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Abstract

A combined approximation for a kind of compressible miscible displacement problems

including molecular diffusion and dispersion in porous media is studied. Mixed finite el-

ement method is applied to the flow equation, and the transport one is solved by the

symmetric interior penalty discontinuous Galerkin method (SIPG). To avoid the inconve-

nience of the cut-off operator in [3,21], some induction hypotheses different from the ones

in [6] are used. Based on interpolation projection properties, a priori hp error estimates

are obtained. Comparing with the existing error analysis that only deals with the diffusion

case, the current work is more complicated and more significant.

Mathematics subject classification: 65M12, 65M60.
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1. Introduction

We consider the following single-phase, miscible displacement problem of one compressible

fluid by another in porous media:

d(c)
∂p

∂t
+∇ · uuu = d(c)

∂p

∂t
−∇ · (a(c)∇p) = q, (x, t) ∈ Ω× J, (1.1)

φ
∂c

∂t
+ b(c)

∂p

∂t
+ uuu · ∇c−∇ · (DDD(uuu)∇c) = (ĉ− c)q, (x, t) ∈ Ω× J, (1.2)

uuu · nnn = 0, (x, t) ∈ ∂Ω× J, (1.3)

DDD(uuu)∇c ·nnn = 0, (x, t) ∈ ∂Ω× J, (1.4)

p(x, 0) = p0(x), x ∈ Ω, (1.5)

c(x, 0) = c0(x), x ∈ Ω, (1.6)

where Ω is a polygonal and bounded domain in R
n (n = 1, 2 or 3) with boundary ∂Ω, J = (0, T ],

nnn denotes the unit outward normal vector to ∂Ω; uuu(x, t) represents the Darcy velocity of the

mixture and p(x, t) is the fluid pressure in the fluid mixture; c(x, t) is the solvent concentration

of interested species measured in amount of species per unit volume of the fluid mixture, φ(x)
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is the effective porosity of the medium and is bounded above and below by positive constants,

DDD(uuu) denotes a diffusion or dispersion tensor which has contributions from molecular diffusion

and mechanical dispersion. Moreover,

DDD(uuu) = dmIII + |uuu|
(
αlEEE(uuu) + αt

(
III −EEE(uuu)

))
,

where EEE(uuu) is the tensor that projects onto the uuu direction, whose (i, j) component is

(EEE(uuu))i,j =
uiuj
|uuu|2

;

dm is the molecular diffusivity and is assumed to be strictly positive; αl and αt are the longitu-

dinal and transverse dispersion respectively, and are assumed to be nonnegative. The imposed

external total flow rate q is a sum of sources and sinks. That is to say, q = q+ + q−, where

q+ = max(q, 0) and q− = min(q, 0). q and ∂q
∂t are assumed to be bounded. The notation ĉ is

the specified injected concentration cw at sources if q > 0 and is the resident concentration c

at sinks if q < 0. We assume that p, ∇p, c and ∇c are essentially bounded.

The coefficients a(c), b(c) and d(c) are defined as:

a(c) =
k(x)

µ(c)
, b(c) = φ(x)c1(z1 − z1c1 − z2c2), d(c) = φ(x)(z1c1 + z2c2),

where c = c1 = 1 − c2, µ(c) represents the viscosity, zj denotes the constant compressibility

factor for the jth component (j = 1, 2), k(x) is the permeability of the medium. a(c) and d(c)

have positive lower and upper bounds,

0 < a∗ < a(c) < a∗ and 0 < d∗ < d(c) < d∗,

b(c) is bounded. In addition, ∂a(c)
∂c is uniformly bounded and Lipschitz continuous with respect

to c.

It is well known that the mixed finite element (MFE) method can obtain the same optimal

order of convergence for both the pressure and the Darcy velocity and has been widely used in

the numerical simulation for porous media problems [8–10].

Recently, M. F. Wheeler, B. Rivière and S. Sun have devoted to using discontinuous Galerkin

(DG) solver for problems in porous media [16,20]. V. Dolejsi and M. Feistauer, have investigated

DG approximation for convection-diffusion problems (see [7, 12, 13]). DG methods belong to

a class of non-conforming methods (see [3, 5, 15, 18, 23–25] ) and they solve the differential

equations by piecewise polynomial functions over a finite element space without any requirement

on inter-element continuity – however, continuity on inter-element boundaries together with

boundary conditions is weakly enforced through the bilinear form. DG is very attractive for

practical numerical simulations because of its physical and numerical properties. Firstly, it is

flexible which allows for general non-conforming meshes with variable degrees of approximation.

Secondly, it is locally mass conservative and the average of the trace of the fluxes along an

element edge is continuous. Thirdly, it has less numerical diffusion and can deal with rough

coefficient problems. Finally, it is easier for the hp-adaptivity because the information over cell

boundaries is almost decoupled.

To approximate to the exact solution of (1.1)–(1.6), we shall make use of a combined mixed

finite element and DG method.

Many scholars have contributed to numerical approximations to miscible displacement prob-

lems [4, 14]. Unfortunately, there are very few literature dealing with DG methods. In [21] a
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continuous in time scheme consisting of the mixed finite element and nonsymmetric interior

penalty Galerkin method for the incompressible miscible displacement problem in porous me-

dia was given, and in [22] continuous in time schemes of primal discontinuous Galerkin meth-

ods with interior penalty for the incompressible miscible displacement problem were proposed.

Compressible case was discussed in [3, 6], but only the dispersion-free case (DDD(uuu) = dmIII) is

considered. The authors have derived a priori error of a discontinuous Galerkin approximation

for a kind of compressible miscible displacement problems in [26]. In the current paper, a

priori error estimates of a combined mixed finite element and discontinuous Galerkin method

are given for the completely compressible case with molecular diffusion and dispersion. During

the error analysis, the induction hypotheses are used as tools, instead of the cut-off operator

employed in [3, 21] where it is necessary to choose properly the positive constant appearing in

the operator. Moreover, the induction hypotheses here are different from the ones in [6].

