j7% !
1 [S+3
n 2
=gz [ ey g0 0<6 <&y, (313)
§ fj,l 2 2
2
n 1 S+
gN'H’j:A_f/g f(IN_i_%,g,O)dg, E% <& <0. (3.14)
i-3
We introduce
g(:c,{,t) = g;'nj’ for (IL’,f,t) € [xi—%vxi—i-%) X [gj—%a j+%) X [tnathrl)a (xiafj) € Dc.

In [45] we have established the L!-error estimates for Scheme I under the following initial
data assumption:

Assumption 3.1. The initial data f(x,€,0) have bounded variation in the x-direction and is
Lipschitz continuous in the &-direction. Namely

Hf(7§50)||BV([z%,zN+%]) < Aa V§ € [géngJr%]) (315)
F(@,€,0) = f@, £ O S BIE =&l Vo |ayaniy|. €167 € |66y (316)

These initial data conditions can be satisfied by applying the decomposition technique pro-
posed in [12] for solving the Liouville equation with measure-valued initial data arisen in the
semiclassical limit of the linear Schrodinger equation.

Let T = t;, = LAt. The main theorem given in [45] is as follows:
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Theorem 3.1. Under Assumption 3.1 on the initial data, the CFL condition (2.6) and the
following mesh size restriction

— 22

AL < ST\f\/?D, (3.17)

Scheme I (3.4)-(3.14) has the following L'-error bound compared to the exact solution:

1
lg(-T) = f( . D21 (pe) € C1VAZ + C2In (E)AI + O(Az), (3.18)
where
. T+ At §M+% §M+5 —-v2D 2 i
Cr = (4A + 2\/2DB) ol b % +2e (5%) —92D
T+ At

+ [(éars4 + 63|+ V2D) A+ 4DB] ST (3.19)

Cy = (2A + \/EB) [2 (5M+%)2 TX/VD + |& ] : (3.20)

4. The L'-error Estimates for Scheme I with Perturbed Initial Data

In this section we present the main Theorems in this paper for the L'-error estimates for
Scheme I with perturbed initial data. We consider the same problem setup as in the previous
section except we assume the initial data have some perturbation error. Assume the exact
initial data f(x,&,0) satisfies Assumption 3.1 and denote f(:c, &,0) to be its perturbed values.
Since f(x,¢&,0) is bounded in L*-norm, the same should be true for f(ac, £,0). Thus we consider
the initial perturbation error satisfying

‘f(l‘,f,())*f(l‘,f,())‘ <D7 V(I’,g)GDc, (41)

|£C0 = F0)

~

C(Ax)" 0. 4.2
npey SCBDr> (4.2)

o~

Let g;; be the numerical solutions computed by Scheme I with the initial data f(z,¢,0) and
the exact Dirichlet boundary condition, namely

1 Tird [S+d -
~ 2 2 s
9i5 = AIAf/x ) /§ ) f(l’,f,())dfdl', (xmg]) S DC; (43)
-3 i-g
1 Sivd
~n 2
907]‘ = A_f/g f(x%7§ao)d§a O < g_j < §M+%7 (44)
-4
~n 1 vt
Tors = A_g/5 Py, & 0)dE, £y <& <0, (4.5)
-4

The errors for the numerical solutions with inexact boundary conditions can be estimated by
comparing the numerical solutions with exact and inexact boundary conditions and will not be
discussed in this paper. Introduce

/g\(I,f,t) :/g\Za for (Iafvt) € [xi—%wxi—i-%) X [fj—%a j+%) X [tnvtn-i-l)a (xi7§j) S DC-

Recall T'= LAt. We have the following main theorem for the error estimates for the numerical
L
ij

solutions g;; with the perturbed initial data:
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Theorem 4.1. Assume the initial data f(x,&,0) satisfies Assumption 3.1, and its perturba-
tion f(x,£,0) satisfies conditions (4.1), (4.2). Then the numerical solutions ’g\{; computed by

