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Abstract

In this paper, an EM-like image reconstruction iterative formula specifically developed
for stable external sources is rewritten as a map towards a fixed point iteration. Local con-
vergence of the image reconstruction method is then proved. Finally a three-dimensional
numerical image reconstruction example is presented.
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1. Introduction

Diffuse optical tomography (DOT) is an optical imaging modality, which provides the spatial
distribution of the optical parameters inside a random media [1]. This nondestructive technique
has advantage of directly measuring the physiologically relevant tissue and blood oxygenation,
and is now widely used in breast cancer diagnostics [2,3], joint imaging [4] and blood oximetry
in human muscle and brain tissues [5,6].

In DOT, the near-infared external sources are used to delivery the light signals. The intensity
and path-length distributions of the exiting photons provide information about the optical
properties of the transilluminated tissue by means of a physical models of the light migration.
The propagation of light in highly scattering media, such as biological tissue may be described
by the radiative transfer equation (RTE) [7]. When the medium is predominantly scattering
rather than absorption, the diffusion approximation (DA) is a good approach to the RTE, away
from sources and boundaries and it has been widely used in DOT [7,8].

Mathematically, the image reconstruction of DOT is an inverse problem solving the ab-
sorption and diffusion coefficient from the boundary measurements. Various reconstruction
methods based on DA model have been established. The analytical methods with different
boundary conditions are studied in a series of papers [9-11] and they can reconstruct optical
parameters only in simple region cases. The iterative optimization based reconstruction meth-
ods [12] are used widely since they can deal with optical parameters in complex regions. In

* Received August 2, 2009 / Revised version received October 8, 2009 / Accepted January 13, 2010 /
Published online September 20, 2010 /



62 C. F. WANG AND T. ZHOU

these methods, the problem is regarded as the optimization of an objective function represent-
ing the sum-squared difference of the data to the model, plus additional regularization terms
representing prior knowledge. An EM-like reconstruction method for stationary sources DOT
is proposed, see, e.g., [13]. In this method, the boundary measurements are assumed to have
independent and identical Poisson distributions. The problem is regarded as the optimization
of a log-likelihood function with nonnegative constrain of optical parameters.

In this paper, we investigate the convergence of the EM-like image reconstruction which is
specifically developed for stable external sources condition. The rest of the paper is organized
as follows. In Section 2, we review the photon migration model and introduce the station-
ary sources DOT forward and inverse problems. In Section 3 we derive the EM-like image
reconstruction algorithm. In Section 4, the local convergence of this algorithm is proved. In
Section 5, a 3-D numerical example is presented.

2. DOT Forward and Inverse Problems

Let Q C R? be a domain that contains the tissue to be imaged, bounded by surface I' = 9).
Let pq(z) and ps(z) be the absorption and scattering coefficients of the tissue, respectively.
Denote D(z) as the diffusion coefficient which is expressed as

1

B EETIE) >0

where !, = (1 — 77)pus is the reduced scattering coefficient of the media and 7 is an anisotropy
factor (0 <7 <1).

We consider the cases in which the tissue to be imaged is illuminated by multiple stationary
external sources. Denote S as the number of external sources. Under each irradiation, the
measurement can be collected on part of the surface I'; C T, 1 =1,---, 5.

Individual photons from the stationary external source migrate through the tissue and un-
dergo many scattering events or absorption events according to the local values of the tissue’s
optical parameters. Each photon may either have negligible contribution, or escape from the
surface 02, thus contributing to the boundary measurements. Under each irradiation, the

macroscopic phenomena of photons can be described with a steady state diffusion equation
(DA model)

=V - (D(2)Vu;(z)) + pa(x)u;(z) =0, x € Q, (2.2)

where w;(x) is the isotropic photon density inside €2 for ¢ = 1,---,S. The external source
information is contained in the boundary condition

0ui
v

w (@) + 24D(2) 2 (2) = g7 (), w el (2.3)
where g; (z) is the total inward flux, A is a parameter that describes the mismatch between
the refractive index within 2 and the refractive index in the surrounding medium [14,15], v is
the exterior normal. The steady-state attenuation measurements are collected on part of the

surface I'; C T, e =1,---, S, and can be defined as the outward flux
0ui .
gi(x) = —-D 5 (z), zely, i=1,---,85. (2.4)
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We use a vector

g="(g1.-+ .9s)" (2.5)

to represent the group of boundary measurements.
If the boundary measurements are known, the Robin boundary condition (2.3) on I'; can be
replaced with Dirichlet boundary condition

ui(z) = g; (x) +24g:(z), xeTl,. (2.6)