The paper is organized as follows. In Section 2, we introduce the combined mixed finite

element and discontinuous Galerkin method. In Section 3, error estimates are given. Proofs of

the induction hypotheses are presented in Section 4.

2. A Combined MFE/DG Method

2.1. Notations

Let T h be a family of quasi-uniform (which means that the element is convex and that there

exists λ > 0 such that if hE is the diameter of E ∈ Th, then each of the sub-triangles (for n = 2)

or sub-tetrahedra (for n = 3) of element E contains a ball of radius λhE in its interior), and

possibly non-conforming finite element partitions of Ω composed of triangles or quadrilaterals

if n = 2 , or tetrahedra, prisms or hexahedra if n = 3.

Let Γh be the set of all interior edges (for 2 dimensional domain) or faces (for 3 dimensional

domain) for Th. Let nnn be the outward unit normal vector on each edge or face γ ∈ Γh ∪ ∂Ω.

We assume that h = maxE∈Th
hE the maximal element diameter over all elements with the

common edge or face γ ∈ Γh ∪ ∂Ω.

The usual Sobolev inner product (·, ·) and the norm ‖·‖m,Ω on Ω are used. Similar notations

are suitable for the element E and face or edge γ. Specially, ‖ ·‖ stands for ‖ ·‖0,Ω. For the sake

of convenience, the notations dx and dt in
∫
·dx and

∫
·dt are omitted. We use

∫
g · (g = E, γ,Ω)

and
∫ t

0
· to represent the integrals in space

∫
·dx and the time integrals

∫
·dt, respectively.

For s ≥ 0, we define the following broken Sobolev space

Hs(T h) =
{
v ∈ L2(Ω) : v|E ∈ Hs(E), E ∈ T h

}
. (2.1)

Let Ei ∈ Th, Ej ∈ Th and γ = ∂Ei ∩ ∂Ej ∈ Γh with nnn exterior to Ei. For v ∈ Hs(Th), s > 1/2,

the average {v} of v on γ and the jump [v] of v across γ are defined as follows:

{v} =
(v|Ei

)|γ + (v|Ej
)|γ

2
, [v] = (v|Ei

)|γ − (v|Ej
)|γ .

We set the discontinuous finite element space:

Dr(T h) =
{
v ∈ L2(Ω) : v|E ∈ Pr(E), E ∈ T h

}
, (2.2)

where Pr(E) denotes the space of polynomials of total degree less than or equal to r on E.
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Next, define the spaces

V = H(div; Ω) =
{
uuu ∈ (L2(Ω))n, divuuu ∈ L2(Ω)

}
, (2.3)

V 0 =
{
uuu ∈ H(div; Ω),uuu · nnn|∂Ω = 0

}
, (2.4)

W = L2(Ω). (2.5)

Let the approximation subspace Vk(Th)×Wk(Th) of V ×W be the kth (k ≥ 0) order Raviart-

Thomas space (RTk) of the partition Th. We define V 0
k (Th) = Vk(Th) ∩ V

0.

Throughout the paper, we denote by K,Ki(i ∈ N) generic positive constants that are

independent of h, r and k, but might depend on the solution of PDEs. They may take different

values at different occurrences. And ε will denote a fixed positive constant that can be chosen

arbitrary small.

2.2. The continuous in time scheme

For ∀ψ ∈ Dr(Th), we define the bilinear form B(uuu; c, ψ) and the linear functional L(c, ψ):

B(uuu; c, ψ) =
∑

E∈T h

∫

E

DDD(uuu)∇c · ∇ψ −
∑

γ∈Γh

∫

γ

{DDD(uuu)∇c ·nnn}[ψ]

−
∑

γ∈Γh

∫

γ

{DDD(uuu)∇ψ ·nnn}[c] +
∑

E∈Th

∫

E

(uuu · ∇c)ψ + Jσ
0 (c, ψ),

L(c, ψ) =

∫

Ω

(ĉ− c)qψ. (2.6)

where hγ denotes the size of γ,

Jσ
0 (c, ψ) =

∑

γ∈Γh

r2σγ
hγ

∫

γ

[c][ψ]

is the interior penalty term. σ is a discrete positive function that takes constant value σγ on

the edge or face γ, and is bounded below by σ∗ > 0 and above by σ∗.

The continuous in time numerical scheme–MFE/DG approximation to the solution of the

equations (1.1)-(1.6) which solves the flow equation by the mixed finite element method and the

concentration equation by SIPG, a primal discontinuous Galerkin method, is written: Finding

UUU ∈ L∞(J ;V 0
k (T h)), P ∈ L∞(J ;Wk(T h)) and C ∈ L∞(J ;Dr(T h)) s.t.

(
d(C)

∂P

∂t
, w
)
+ (∇ ·UUU,w) = (q, w), ∀w ∈Wk(T h), (2.7)

(α(C)UUU,vvv)− (∇ · vvv, P ) = 0, ∀vvv ∈ V 0
k (T h), (2.8)

(
φ
∂C

∂t
, ψ
)
+
(
b(C)

∂P

∂t
, ψ
)
+B(UUU ;C,ψ) = L(C,ψ), ∀ψ ∈ Dr(T h), (2.9)

with initial values C(x, 0) = c̃0 and UUU(x, 0) = UUU0 which satisfies

(α(c)UUU 0, vvv)− (∇ · vvv, p̃0) = 0, ∀vvv ∈ V 0
k (T h),

where α(c) = 1/a(c), c̃0 and p̃0 are the interpolant of c0 and p0, respectively.
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3. Error Estimates for the Combined MFE/DG Approximation

3.1. Interpolation projections and induction hypotheses

We define the interpolants ũuu and p̃ of functions uuu and p as follows:

(
d(c)

∂p

∂t
, w
)
+ (∇ · ũuu, w) = (q, w), ∀w ∈ Wk(T h), (3.1)