Scheme I with the perturbed initial data f(x,f,O) and the exact Dirichlet boundary condition
are L'-convergent to f(x,&,T) under the CFL condition (2.6). Furthermore under the mesh

size restrictions (3.17) and

Af < R A€ < min (fM, (6)@)72 + QD) — V2D, (4.6)
T
1 T 4
Ar < —max | —, = +1 — T, 7>7 (4.7)
16 <Ai " TRt A (L) V2D

the error estimates for §ZLJ are given by

H/g\(a 'aT) - f(a 'aT)HLl(Dc)

1 2
<C\VAT 4 Cyln (E)M + Ca(An)i + O(Aw), (4.8)
where C1,Cy are given in (3.19), (3.20), Cs is a bounded coefficient being given by
C3 = Cgo(Ax)%r + max (C31(AI)%T, 032> , (49)
1+ XA ~
Coo = a4 —1FAAD )& (4.10)

2X, (V2D - A¢)

45C/1/3NL + 2A¢
Cs1 = - , (4.11)
28 (X,)° VD (éc — 3A¢)

£c = min ( &, \/(1/3)\; — A&+ 2D> — V2D, (4.12)

3
2

D 40t
C'3 D3 max (T, (Zm-i-% 71‘%) )\fc, Wgﬁ +At)
> .
3 5 3
(282)" O0F (amey — 1)

Remark 4.1. The error estimate (4.8) can also be used in the case that the initial perturbation
error does not converge to zero in L'-norm with mesh refinement, for example a fixed initial
perturbation error. In this case we do not have the convergence of the numerical solution
9(z,&,T) to the exact solution f(z,&,T), but we can get the error bound between g and f by
setting r = 0 and C to be the bound of the Ll-norm of the initial perturbation error in (4.8).

Define the discrete I*-norm of numerical solutions gi5 to be

9", = AzAg Z ‘g?]‘ . (4.14)
(z4,¢5)€Dc

Theorem 4.1 can be proved with Theorem 3.1 and the following theorem.
Theorem 4.2. Assume the numerical approzimations of the initial values satisfy

l9%| < D, (z:,€;) € De, (4.15)
19°], < C(Az)", r>0. (4.16)
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Then under the CFL condition (2.6) and the mesh size restrictions (4.6), (4.7) and
A¢ < V2D/4, (4.17)

the discrete I*-norm of the numerical solutions computed by Scheme I with these initial values
and the zero Dirichlet boundary condition are estimated by

97|, < C5(Ax)3" + O(Ax), (4.18)
where Cs is given in (4.9).

Remark 4.2. In the case that Scheme I is [!-stable, the discrete {!-norm of the computed
solutions can be directly estimated from that of the numerical solutions initial values. In [46]
we have established the I!-stability of Scheme I under the initial data assumption

Assumption 4.1. There exists a positive constant &, such that

V(i,j)eszz{(i,j)‘xi<xm+%, o<§j<§z}, (4.19)

it holds that
9% < C1lg", - (4.20)

However we also show in [46] that Scheme I can be [!-unstable if the Assumption 4.1 is violated
by the initial data. It can be seen that the initial data satisfying conditions (4.15), (4.16)
do not necessarily satisfy the Assumption 4.1. Therefore the discrete '-norm estimates in
Theorem 4.2 can not be obtained by applying the [!-stability result of Scheme I established
in [46]. In fact, the order of the mesh size in the upper bound (4.18) of the computed solutions
being less than that in the upper bound (4.16) of the initial data indicates that the numerical
solutions computed by Scheme I from the initial data satisfying conditions (4.15), (4.16) can
be [*-unstable. The proof for Theorem 4.2 is extended from the analysis in [46] and composes
the main part of this paper.

5. Proof for the Main Theorems

In this Section we present the proof for Theorems 4.1, 4.2 in this paper. The proof for
Theorem 4.1 is relatively straightforward by applying Theorems 3.1 and 4.2. Therefore the key
part in this section is to prove Theorem 4.2.