With the boundary condition and boundary measurements, the DOT problem is to solve the
optical parameters p,(z) and D(x) with the corresponding diffusion approximation u;, (i =
1,--+,5) such that

=V - (D(@)Vui()) + pa(@)ui(z) =0,  zeQ,

Ou; _
wi (@) + 24D (@) = g; (@), rer, (2.7)
8’ui - ) .
D ov ($) - _gz(x)v xr e F’L'

or

=V (D(@)Vui(2)) + pa(@)us(x) =0,  z€Q,

ui(z) +2AD 6”1' () = g7 (x), zeT\T,
v 2.8
wil2) = g7 (2) + 24g, ), ver, (28)
ou;
Dalj(x):_g’t(x)a zely.
Since u; can be determined by the following mixed boundary value problems (MBVPs):
-V (D(I)vul(x))+ua(x)ul($) :Oa x 697 ZZO) 7S7
DOT(P) ¢ wi(x) + 2AD%ui (z) = g; (z), rel\ Ty, i=0,---,8, (2.9)
v
ui(z) = g; (z) + 2Ag:(x), zely, i=0,---,8.
We define a DOT forward operator F;[ua, D] : L*(Q) x L?(Q) — H~'/2(T;) as follows
Ouy; )
Filka, D] = =D —- . i=0,---,8, (2.10)

i

where u; is the solution of the MBVP (2.9). Therefore the forward problem of DOT can be
expressed as

9 = Flua, D], (2.11)
where
F = (F1,Fa,-, Fs)". (2.12)

Assume that the boundary measurements are of independent and identical Poisson distributions.
Similarly to the formulation in [20], we define a log-likelihood function

S
D|piq, D] = Z/F {gilog Fi[pta, D] — Filpta, D] }dT. (2.13)

With maximum likelihood estimation (MLE) method in statistics, the inverse problem of DOT
can be defined as the optimization of the log-likelihood function

arg . mex Dq, D]. (2.14)
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3. EM-Like Image Reconstruction Algorithm

To solve the optimization problem, the Fréchet derivative of the objective function should
be considered. Let ®'[u,, D] = (¥, [tta, D], ®5[pta; D]) be the Fréchet derivative of ®[u,, D].
According to [13],

s 5
'[jq, D] = ( _ (Vi — di)ui, — ZV(%‘ — i) - VUz‘) ; (3.1)

where u; is the solution to (2.9), and ; and ¢; satisfy

-V (DV%) + ,u'awi = 07 in Qa
i

¢i + 2AD EY == 0, onI \ Fi7 (32)
Gi
¢i = =7 on Fi7
Fi [/Laa D]
and
-V (Dv¢’t) + ,Ua@' = 07 in Qa
¢; + 2AD %¢i =0, on I\ T}, (3.3)
v
¢i =1, on I'y,
respectively. With the Kuhn-Tucker condition [16] in the following:
3 po(@), (), pa () > 0, po(x)? + pa ()2 + pa(a)® # 0, for z € , (3.4)
such that
110 (£)®p [1ta(@), D(@)] + s () = 0, (3.52)
o (2)®, [1a(x), D(x)] + pa() =0, (35D
and
1 (I)D(I) =0, u2($)pa($) =0, (3 6)
we arrive at
fa ()2}, [1ta(2), D(x)] = 0, 3.7a)
D(x)® [pa(x), D(z)] = 0. 3.7b)
Equivalently, we have
s s
fa Y it = pa Y Githi, (3.8a)
i=1 i=1
s s
Dszi Vu; = DZV@ V. (3.8b)

i=1 i=1
Therefore the following iterative formulas can be used to update the diffusion coefficients and
absorption coefficients:

S n n
(n) dim ¢z(‘ )uz(‘ :

(n+1) _
He = Hq ZS_l ”(/}(n)u(n) ’ (393,)
s (n) (n)

S5 Vo vl
1= K3 7
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From the iterative formulas, the optical parameters might overshoot at one step, then in
the next step, the value of forward operator F; might be negative and 1; would be negative
afterwards. When the optical parameters are overshooting, we have to roll back to the previous
step and add a positive constant to the third equation of (3.2) and (3.3).