(α(c)ũuu,vvv)− (∇ · vvv, p̃) = 0, ∀vvv ∈ V 0
k (T h), (3.2)

(p̃, 1) = (p, 1). (3.3)

Let ρρρ = uuu− ũuu, σσσ = ũuu−UUU , η = p− p̃, π = p̃−P and assume that σσσ(0) = 0, π(0) = 0. Following

the method in [10], we easily find that the following projection error equations

(∇ · ρρρ, w) = 0, ∀w ∈Wk(T h),

(α(c)ρρρ,vvv)− (∇ · vvv, η) = 0, ∀vvv ∈ V 0
k (T h),

and

(
∇ ·

∂ρρρ

∂t
, w
)
= 0, ∀w ∈Wk(T h),

(
α(c)

∂ρρρ

∂t
,vvv
)
− (∇ · vvv,

∂η

∂t
) = −

(
∂α(c)

∂c

∂c

∂t
ρρρ, v

)
, ∀vvv ∈ V 0

k (T h)

are satisfied. For ρρρ and η, we have

‖ρρρ‖+ ‖η‖ ≤ K
∑

E∈T h

h
min(k+1,ωE−1)
E

kωE−1/2
‖p‖ωE,E , (3.4)

‖
∂ρρρ

∂t
‖+ ‖

∂η

∂t
‖ ≤ K

∑

E∈T h

h
min(k+1,ωE−1)
E

kωE−1/2

(
‖p‖ωE,E + ‖

∂p

∂t
‖ωE ,E

)
, (3.5)

where k is the order of the RTk spaces. Because ‖ρρρ‖H(div;Ω) does not appear in the following

estimates and the L2 norm estimates instead of the H(div; Ω) norm ones are needed, we lower

the regularity of p (from k + 3 to k + 2, i.e. ωE can be k + 2).

In order to estimate the error of the transport equation, the following known hp ap-

proximation results [1, 2, 6] are used. For E ∈ T h, w ∈ Hλ(T h), there exists a sequence

zhr ∈ Pr(E), r = 1, 2, · · · (where Pr(E) denotes the polynomial of degree less than or equal

to r on E), and there exists a constant K depending on λ but independent of w, r, hE , such

that for 0 ≤ q ≤ λ and µ = min(r + 1, λ),

||w − zhr ||q,E ≤ K
hµ−q
E

rs−q
||w||λ,E , λ ≥ 0, (3.6)

||w − zhr ||δ,∂E ≤ K
h
µ−δ−1/2
E

rλ−δ−1/2
||w||λ,E , λ >

1

2
+ δ, δ = 0, 1. (3.7)

In our work, we will use the above estimates for q = 1 and q = 2. At the same time, the hp

approximation results for the function w being the function which is the derivative with respect

to the time variable t.

Let c̃ be the interpolant of c, satisfying the above optimal hp approximation properties. Let

ζ = c− c̃ and ξ = c̃− C and we assume that ξ(0) = 0.
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During the analysis, the induction hypotheses are needed, which can be proved in section 4.

h−n/2‖σσσ‖ → 0, if h→ 0, (3.8)

h−n/2‖
∂σσσ

∂t
‖L2(L2(Ω)) → 0, if h→ 0. (3.9)

Also, we shall make use of the following trace inequalities and inverse inequalities [18, 19].

Lemma 3.1. For ∀v ∈ H1(E), we have

‖v‖20,∂E ≤ K
(
h−1
E ‖v‖20,E + hE|v|

2
1,E

)
,

‖∇v · nnn‖20,∂E ≤ K
(
h−1
E ‖∇v‖20,E + ‖∇v‖0,E‖∇

2v‖0,E

)
,

where nnn is the unit normal vector on an edge or face ∂E of E.

Lemma 3.2. Let χ be a polynomial of degree r on the element E. Then,

‖χ‖0,∂E ≤ Krh
−1/2
E ‖χ‖0,E,

‖∇χ · nnn‖0,∂E ≤ Krh
−1/2
E ‖∇χ‖0,E,

where nnn is the unit normal vector on an edge or face ∂E of E.

3.2. A priori error estimate for the flow equation

Subtracting (2.7)-(2.8) from (3.1)-(3.2) respectively, we get

(
d(C)

∂π

∂t
, w
)
+ (∇ · σσσ,w) =

((
d(C) − d(c)

)∂p̃
∂t
, w
)
−
(
d(c)

∂η

∂t
, w
)
, ∀w ∈Wk(T h), (3.10)

(
α(C)σσσ,vvv

)
− (∇ · vvv, π) =

((
α(C)− α(c)

)
ũuu,vvv
)
, ∀ vvv ∈ V 0

k (T h). (3.11)

Taking w = ∂π
∂t in (3.10) leads to

(
d(C)

∂π

∂t
,
∂π

∂t

)
+ (∇ · σσσ,

∂π

∂t

)
=
((
d(C)− d(c)

)∂p̃
∂t
,
∂π

∂t

)
−
(
d(c)

∂η

∂t
,
∂π

∂t

)
. (3.12)

By differentiating (3.11) with respect to the time variable t and choosing vvv = σσσ, we have

(∂(α(C)σσσ)
∂t

,σσσ
)
− (∇ · σσσ,

∂π

∂t
) =

( ∂
∂t

((
α(C) − α(c)

)
ũuu
)
,σσσ
)
. (3.13)

Recall that
( ∂
∂t

(
α(C)σσσ

)
,σσσ
)
=

1

2

d

dt

(
α(C)σσσ,σσσ

)
+

1

2

(∂α(C)
∂C

∂C

∂t
σσσ,σσσ

)
.