5.1. Proof for Theorem 4.2

Introduce some notations

52 — {k‘gk >0,3¢ > V2D, st

fk_\/§j2—2D‘ <A§}, (5.1a)

DZ ={(m,j)lj €S2},  Dpyi={(m+1,j)& < —V2D + A€}, (5.1b)

, ~ 1 . ~ 1
sp-fiestloz=gr). s2-{iesilo<@=gz} 61
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DEY={(i,j) € Dpli € Si'},  Dy?={(i,j) € D}|j € S5*}, (5.1d)
L—1 L—1

SIIZZ Z |Z| ) 512:2 Z |Z| )
n=0 \ (i,5)eD%! n=0 \ (i,j)eDp?

L-1

S=3 0 S it (5.10)

n=0 \ (4,4)€D;, 14

S = {(i )] @i > 2y, (m+1,) € DLy, (5.19)

Sl:{(iaj) Ii<xm+%a(maj)€D3n}a (51g)

St ={(i,j) € Silj € S3*}- (5.1h)

Fig. 5.1 depicts a sketch of the sets D2, and D, ;. Let N, be the number of elements in
S22, We name the elements in S%2 as k;,i = 1,2,--+, Ng such that k; < ko < --- < k..
Consequently g, < pir, < -+ < piky,, where pj, 1 < j < M are defined in (3.3).

Enrt
(2i,&5) s-t.
(i-5) € D _
D
é‘ ] (xh‘gj) S't4'
Ip— Db Ve (17.7) S Dm+1
&
T Tyl = 0 Tyl

Fig. 5.1. Sketch of the sets D¢, Dy, D2, Dfn“.

With the zero incoming boundary condition, repeatedly using the scheme (3.4) yields

gy = > 0. (i,4) € Si. (5.2)
(p,9)ES:

Under the hyperbolic CFL condition (2.6), 7;{1"0 > 0. 7;{1"0 # 0 only when p < i and g = j due
to the upwind flux and the constant potential. Define

L—1
Tpg = Z V;Z‘mo, (p,q) € S;. (5.3)
n=0

The following Lemma is part of Lemma 3.2 in [46]:

Lemma 5.1. Under the hyperbolic CFL condition (2.6), Ty, defined in (5.3) satisfy

Tpt1,4 2 Tp,qs for p <'m, (5.4a)
1

Tpq < = for (p,q) € Si. (5.4b)
q

The following two Lemmas can be proved similarly to Lemmas 3.1, 3.3 in [46]:
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Lemma 5.2. Under the hyperbolic CFL condition (2.6), the mesh size restriction
A& <V2D/2 (5.5)

and the zero incoming boundary condition, Scheme I given by (3.4)-(3.8) satisfies
1 1
g%, < |9°], + AzAE (S11 + S12) + (5 + §A2A§) AzAES,. (5.6)

Lemma 5.3. Under the hyperbolic CFL condition (2.6), the mesh size restriction (5.5) and the
zero incoming boundary condition, S11 and Sa defined in (5.1€) satisfy

0 3 0 0
R R
AL ATAL  ArAL AL (\/QD - Ag) AzAE

We also prove the following lemma:

Lemma 5.4. Let N,, < N,. Then under the mesh size restriction (4.17) one has

Nop

1 3
Ag,;f_ki < o) (N + 1

JAE.
Proof. Denote Np, 2 = [N

m
2

]Jr. Define the set

S}’g{k‘ \/2D<§k<\/2D+Nm,2A§}- (5.9)
Then the number of elements in ST is N, 2. We name the elements in S% as k]" satisfying
gklm = V2D+(l_%)A€7Z:1725 . 7N7”72'

Under the mesh size restriction (4.17), A& < % (§k;n)2 —2D. One has

N2 N 2
1 1
AES T — <A¢ +A¢
; Sk ; (&)’ —2D ; (&r)” —2D — A€
<3AE =
1=1 (§k;") — 2D
N,
3 A€ 3 Nm,2AE
< n < T —d
(8D)% ; (i—L)Ae  (8D)1 /0 Vi
6 3
*(SD)i \V4 -Nrm,2A S (2D)% V (Nm+ 1)A£