4. Convergence Analysis

To simplify the notations, we denote
p = (1ay D) € L3(Q) x L¥(9), (4.1)

as a pair of real-valued optical parameters. We analyze the behavior of iterative formulas (3.9a)
and (3.9b) in a neighborhood of the maximum point p*. According to the properties of the
log-likelihood function, p* exists and occurs in the interior of the feasible region. Rewrite the
iterative formulas (3.9b) and (3.9a) as

p( D) = p(n) 4 C[p(")] . q)/[p(n)], (4.2)
where
Ha -D
Clpl = ( ; ) : (4.3)
Ziszl piug Zf=1 Vi - Vu;
We can view the iterations given by (4.2) as a map moving toward a fixed point
Glp] = p +Clp] - ©'[p]- (4.4)

To analyze the convergence of the iterative formulas (3.9a) and (3.9b) for image reconstruc-
tion of DOT, we need the following lemmas.

Lemma 4.1. ([17,18]) Let X be a Banach space, A a smooth (nonlinear) operator in X with
fized point x*, and A’ the Fréchet derivative of the operator A. The fized point x* may be
obtained as the limit

¥ = lim z,,
n—o0

where x, is given by the successive approximations
anrl:Al'n (TLZO,].,)

for any initial value xo sufficiently close to x*, provided that the spectral radius of the Fréchet
derivative A'(z*) of A at x* is strictly less than 1.

Lemma 4.2. Assume that operators A: X — X and B: X — X are positive definite, A — B :
X — X is non-negative definite. Then the spectral radius of the operator A=Y/ (A—B): X — X
lies on [0, 1).

Proof. Let A be the eigenvalue of operator A=A — B): X — X and £ € X be the
corresponding eigenfunction. We have

A HA - B)¢ = X, (4.5)
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which gives
(A= B)§ = MAS, (4.6)
Let £ = A— B. Then A = K + B, which yields
(1 =NKE = \BE. (4.7)
The inner product of £ and the above equation in X is
(1= NKE & a = (ABE, &) v, (4.8)
ie.
(1= AKE, x = MBE, &) - (4.9)

Since the operators B is positive definite and K is non-negative definite, we have (1 — A)A > 0
or A =0. Then 0 < X\ < 1. Hence the spectral radius of the operator A~!(A — B) lies on [0, 1).
This completes the proof. ]

The following lemma is about the Fréchet derivative of the forward operator F;, (i =

1--,9).

Lemma 4.3. ([13,19]) Consider the MBVPs (2.9). Let p = (D, pa) be a pair of real functions
defined in L?(2) x L?(2), which satisfies

0<mp < D(xz)<Mp,  0< palz) <M, (4.10)

where mp, Mp, M, > 0. Let h = (hp, hy,) be a pair of bounded functions defined in L*(Q) x
L?(Q2), and hp =0 on T'. Then the Fréchet derivative of the forward operator is defined as

81}1-
ov’

where v; is the solution of the following MBVP

DF;h=-D on Ty, (4.11)

—V - (DVv;) + pqv; = V - (hpVu;) — by, i, in Q,
v; + 2AD gui =0, on T'\ Ty, (4.12)
v

v; =0, on I';.

Lemma 4.4. Let h = (hp,h,,) be a pair of bounded function defined in L*(2) x L*(2), hp =
0 on the boundary T', and ® be the log-likelihood function defined in Eq. (2.13). Let p* =
(D*, k) be the extremum point of ®[p]. Then the second Fréchet derivative of ®[p| at p* is

S 2
—3i ov}
Do[p"|n? = / 9 (_pZ%) gr 41
[p] Pt r, F,?[p*] B ’ ( 3)

where v} is the solution of MBVP (4.12) with the optical parameters p*.

Proof. Let
f(t)=®p*+th],  fort~0. (4.14)
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Direct calculations give

az d < / { 1 } d
— f(t = — i———— — 1 p —F;[p* + th|dl
de? © =0 At ; r; I Filp* +th] dt l ) t=0
S 2 S 2
—9gi ( d « i d "
= —— | = Filp" + th]) dr' + / ( = = 1) — Filp* + th] dr
;/n F2p] \dt o ; r, \Fi[p*] de? —o
s N 2
= — | =D dl’ + -1 —=Flp"+1th dr. 4.15
; /IH ‘7:12 [p*] ( ov ; T, ]:'L' [p*] dt2 [p ] t=0 ( )
Since we have
?'[p*] =0, (4.16)
on the extrumum point p* and according to Eq. (3.1), we obtain
9: = Filp*]. (4.17)

Finally we arrive at

@ (t) i/ 9 (o p (4.18)
dt2 t=0 - i=1 I ‘7:12 [p*] 8V ' '

This completes the proof of the lemma. O

It follows from Lemma 4.1 that the fixed point p* of (4.4) is locally attractive provided that
the spectral radius of the differential dgG is strictly less than 1. In the following, we estimate
the spectral radius of dG and give the convergence analysis of the reconstruction method.