Substitute the above equality into (3.13) to obtain

1

2

d

dt

(
α(C)σσσ,σσσ

)
− (∇ · σσσ,

∂π

∂t
) =

( ∂
∂t

((
α(C)− α(c)

)
ũuu
)
,σσσ
)
−

1

2

(∂α(C)
∂C

∂C

∂t
σσσ,σσσ

)
. (3.14)

Adding (3.12) and (3.14), we see that

(
d(C)

∂π

∂t
,
∂π

∂t

)
+

1

2

d

dt

(
α(C)σσσ,σσσ

)

=
((
d(C) − d(c)

)∂p̃
∂t
,
∂π

∂t

)
−
(
d(c)

∂η

∂t
,
∂π

∂t

)
+
( ∂
∂t

((
α(C)− α(c)

)
ũuu
)
,σσσ
)
−

1

2

(∂α(C)
∂C

∂C

∂t
σσσ,σσσ

)
.
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Next, we shall bound the right hand side of the above equation by virtue of Cauchy-Schwartz

inequality, Cauchy’s inequality with ε, the boundedness of p, the assumption of a(c), and the

induction hypothesis (3.8).

∣∣∣
((
d(C)− d(c)

)∂p̃
∂t
,
∂π

∂t

)∣∣∣ ≤ ε
∥∥∥∂π
∂t

∥∥∥
2

+K
(
||ζ||2 + ||ξ||2

)
,

∣∣∣
(
d(c)

∂η

∂t
,
∂π

∂t

)∣∣∣ ≤ ε
∥∥∥∂π
∂t

∥∥∥
2

+K
∥∥∥∂η
∂t

∥∥∥
2

.

Note that ‖∂ũuu
∂t ‖∞ is bounded [10]. So,

∣∣∣
( ∂
∂t

((
α(C) − α(c)

)
ũuu
)
,σσσ
)∣∣∣ ≤

∣∣∣
(
ũuu
(∂α(C)
∂C

∂C

∂t
−
∂α(c)

∂c

∂c

∂t

)
+
(
α(C) − α(c)

)∂ũuu
∂t
,σσσ
)∣∣∣

≤
ε

2

∣∣∣
∣∣∣∂ξ
∂t

∣∣∣
∣∣∣
2

+K
(∣∣∣
∣∣∣∂ζ
∂t

∣∣∣
∣∣∣
2

+ ||ζ||2 + ||ξ||2 + ‖σσσ‖2
)
.

If h is sufficiently small, by using the induction hypothesis (3.8), we have

∣∣∣
(∂α(C)

∂C

∂C

∂t
σσσ,σσσ

)∣∣∣ =
∣∣∣
(∂α(C)

∂C

∂c̃

∂t
σσσ,σσσ

)
−
(∂α(C)

∂C

∂ξ

∂t
σσσ,σσσ

)∣∣∣

≤K‖σσσ‖2 +Kh−n/2
∣∣∣
∣∣∣∂ξ
∂t

∣∣∣
∣∣∣ · ‖σσσ‖2 ≤

ε

2

∣∣∣
∣∣∣∂ξ
∂t

∣∣∣
∣∣∣
2

+K‖σσσ‖2.

Note that σ(·, 0) = 0. Collecting the above bounds and integrating with respect to t yields
∫ t

0

∥

∥

∥

∂π

∂t

∥

∥

∥

2

+
∥

∥σσσ
∥

∥

2
(t) ≤ ε

∫ t

0

∣

∣

∣

∣

∣

∣

∂ξ

∂t

∣

∣

∣

∣

∣

∣

2

+K

∫ t

0

(∣

∣

∣

∣

∣

∣

∂ζ

∂t

∣

∣

∣

∣

∣

∣

2

+
∣

∣

∣

∣

∣

∣

∂η

∂t

∣

∣

∣

∣

∣

∣

2

+ ||ζ||2 + ||ξ||2 + ‖σσσ‖2
)

. (3.15)

3.3. A priori error estimate for the transport equation

Let (p,uuu, c) be the solution of (1.1)-(1.6). They satisfy the following weak formulation in

the discontinuous finite element space Dr(T h):

(
φ
∂c

∂t
, ψ
)
+
(
b(c)

∂p

∂t
, ψ
)
+B(uuu; c, ψ) = L(c, ψ), ∀ψ ∈ Dr(T h), t ∈ J. (3.16)

Note that [10]

(ĉ− c)− (Ĉ − C) =

{
−(ζ + ξ), if q > 0,

0, if q < 0.

Subtract (2.9) from (3.16) to get

(
φ
∂
(
ζ + ξ

)

∂t
, ψ
)
+
((
b(c)− b(C)

)∂p
∂t
, ψ
)
+
(
b(C)

∂(η + π)

∂t
, ψ
)

+
∑

E∈T h

∫

E

(
DDD(uuu)−DDD(UUU)

)
∇c · ∇ψ −

∑

γ∈Γh

∫

γ

{
(
DDD(uuu)−DDD(UUU)

)
∇c · nnn}[ψ]

−
∑

γ∈Γh

∫

γ

{
(
DDD(uuu)−DDD(UUU)

)
∇ψ · nnn}[c] +

∑

E∈T h

∫

E

(uuu · ∇c−UUU · ∇C)ψ

+
∑

γ∈Γh

r2σγ
hγ

∫

γ

[c− C][c− C][ψ] +
∑

E∈T h

∫

E

DDD(UUU)∇(ζ + ξ) · ∇ψ

−
∑

γ∈Γh

∫

γ

{DDD(UUU)∇(ζ + ξ) ·nnn}[ψ]−
∑

γ∈Γh

∫

γ

{DDD(UUU)∇ψ · nnn}[ζ + ξ]
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=−

∫

Ω

(
ζ + ξ

)
q+ψ, ∀ψ ∈ Dr(T h), t ∈ J.