(5.10)

With the above preparation, we now give the proof for Theorem 4.2

Proof of Theorem 4.2: Applying Lemmas 5.2 and 5.3, under the hyperbolic CFL condition
(2.6), the mesh size restriction (5.5) and the zero incoming boundary condition one has

1+ LA
lg%h <[4+ ( ) 19°1 + AzAESy,.
AL <\/2D - Ag)

(5.11)
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Thus the following task is to estimate Si3. Substituting (5.2) into the expression of Si2 in
(5.1e) gives

L—1
S12 < Z Z ’Y;;]qno Ig,?qlz Z qulg,?ql, (5.12)
(p,g9)eSE \n=0 (i,5)eD2;? (p,q)€S}

where S? and T}, are defined in (5.1h) and (5.3).
Now introduce some notations. Define

+
4
L= |—s—| , L,, = max (L, m, L), 5.13a
~ 7 + ~
kq = min {gqum] sm |, pg=m— kg, for ¢ € §%2. (5.13b)

Define the set
s={waes

Let N; be the number of elements in J, and define

ﬁq+1§p§m}. (5.14)

O(axyr—]"
Np=|—&——— (5.15)
DA
We will prove the following two estimates.
1) AxAESy < C31(AIL')T, if Ng > Ny, (516&)
under the mesh size restrictions (4.17), (4.6), where Cs; is given in (4.11).
2) AzALS)y < Csa(Az)5" + O(Az),  if Ng < Ny, (5.16b)

under the mesh size restrictions (4.17), (4.7), where Csz is given in (4.13).

We begin with the estimate (5.16a). Combining (5.12), (5.4b) and (4.15), and applying
Lemma 5.4 give

m N,
S12 < Z Toqlgpgl < Z Ziﬁ<ﬁmzuik
i=1 "

I
(p,q)€S? qesyzp=1"1

cDm 3 INTTAE (5.17)

ALAE (2D)3
From the definition of S%2 one has
(N, — 1)A¢ < &.. (5.18)
Combining (5.17) and (5.18) gives

Dm 3 1
Sio < ——— —— | — + 2A¢. 5.19
2 < NAE 2pyt | 3n TR (5.19)

We now estimate the number N;. By definition

Ny= Y k= > guqm. (5.20)

q€SH? qeSy?
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Define the set

Sk = {k‘\/ﬁ<fk§min <5M,\/(EZA5)2+2D>}. (5.21)
Let Ng be the number of elements in Sg. Then
(Np + = )Ag +v/2D > min (gM, \/(2 - A§)2 n QD), (5.22)
which gives
NRAE > €0 — %Af (5.23)

with ¢ defined in (4.12). Under the mesh size restrictions (4.6) one has & — $AE > £c.
We name the elements in Sg as k] satisfying { = V2D + (i — $)AE i =1, -+, Ng. Define
the map

T(k)y=j st. 0<& —\/(&) —2D < Ag,  fork € Sg.

Then T(k) € 522, Vk € Sk. Denote

From (5.20) one has

7 Jn 7 Jn 2
Njy>-m Z g > gm)\fn ZfT/ > —m, (§k1) —2D
qes%? i=1 i=1
NrAE
t t 1
>— m)\ (8D)* Z,/ D) A¢ > m)\ 8D4A€ VY dy
_Yspym At 2 (NRA£)?. (5.24)
15 N '
Combining (5.24) and (5.23) gives
)\ 3
Ny > —(8D)4 A¢ <gc - —A§> . (5.25)
Now if
Ax)" 1
Np >Ny = Caayt | Ny, (5.26)
DA¢
From (5.19) and (5.16) one has
Ag
S N,
12 < i 3)\t >\t Af 2D i 3>\t 8D % o — —A€)2 m)\t J
. D By/mr 288 Gag)- (527)
(AL)* 28v/D (¢ — 3Ag)?  DAE

which gives the estimate (5.16a).
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We then prove the estimate (5.16b). By definition of 5% one has pq, < 1 for ¢ € S%2. Since
V2D is located at mesh interface in ¢-direction one has for Vg € S%2

2
Hq 2k = )‘fr;flﬁ > Afc \/(\/ 2D + %Ag) —-2D— AE

mr '

-

>AL [ (2D)

= X [(20)% - VA VS 7“7

\/7,/7\/_\/_) :
Nim =i

vt T 5 ).