Since ®'[p*] = 0, we have

dG[p*] = I +C[p"|D*®[p"]
=Clp*] (C™'p*] + D*®[p*]), (4.19)

where D2®[p*] represents the second Fréchet derivative. According to Lemma 4.2, when C~1[p*]
and —D2?®[p*] are positive definite, C~1[p*] + D?®[p*] is non-negative definite. Consequently,
the spectral radius of dg is strictly less than 1.

Consider the following MBVPs

=V - (DVv;) + pravi = qi, in €, i=1,---,8,
Ov;
”Uz‘JFQADaU =0, onI‘\I‘i, i=1,--- ,S, (4'20)
v
v; =0, on I';. i=1,---,5.

Define linear bounded operators A; : L?(2) — I'; as [20]

81}1-
ov

Let ||A;]| = T;. Let C be the constant that satisfies

Ailgs) = DS (4.21)

|V (eVw)|| < Cllé, Vui||, V&= (&,&) € L2(Q) x L*(Q), £#£0.
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Theorem 4.1. Fori=1,---,5, let gi min = minger, g;(z), p* = (D*, 1) be the pair of optical
parameters in extremum point. The iterative reconstruction method (3.9) is local convergent if
the following properties are satisfied

(bl - gz IIllIlj—ZL Maula (4.22)
= Vu; - Vi 2 g; i T2C?D*Vu; - Vu, (4.23)

where C' and T; are the constants defined above.

Proof. We analyze the convergence of the reconstruction method for absorption and diffusion
coefficients, respectively. For the iteration of absorption coefficient, we have

(=D} ®[p*lé1, 1) 120 = =D}, @p*IET = Z/ TIA2[—&u;)dD > 0, (4.24)

€, Y6 €)oo = /Z lu’w’ Z/ 1¢1§1d >0 (4.25)

where in the second last step we have used the fact ¥ = ¢ at p*. Moreover, we have

<( o 1+ D2 e, 1) L2 (0

fz (/ ulgbl - /F gilA?[uifl]dF>
[, (e ottt

/ sy (ﬁ —g; mmT2ul> dz > 0. (4.26)
Q

a

'E\%ml

1

7

.

1=1

It follows from Lemma 4.2 that the spectral radius of operator dG[p*],, is strictly less than 1.

For the iteration of diffusion coefficient, we have

a

<_D%‘I’[p*]§2,€2>L2(Q) = -Dp® ’52 Z/ 1A2 - (&Vu,)|dT > 0. (4.27)

For:=1,---,5, u; and ¢; are the solution to two different MBVPs with external sources at
different boundary, hence we have Vu; - V¢; < 0. It follows that

(Cp' P12, &2) L2y = /M Z/ Vi W’Zggd >0, (4.28)
and
(Cp' "] + Dp[p])€2: &2) 120
=ZSZ( [T - [ gV @Var)

i

5 Vu; - Vo,
ZZ/Q (%55 JiminT7 (= '(€2VW))2) da
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S
Z / <V“Z VUi Vi _ 9 T2 C2 5V, Vuz> do

s
Z/ €2 (LDW” — g min TP C? VI - Vu,) x> 0. (4.29)
According to Lemma 4.2, the spectral radius of operator dG[p*|p is strictly less than 1. O

Remark 4.1. When the conditions (4.22) and (4.23) in Theorem 4.1 are not satisfied, the local
convergence may be obtained by modifying the boundary conditions (3.2) and (3.3) to

9i
¢i = J—_-Z[p] +C, on F’ia
¢; =1+, on I';.

If the constant c is sufficiently large, the conditions (4.22) and (4.23) still hold.

5. Numerical Example

We use a 3-D numerical experiment to test the performance of the reconstruction algorithm.
The reconstruction is implemented on an IBM laptop T60(Intel (R) Core(TM)2 CPU T7200
2.00GHz with 2.00GB RAM) and the operator system is Ubuntu 7.10 with GNU compiler
GCC4.0. All the elliptic boundary value problems are solved with the finite element package
AFEPack (http://dsec.pku.edu.cn/~rli/software_e.php).