Taking ψ = ∂ξ
∂t in the above equation, we have

(
φ
∂ξ

∂t
,
∂ξ

∂t

)
+
∑

E∈T h

∫

E

DDD(UUU)∇ξ · ∇
∂ξ

∂t
+

1

2

d

dt

(∫

Ω

q+ξ2 + Jσ
0 (ξ, ξ)

)

=−
(
φ
∂ζ

∂t
,
∂ξ

∂t

)
+
((
b(C)− b(c)

)∂p
∂t
,
∂ξ

∂t

)
−
(
b(C)

∂η

∂t
,
∂ξ

∂t

)
−
(
b(C)

∂π

∂t
,
∂ξ

∂t

)

+
∑

γ∈Γh

∫

γ

{(
DDD(uuu)−DDD(UUU)

)
∇c ·nnn

}
[
∂ξ

∂t
]−

∑

E∈T h

∫

E

(
DDD(uuu)−DDD(UUU)

)
∇c · ∇

∂ξ

∂t

+
∑

γ∈Γh

∫

γ

{(
DDD(uuu)−DDD(UUU)

)
∇
∂ξ

∂t
· nnn

}
[c]−

∑

E∈T h

∫

E

(ρρρ+ σσσ) · ∇c
∂ξ

∂t

−
∑

E∈T h

∫

E

UUU · ∇(ζ + ξ)
∂ξ

∂t
−
∑

E∈T h

∫

E

DDD(UUU)∇ζ · ∇
∂ξ

∂t
+
∑

γ∈Γh

∫

γ

{DDD(UUU)∇(ζ + ξ) · nnn}

[
∂ξ

∂t

]

− Jσ
0

(
ζ,
∂ξ

∂t

)
+
∑

γ∈Γh

∫

γ

{
DDD(UUU)∇

∂ξ

∂t
· nnn

}
[ζ + ξ]−

∫

Ω

ζq+
∂ξ

∂t
+

1

2

∫

Ω

∂q+

∂t
ξ2

≡

15∑

i=1

Ti, ∀ψ ∈ Dr(T h), t ∈ J, (3.17)

where we have used the following equalities

∫

Ω

q+ξ
∂ξ

∂t
=

1

2

d

dt

∫

Ω

q+ξ2 −
1

2

∫

Ω

∂q+

∂t
ξ2,

∑

γ∈Γh

∫

γ

r2γσγ

hγ
[ξ]

[
∂ξ

∂t

]
=

1

2

d

dt

( ∑

γ∈Γh

∫

γ

r2γσγ

hγ
[ξ][ξ]

)
=

1

2

d

dt
Jσ
0 (ξ, ξ),

uuu · ∇c−UUU · ∇C = (uuu −UUU) · ∇c+UUU · ∇(c− C) = (ρρρ+ σσσ) · ∇c+UUU · ∇(ζ + ξ).

Note that

‖UUU‖∞ ≤ ‖ũuu‖∞ + ‖σσσ‖∞ ≤ ‖ũuu‖∞ +Kh−n/2‖σσσ‖, (3.18)

‖
∂UUU

∂t
‖L2(L∞(Ω)) ≤

∥∥∥∥
∂ũuu

∂t

∥∥∥∥
L2(L∞(Ω))

+Kh−n/2

∥∥∥∥
∂σσσ

∂t

∥∥∥∥
L2(L2(Ω))

, (3.19)

where the inverse inequality ‖vvv‖∞ ≤ Kh−n/2‖vvv‖, ∀vvv ∈ Vk is used. Due to the induction

hypotheses (3.8) and (3.9), when h is chosen to be sufficiently small, both the second item in

(3.18) and the second item in (3.19) tend to zero. Furthermore, according to [10], ‖ũuu‖∞ and

‖∂ũuu
∂t ‖L2(L∞(Ω)) are bounded. Therefore,

‖UUU‖∞ ≤M,

∥∥∥∥
∂UUU

∂t

∥∥∥∥
L2(L∞(Ω))

≤M,

where M is some positive constant. Note that uuu−UUU = ρρρ+ σσσ. It is obvious that

‖uuu−UUU‖ ≤ ‖ρρρ‖+ ‖σσσ‖, (3.20)∥∥∥∥
∂(uuu−UUU)

∂t

∥∥∥∥ ≤

∥∥∥∥
∂ρρρ

∂t

∥∥∥∥+
∥∥∥∥
∂σσσ

∂t

∥∥∥∥ . (3.21)
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Next, let us bound the terms Ti, i = 1, · · · , 15. By virtue of Cauchy-Schwartz inequality,

we obtain

|T1| ≤ ε
∣∣∣
∣∣∣∂ξ
∂t

∣∣∣
∣∣∣
2

+K
∣∣∣
∣∣∣∂ζ
∂t

∣∣∣
∣∣∣
2

,

|T2| ≤ ε
∣∣∣
∣∣∣∂ξ
∂t

∣∣∣
∣∣∣
2

+K
(
||ζ||2 + ||ξ||2

)
,

|T3| ≤ ε
∣∣∣
∣∣∣∂ξ
∂t

∣∣∣
∣∣∣
2

+K
∣∣∣
∣∣∣∂η
∂t

∣∣∣
∣∣∣
2

,

|T4| ≤ ε
∣∣∣
∣∣∣∂ξ
∂t

∣∣∣
∣∣∣
2

+K2

∣∣∣
∣∣∣∂π
∂t

∣∣∣
∣∣∣
2

,

|T8| ≤ ε
∣∣∣
∣∣∣∂ξ
∂t

∣∣∣
∣∣∣
2

+K
(
‖ρρρ‖2 + ‖σσσ‖2

)
,

|T9| ≤ ε
∣∣∣
∣∣∣∂ξ
∂t

∣∣∣
∣∣∣
2

+K
(
||∇ζ||2 + ||∇ξ||2

)
,

|T14| ≤ ε
∣∣∣
∣∣∣∂ξ
∂t

∣∣∣
∣∣∣
2

+K||ζ||2, |T15| ≤ K||ξ||2.