Under the mesh size condition (4.17), 61 satisfies

I
>/
o~
l—|
l\:)
S
N»—‘
ﬁ
&
/\
m

(5.28)

where

D)% (2D)% 4
C>)\t( /LoAE > )\t =1.
28 Z A (\)> V2D

Thus one has
Vg € S22

1 1
— < g < 7,
VL ! 3

It follows from the definition of Eq,ﬁq in (5.13b), for p, > 1, that Eq = [%qumr_. By
Lemma A.1 in Appendix one has for p, > 1

e = Oft (1= )P < 2 (5.29)

under the conditions
L, > 16, (5.30a)
L jLs L't <1, (5.30b)

Vor V7 6¢0.036vT,

where the notation C with both subscript and superscript denotes the binomial coefficient.
Condition (5.30b) is satisfied for VL,, € N. Condition (5.30a) is satisfied under the mesh size
restriction (4.7).

For %q +1<n< L, one has

maqn0 I
Pq, n m
mz,n[il,() = ~ (1 - Nq) > 7~(1 — ;Lq)
Parq n- kq m = k'q
L 1—
E (1= ) = — L (5.31)
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Notice that ,quno — 0 when n < k,. From (5.29) and (5.31) one has

L Lyn—kq RN
6 1—fpu
maqn0 __ magn0 magn0 54
T5,0 = Zvﬁq nypq,q <27§q,q <5M‘1 (1Mq)
n=k, i=0
S
<517_qz“ <3, qge 8% ifp, > 1.
1= ( 1:“:)
Due to the relation (5.4a), one has
Tpy <3, q€8%2 1<p<p, ifp,>1. (5.32)
Define
37 (paq)ESIQ\Ja
" = 5.33
{ e o) ed (5:33)

According to the definition of J, if (p,q) € S?\J, then 1 < p < p,. Thus from (5.32) and
(5.4b) one has

qu < T;:;a V(p, q) € Sl2 (534)
Denote
j ~
=0 = kk, j=1,---, Ny, (5.35a)
j ~
To = SN.» szgNS—i—Z(m—kki), j=1,---,Ns. (5.35b)
i=1

One has sy, = Ny, 7v, = N2 = mN;. For 1 < j < N2, define

fm: { Tﬂr’bn—j+<l—1+1,kl’ G-1+1 S] <, l= ]-; 7Nsa (536)

’ T::L_j+17kla Tl71+1§j§7—l7 l:]-a"'aNs~

From the definition of T, in (5.33) Tm 1 < j < NZis a permutation of T2, (p,q) € S}
which is in descendent order, namely T]m > T]“}rl, 1 <j < N2 —1. Define

39 =90, if T/ is assigned as T/ in (5.36), 1<j < NZ. (5.37)

Now if Ng < Ny, then Ng < N2. Using (5.12), (5.34), (5.36), (5.37), (4.15) and (4.16), S12
can be estimated by

N?
512 < Z TP‘I|g;gq| < Z T£Z|g;gq| - ZT]m|§_§)|
(p.9)€S? (p,9)€S? j=1
Np NZ Np Np N?
=S TpE+ Y L@ =Y T D =Y T (D- @)+ Y T
=1 j=Np+1 j=1 j=1 j=Np+1
N2