The phantom used here is a cylinder with height 30 mm and radius 15 mm. Inside the
cylinder, there are three cylinders with height 3 mm and radius 5 mm. The center of the three
cylinders are (0,0,6) mm, (0,0,0) mm and (0,0,-6) mm, respectively. The optical parameters of
the phantom are list in Table 5.1. All the optical parameters chosen here are similar to the
optical parameters of mouse’s lung (L), heart (H) and muscle (M) tissues (NIR 500 nm-800

m), respectively [21]. The appearance of the phantom is show in Fig. 5.1.

Assume that the experiment is taken in a black circumstance and no photon travels into
the tissue except for the external sources. We set 40 sources on the side of the cylinder. The
position of the sources on the expanded diagram of cylinder is in Fig. 5.2. The boundary
measurements are assumed to be detected on half of the cylinder’s side opposite to the current
source. Boundary measurements are calculated from Eq. (2.4) and re-sampled in the resolution
of 159 x 101 with a grid size of 0.3 mm. Since the finite element method is used to solve
the forward problem in the experiment, the boundary measurements are corrupted by the
approximation error [22,23] caused by sparse meshes although extra noises are not added.

Table 5.1: Information of the phantom.

. center Ha, s
Region fmm] | fmm =] | mm-]
1(L) (0,0,6) | 0.023 | 2.000
2 (H) (0,0,0) | 0.011 | 1.096
3 (L) (0,0-6) | 0.023 | 2.000
background (M) | (0,0,0) 0.007 1.031
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Fig. 5.1. The numerical phantom. Fig. 5.2. Position of sources.

For the i-th source (i = 1,---,S), the center of the

The phantom is a cylinder of 30 mm height
source is (R cos Yo, Rsin Yo, z), where R is the radius

and 30 mm diameter centered at (0,0,0)

mm. The small cylinders inside the phan- of the cylinder, Jo and 2 satisfy

tom are with the radius 5 mm and are at =12+ 0.6(i — 1),

0,0,6 0,0,0 d (0,0,-6

(77)'mm,(77)mman (77 )mm7 190=7r/12+m0d(1—1,8)71'/4
respectively.

x10
-7

-7.05

-7.1r

-7.15p

Objective Function

Iterations

Fig. 5.3. The value of objective function is plotted against the iterations.

We assume that the internal structure of the phantom is known and the optical parameters
are piecewise constant. The iteration is started with the optical parameters (0.015,0.25)mm™?,
(0.007,0.3211)mm ™! and (0.015,0.25)mm~" in three different regions, respectively. The iter-
ation is set to be a constant. The iterative formulas in (3.9) are for the updating of optical
parameters on different points. With the prior of information of the regions, the reconstruction
procedure is to determine the value of the optical parameters in different regions. During each
iteration, the optical parameters in different regions are updated by integration on the region
and followed by division. To avoid overshooting of optical parameters, we add a constant which
equals to the iteration number plus 1 to the third equation of Egs. (3.2) and (3.3).

The value of objective function in each iteration is shown in Fig. 5.3. The relative error of
the absorption coefficient and diffusion coefficient of the three regions are shown in Fig. 5.4.

From Fig. 5.4, we find that the relative error of the absorption coefficients first decreases
and after several iterations, it begins to increase. For the small cylinder centered at the origin,
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the diffusion coefficient is close to the diffusion coefficient of the background, the relative error
between the two coefficients is less than 7%. It approximates to the computation error of the
underlying PDEs. Hence we can not get a reasonable solution of this region (cf. the second
figure of Fig. 5.4). When the diffusion coefficient is fixed, we only reconstruct the absorption
coefficient. With the same setting of the previous numerical experiment, we get the value of
objective function and the relative error of absorption coefficient in each iteration (see Fig. 5.5).
From Fig. 5.5, we find that the value of objective function and relative error of absorption
coefficient in each iteration is similar in this numerical experiment and the previous one.

The semi-convergence phenomenon [24,25] occurs in both numerical experiments. However,
this phenomenon is not contrary to the convergence of the reconstruction algorithm due to
the initial guess of optical parameters and the non-uniqueness of the problem. To reduce the
semi-convergence behavior, we have to find a proper initial value of the optical parameters and
stopping rule or specify perturbation parameters during iteration. Moreover, the accuracy of
the PDE solvers should be increased so as to obtain reasonable solutions of the DOT. These
will be considered in future works.
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Fig. 5.4. The relative error of absorption and diffusion coefficients plotted against the iteration. Left:
the relative error of absorption coefficient and right: the relative error of diffusion coefficient.
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Fig. 5.5. The value of objective function and the relative error of absorption plotted against the
iteration. Left: the objective function and right: the relative error of absorption coefficient.
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