Recall that

|DDD(UUU)| ≤ dm +max(αl, αt)|UUU | ≤M

according to the definition of DDD(uuu). By reason of the setting ξ(x, 0) = 0, integrate T10 with

respect to t and apply integration by parts to get
∣∣∣∣
∫ t

0

T10

∣∣∣∣ =
∣∣∣∣∣

∫ t

0

∑

E∈T h

∫

E

DDD(UUU)∇ζ · ∇
∂ξ

∂t

∣∣∣∣∣

≤

∣∣∣∣∣
∑

E∈T h

∫

E

DDD(UUU)∇ζ · ∇ξ(t)

∣∣∣∣∣ +
∣∣∣∣∣

∫ t

0

∑

E∈T h

∫

E

DDD(UUU)∇ξ · ∇
∂ζ

∂t

∣∣∣∣∣+
∣∣∣∣∣

∫ t

0

∑

E∈T h

∫

E

∂DDD(UUU)

∂t
∇ξ · ∇ζ

∣∣∣∣∣

≤ε
∑

E∈T h

∫

E

|∇ξ|2(t) +K
∑

E∈T h

∫

E

|∇ζ|2(t) +K

∫ t

0

∑

E∈T h

∫

E

|∇ξ|2

+K

∫ t

0

∑

E∈T h

∫

E

∣∣∇∂ζ

∂t

∣∣2 +K

∫ t

0

‖UUU‖∞‖
∂UUU

∂t
‖∞‖∇ξ‖ · ‖∇ζ‖

≤K

∫ t

0

(
||∇ξ||2 + ||∇ζ||2

)
.

For T11–T13, by virtue of integration by parts, Cauchy-Schwartz inequality, boundedness of

σ−1
γ and the inverse inequalities in Lemma 3.2, we obtain

∣∣∣∣
∫ t

0

(T11 + T13)

∣∣∣∣

=

∣∣∣∣∣∣

∫ t

0

∑

γ∈Γh

∫

γ

{DDD(UUU)∇(ζ + ξ) · nnn}

[
∂ξ

∂t

]
+

∫ t

0

∑

γ∈Γh

∫

γ

{
DDD(UUU)∇

∂ξ

∂t
· nnn

}
[ζ + ξ]

∣∣∣∣∣∣

≤

∣∣∣∣∣∣

∑

γ∈Γh

∫

γ

{DDD(UUU)∇ζ · nnn}
[
ξ
]
(t)

∣∣∣∣∣∣
+

∣∣∣∣∣∣

∫ t

0

∑

γ∈Γh

∫

γ

{
DDD(UUU)∇

∂ζ

∂t
· nnn

}[
ξ
]
∣∣∣∣∣∣

+

∣∣∣∣∣∣

∫ t

0

∑

γ∈Γh

∫

γ

{
∂DDD(UUU)

∂t
∇ζ · nnn

} [
ξ
]
∣∣∣∣∣∣
+

∣∣∣∣∣∣

∑

γ∈Γh

∫

γ

{DDD(UUU)∇ξ ·nnn}[ζ](t)

∣∣∣∣∣∣
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+

∣∣∣∣∣∣

∫ t

0

∑

γ∈Γh

∫

γ

{DDD(UUU)∇ξ · nnn}

[
∂ζ

∂t

]∣∣∣∣∣∣
+

∣∣∣∣∣∣

∫ t

0

∑

γ∈Γh

∫

γ

{
∂DDD(UUU)

∂t
∇ξ · nnn

}[
ζ
]
∣∣∣∣∣∣

+

∣∣∣∣∣∣

∑

γ∈Γh

∫

γ

{DDD(UUU)∇ξ · nnn}[ξ](t)

∣∣∣∣∣∣
+

∣∣∣∣∣∣

∫ t

0

∑

γ∈Γh

∫

γ

{
∂DDD(UUU)

∂t
∇ξ ·nnn

}
[ξ]

∣∣∣∣∣∣

≡

8∑

i=1

F1i.

Note that

F11 ≤K
∑

γ∈Γh

∫

γ

(
r2σγ
hγ

)−1

{∇ζ · nnn}2(t) + ε
∑

γ∈Γh

∫

γ

r2σγ
hγ

[ξ]2(t)

≤K
∑

γ∈Γh

r−2hγ
∥∥∇ζ · nnn

∥∥2
0,γ

(t) + εJσ
0 (ξ, ξ)(t),

F12 ≤K

∫ t

0

∑

γ∈Γh

∫

γ

(
r2σγ
hγ

)−1{
∇
∂ζ

∂t
·nnn

}2

+K

∫ t

0

∑

γ∈Γh

∫

γ

r2σγ
hγ

[ξ]2

≤K

∫ t

0

∑

γ∈Γh

r−2hγ

∥∥∥∥∇
∂ζ

∂t
· nnn

∥∥∥∥
2

0,γ

+K

∫ t

0

Jσ
0 (ξ, ξ),

F13 ≤K

∫ t

0

‖UUU‖∞

∥∥∥∥
∂UUU

∂t

∥∥∥∥
∞

∑

γ∈Γh

∫

γ

∣∣∣{∇ζ · nnn}
[
ξ
]∣∣∣

≤K

∫ t

0

∑

γ∈Γh

∫

γ

(
r2σγ
hγ

)−1

{∇ζ · nnn}2 +K

∫ t

0

∑

γ∈Γh

∫

γ

r2σγ
hγ

[ξ]2

≤K

∫ t

0

∑

γ∈Γh

r−2hγ
∥∥∇ζ · nnn

∥∥2
0,γ

+K

∫ t

0

Jσ
0 (ξ, ξ),

F14 ≤K
∑

γ∈Γh

∫

γ

(
r2σγ
hγ

)−1

{∇ξ · nnn}2(t) +K
∑

γ∈Γh

∫

γ

r2σγ
hγ

[ζ]2(t)