<ZTmD na Z( |g])+f]vn3 > 13

j=Np+1
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N2
_ZT’”D-i-TNB Z|g]| — NpD
Jj=1 Jj=1
B [ O(Ax) C(A:c )1
"D+ Ty TmD .
<]Z::1 D+ NB{A:cAg == } Z (5.38)
Since Np < Ny, denote Ip € {1,2,--- ,Ng} s.t. gy—1 < Np < g,. From definition of fjm

n (5.36), the expression (5.38) can be written as

NB/\ N N lB—l 1~ 1
ZTJ?”DD{Z kg, + - (Ng — 51 }<DZ—kkl

j:1 =1 /’[/kl lu’ lp lu’kl
lB lB
~ 1 /7 ~ (7 1
<D g — | —pg, L + 1> =D | =Ll + E — . 5.39
= M <5ukl <5 o — Mm) (5:39)
Applying Lemma 5.4 one has
N 3

A g — < Ilp+1)A¢L. 5.40
fl:1 gkl (2D)% ( B ) g ( )

In the next we estimate the number [p. From the definition of g one has

Ip—1 lBl {

N >q,_1 = Z ki, > Z ,ukm> m)\t Z §T/ (5.41)

Similar to the deduction of (5.24), one gets from (5.41) that

14, am\ ([lp—17" ’
N, D):s —= A
5 >75(8D) A¢ ([ 2 ] 5)
14 1 (Ier% B x%) )\; B 3
>__(8D)1% L . .
> 15(8D) ATAE K 5 1) Ag} (5.42)
By definition of N, one has
A r—1
Ny < ST (5.43)
DA

Combining (5.42) and (5.43) gives

Kzﬁl) Ag] ) 115Amg
2 14(8D)3 (acm_,_% - ac) AL

= IgAf{< A3(Aac) + O(Ax), (5.44)

C(Az)r—1
DA

+1

where

o

(5.45)
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Combining (5.38)—(5.40) and (5.44) one has

~ (7
AzAES1y <D | ZLnAalpAl + (2D Az

(;L AzAs( A:c)i") + O(Az) < Csa(Az)3" + O(Ax),

where Cls is given in (4.13). Thus we derive the estimate (5.16b).
Now combining (5.11), (4.16), (5.16a) and (5.16b) gives the estimate (4.18). O

5.2. Proof for Theorem 4.1
With Theorems 3.1 and 4.2 we now can give proof for Theorem 4.1.

Proof. Let g;% be the numerical solutions computed with the exact initial data f (z,£,0).
Denote z;; = g7 — ’g\g Due to the linearity of Scheme I, z;; is the numerical solutions computed
by Scheme I with zero incoming boundary condition. Under the conditions (4.1), (4.2), the
initial values z . satisfy

1 1 €1 -
2451 =195 = 951 = 37ac / /6 (£(@.6.0) = f(z.6,0)) dgde
x,l j7%

_A:cAf / / Jt2

‘ZO|1:A93A5 Z ‘gij*%|

-~

(,€,0) — (:U,«E,O)‘ déde < D, (21,€;) € Do, (5.46)

)

(wi,€;)€Dc
/ / (,6,0) ~ F(,€,0)) deds
z“gJ)eDc i -3
<[ #e0) = 7o ,0)‘ iy < B2 (5.47)

Thus applying Theorem 4.2 gives under the CFL condition (2.6) and the mesh size restrictions
(4.6), (4.7), (4.17)

IgCs - T) = GC, - Tl Liipey = |77], < C3(Az) 5" + O(Ax), (5.48)

where Cj3 is given in (4.9).
Applying Theorem 3.1 and (5.48) completes the proof for Theorem 4.1. O

6. Conclusion

In this paper we derived the L'-error estimates for a Hamiltonian-preserving scheme called
Scheme I, developed in [19], for the Liouville equation with a piecewise constant potential in
one space dimension when the initial data is given with perturbation errors. The Hamiltonian-
preserving scheme is designed by incorporating into the numerical fluxes the particle behavior—
transmission and reflection— at the potential barrier. We proved that, with the Dirichlet incom-
ing boundary conditions and for a class of bounded initial data, the numerical solution with a
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wide class of initial perturbation errors by Scheme I converges in L'-norm to the solution of
the Liouville equation defined by the particle transmission and reflection interface condition.
We derived the L'-error bounds with explicit coefficients.