≤K1(min
γ∈Γh

σγ)
−1

∑

E∈T h

∫

E

|∇ξ|2(t) +K
∑

γ∈Γh

r2

hγ

∥∥[ζ]
∥∥2
0,γ

(t),

F15 ≤K

∫ t

0

∑

γ∈Γh

∫

γ

(
r2σγ
hγ

)−1

{∇ξ · nnn}2 +K

∫ t

0

∑

γ∈Γh

∫

γ

r2σγ
hγ

[
∂ζ

∂t

]2

≤K

∫ t

0

∑

E∈T h

∫

E

|∇ξ|2 +K

∫ t

0

∑

γ∈Γh

r2

hγ

∥∥∥∥
[
∂ζ

∂t

]∥∥∥∥
2

0,γ

,

F16 ≤K

∫ t

0

‖UUU‖∞

∥∥∥∥
∂UUU

∂t

∥∥∥∥
∞

∑

γ∈Γh

∫

γ

{∇ξ ·nnn}
[
ζ
]∣∣∣

≤K

∫ t

0

∑

γ∈Γh

∫

γ

(
r2σγ
hγ

)−1

{∇ξ · nnn}2 +K

∫ t

0

∑

γ∈Γh

∫

γ

r2σγ
hγ

[ζ]2

≤K(min
γ∈Γh

σγ)
−1

∫ t

0

∑

E∈T h

∫

E

|∇ξ|2 +K

∫ t

0

∑

γ∈Γh

r2

hγ

∥∥[ζ]
∥∥2
0,γ
,
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F17 ≤K
∑

γ∈Γh

∫

γ

(
r2σγ
hγ

)−1

{∇ξ · nnn}2(t) + ε
∑

γ∈Γh

∫

γ

r2σγ
hγ

[ξ]2(t)

≤K1(min
γ∈Γh

σγ)
−1

∑

E∈T h

∫

E

|∇ξ|2(t) + εJσ
0 (ξ, ξ)(t),

F18 ≤K

∫ t

0

‖UUU‖∞

∥∥∥∥
∂UUU

∂t

∥∥∥∥
∞

∑

γ∈Γh

∫

γ

{∇ξ · nnn}
[
ξ
]∣∣∣

≤K(min
γ∈Γh

σγ)
−1

∫ t

0

∑

E∈T h

∫

E

|∇ξ|2 +K

∫ t

0

Jσ
0 (ξ, ξ).

Integrating T12 by parts with respect to the time variable t, we see that

∣∣∣
∫ t

0

T12

∣∣∣ =
∣∣∣
∑

γ∈Γh

r2σγ
hγ

∫

γ

[ζ][ξ](t) −

∫ t

0

∑

γ∈Γh

r2σγ
hγ

∫

γ

[∂ζ
∂t

]
[ξ]
∣∣∣

≤εJσ
0 (ξ, ξ)(t) +K

∑

γ∈Γh

r2

hγ
‖[ζ]‖20,γ(t)

+K

∫ t

0

Jσ
0 (ξ, ξ) +K

∫ t

0

∑

γ∈Γh

r2

hγ

(
∥∥[ζ]

∥∥2
0,γ

+

∥∥∥∥
[
∂ζ

∂t

]∥∥∥∥
2

0,γ

)
.

Noting that [c] = 0, we find T7 = 0. It remains to estimate the terms T5–T6. Apply the

integration by parts to get

T5 + T6 =
d

dt

∑

γ∈Γh

∫

γ

{
(
DDD(uuu)−DDD(UUU)

)
∇c · nnn}[ξ]−

∑

γ∈Γh

∫

γ

{
(
DDD(uuu)−DDD(UUU)

)
∇
∂c

∂t
· nnn}[ξ]

−
∑

γ∈Γh

∫

γ

{
∂

∂t

(
DDD(uuu)−DDD(UUU)

)
∇c · nnn}[ξ] +

( ∂
∂t

(
DDD(uuu)−DDD(UUU)

)
∇c,∇ξ

)

−
d

dt

((
DDD(uuu)−DDD(UUU)

)
∇c,∇ξ

)
+
((
DDD(uuu)−DDD(UUU)

)
∇
∂c

∂t
,∇ξ

)

≡

6∑

i=1

Ii,

According to the definition of DDD(uuu), Cauchy-Schwartz inequality with ε, Lemma 3.2 and inte-

grating I1, I2, I5, I6 with respect to t yields

∫ t

0

|I1| ≤K
∑

γ∈Γh

∫

γ

(
(
r2σγ
hγ

)−1
∥∥uuu−UUU

∥∥(t) + r2σγ
hγ

[ξ]2(t)
)

≤K1σ
−1
γ (‖ρρρ‖2(t) + ‖σσσ‖2(t)) + εJσ

0 (ξ, ξ)(t),∫ t

0

|I2| ≤K

∫ t

0

‖∇
∂c

∂t
‖∞

∑

γ∈Γh

∥∥uuu−UUU
∥∥ · ‖[ξ]‖

≤Kσ−1
γ

∫ t

0

(‖ρρρ‖2 + ‖σσσ‖2) +K

∫ t

0

Jσ
0 (ξ, ξ),

∫ t

0

|I5| ≤K
∥∥uuu−UUU

∥∥ · ‖∇c‖∞ · ‖∇ξ‖(t)

≤K2(‖ρρρ‖
2(t) + ‖σσσ‖2(t)) + ε

∥∥∇ξ
∥∥2(t),
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∫ t

0

|I6| ≤K

∫ t

0

∥∥uuu−UUU
∥∥ · ‖∇∂c

∂t
‖∞ · ‖∇ξ‖

≤K

∫ t

0

(‖ρρρ‖2 + ‖σσσ‖2) +K

∫ t

0

∣∣∣∣∇ξ
∣∣∣∣2.