Due to the linearity of Scheme I, the error estimates in this paper were obtained by applying
the error estimates for the same scheme with exact initial data established in [45] and the [!-
norm estimates for the perturbation solutions. The latter estimates composes the main part
of this paper. Since the initial perturbation errors may violate the condition required for the
[*-stability of Scheme I given in [46], the perturbation solution can be [!-unstable. Therefore
the I'-norm estimates for the perturbation solutions can not be obtained by applying the I!-
stability result of Scheme I presented in [46]. In this paper we extended the analysis in [46] to
show that even when the solution of Scheme I can be [!-unstable, the {!-norm of the solution
can still be estimated from the L> and L'-upper bounds of the initial data. Based on this
result we proved that Scheme I is L!-convergent given with a wide class of initial perturbation
errors. The L'-convergence rate we derived in this paper is less than the order of the initial
perturbation error, which is in consistent with the fact that the perturbation solution can be
I'-unstable.

Appendix
Lemma A.1. Let N € N, \/C— <p <3, k=[IuN]*. Then
(1= Nk < C, (A1)

where C¥, denotes the binomial coefficient, if N satisfies the conditions

N > 16 max (%, 1>, (A.2)
\ /27r T O30 e 0360\/_

Proof. For N > 2 one can check kK — uN > 0,N — k > 0,k > 0. According to Stirling
formula,

<1. (A.3)

n!
1< —=<11, VneN.
nte~"\/2mn

Thus one has

_ N! _
Cr(t—pmN kﬂk:mO* RS
<1~1(1*M)N_k k NNeNV2rN

W N Z k)N —keN—F on(N — k)kFerv/2nk
L VE (V)N RN

U Vor /(N —k)k (N —k)N-FkEk

o1 vN k—uN\NF k—uN\*
R G M G o)

L VYN
T V2r /(N — k)k

[(1+4)%(1 - B)3] - (A4)
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where & N & N
—p —p
A= B=
N-k’ k
By Taylor expansion one has
1+ A% <= 3+% 1-B)F <e "%, for A,B>0. (A.5)
Combining (A.4) and (A.5) one has
1 \/N B, A2 kBN
Cn(1— Nk < 11— REREE
(1= p) H o N —k)k [ }
1 N
=1l VN -n : (A.6)
V2 /(N —k)k
where 0 NR(k N3
—p —p
L = — . AT
! 2k 3(N — k)? (A7)
We then estimate the term I;. Define function
x? a3
F(z)=———"
@) = o ~ 3N e
Then I; = Fy(k — uN). Now we check the sign of F{(x) when z € [2uN, k — uN].
x x? x
F(z) =~ — = N—k?—k
x x
>— (N —k)?—k(k—pN)) = ——=(N? — 2kN + kuN
_k(N_k)2(< )2 = k(k — uN)) el + k)
22N (N 7 22N (N [7 ]F
>— N —— | = — | =N >0 for N > 14.
k(N—k:)2<2 [5H ]> k(N k)2<2 {15 ])— o=
Thus one has Fi(k — uN) > Fi(2pN), namely
(3uN)®  (BuN)?
I > - . A8
=Tk 3(N — k)2 (A.8)
The right hand side of (A.8) decreases when k increases, so
2, N)2 2,N)3 2\2 2)3
I > (FuN)* (31N) —u (5) (3) (A.9)
2(IuN+1) 3 (N —ZIuN—1)° )

- 2
(%++v) 3(5-9)
If one imposes the condition (A.2), then uN > 4, Y=L > 3 1—6, which gives I; > 0.036uN >
0.036Cv/N. Under this condition, from (A.6) one has

ON(1— )N =Fpk <1 1L£e—11 <1 1LLe—o.os6cm
V21 /(N - k)k 2 \/W
1 \/N e 0 036CVN <11 / e~ 0- 0360\/_ (A.lO)
V2m \/ MN) V2T \/_N4
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Thus if one further imposes the condition

1 /10 1 ole;
1.1 L —0.036CVN <Y A1l
N AN INGLEN VN’ (A.11)

which is equivalent to condition (A.3), then (A.1) is satisfied. O
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