For I3 and I4, we have

∫ t

0

|I3| ≤K
∑

γ∈Γh

(∥∥∥∥
∂

∂t

(
uuu−UUU

)∥∥∥∥
L2(L2(γ))

+ ‖uuu−UUU‖L∞(L2(γ))‖UUU‖L∞(L∞(γ))

∥∥∥∥
∂UUU

∂t

∥∥∥∥
L2(L∞(γ))

)

· ‖∇c‖L∞(L∞(Ω)) ·
∑

γ∈Γh

‖[ξ]‖L2(L2(γ))

≤K

∫ t

0

Jσ
0 (ξ, ξ) +K

∑

E∈T h

h
2min(k+1,ωE−1)
E

k2ωE−1

(
‖p‖ωE,E +

∥∥∥∥
∂p

∂t

∥∥∥∥
ωE ,E

)2

,

∫ t

0

|I4| ≤K

(∥∥∥∥
∂

∂t

(
uuu−UUU

)∥∥∥∥
L2(L2(Ω))

+ ‖uuu−UUU‖L∞(L2(Ω))‖UUU‖L2(L∞(Ω))

∥∥∥∥
∂UUU

∂t

∥∥∥∥
L2(L∞(Ω))

)

· ‖∇c‖L∞(L∞(Ω)) · ‖∇ξ‖L2(L2(Ω))

≤K

∫ t

0

∣∣∣∣∇ξ
∣∣∣∣2 +K

∑

E∈T h

h
2min(k+1,ωE−1)
E

k2ωE−1

(
‖p‖ωE,E + ‖

∂p

∂t
‖ωE,E

)2
,

where Cauchy-Schwartz inequality, the estimates (3.4)-(3.5), (3.20)-(3.21), and the induction

hypotheses (3.8)-(3.9) are used.

Recalling that ξ(x, 0) = 0, we have

∫ t

0

∑

E∈T h

∫

E

DDD(UUU)∇ξ · ∇
∂ξ

∂t
=

1

2

∑

E∈T h

∫

E

DDD(UUU)∇ξ · ∇ξ(t)−

∫ t

0

∑

E∈T h

∫

E

∂DDD(UUU)

∂t
∇ξ · ∇ξ.

Using the definition of DDD(uuu), we have

∑

E∈T h

∫

E

DDD(UUU)∇ξ · ∇ξ(t) ≥ (dm + αt|UUU |)
∑

E∈T h

∫

E

|∇ξ|2(t),

∣∣∣
∫ t

0

∑

E∈T h

∫

E

∂DDD(UUU)

∂t
∇ξ · ∇ξ

∣∣∣ ≤
∫ t

0

‖UUU‖∞‖
∂UUU

∂t
‖∞

∑

E∈T h

∫

E

∣∣∣∇ξ · ∇ξ
∣∣∣ ≤ K

∫ t

0

||∇ξ||2.

Let σγ be large enough, so that 4K1 ≤ minγ∈Γh
σγ . Integrating with respect to t for (3.17) and

combining all the above inequalities, we deduce the following estimation

∫ t

0

∣∣∣
∣∣∣∂ξ
∂t

∣∣∣
∣∣∣
2

+ ||∇ξ||2(t) + ||ξ||2(t) + Jσ
0 (ξ, ξ)(t)

≤K2

∫ t

0

∣∣∣
∣∣∣∂π
∂t

∣∣∣
∣∣∣
2

+K

∫ t

0

(
∥∥ρρρ
∥∥2 +

∥∥σσσ
∥∥2 +

∣∣∣∣ζ
∣∣∣∣2 +

∣∣∣∣ξ
∣∣∣∣2 +

∣∣∣∣∇ζ
∣∣∣∣2 +

∣∣∣∣∇ξ
∣∣∣∣2 +

∥∥∥∥
∂ζ

∂t

∥∥∥∥
2

+

∥∥∥∥
∂η

∂t

∥∥∥∥
2

+

∥∥∥∥∇
∂ζ

∂t

∥∥∥∥
2
)

+K‖∇ζ‖2(t) +

(
K2 +

1

4

)
(‖ρρρ‖2(t) + ‖σσσ‖2(t))

+K

∫ t

0

Jσ
0 (ξ, ξ) +K

∫ t

0

∑

γ∈Γh

(
hγ
r2

)(∥∥∥∥∇ζ · nnn
∥∥2
0,γ

+
∥∥∇∂ζ

∂t
· nnn

∥∥∥∥
2

0,γ

)
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+K
∑

γ∈Γh

(
hγ
r2

‖∇ζ · nnn‖20,γ(t) +
r2

hγ

∥∥[ζ]
∥∥2
0,γ

(t)

)
+K

∫ t

0

∑

γ∈Γh

r2

hγ

(
∥∥[ζ]

∥∥2
0,γ

+

∥∥∥∥
[
∂ζ

∂t

]∥∥∥∥
2

0,γ

)

+K
∑

E∈T h

h
2min(k+1,ωE−1)
E

k2ωE−1

(
‖p‖ωE,E +

∥∥∥∥
∂p

∂t

∥∥∥∥
ωE,E

)2

. (3.22)

3.4. A priori error estimate for the coupled system

We shall state and prove the final result, which estimates the coupled system of flow and

transport.

Theorem 3.1. Let the integers λ, µ and ω be the regularity orders of functions c, ∂c
∂t and p

and they take values λE , µE and ωE on element E, respectively. The integer rE denotes the

order of discontinuous finite element space for c on element E and k is the order of RTk space.

We assume that

h
min(rE ,λE−1,µE−1,ωE−1,k+1)
E = o(hn/2), ∀E ∈ T h. (3.23)

Let (p,uuu, c) be the solution of (1.1)-(1.6), which satisfy the following regularity requirements:

p ∈ L2(J ;Hω(T h)),
∂p

∂t
∈ L2(J ;Hω(T h)),

c ∈ L2(J ;Hλ(T h)),
∂c

∂t
∈ L2(J ;Hµ(T h)).

We also assume that p, ∇p, c and ∇c are essentially bounded. Then there exists a positive

constant K independent of hE, rE and k, such that

( ∫ t

0

∣∣∣
∣∣∣∂Ep

∂t

∣∣∣
∣∣∣
2)1/2

+ ||Ep||(t) +
( ∫ t

0

∣∣∣
∣∣∣∂Ec

∂t

∣∣∣
∣∣∣
2)1/2

+ ||∇Ec||(t) + ||Ec||(t) +
(
Jσ
0 (Ec, Ec)(t)

)1/2
+ ||EuEuEu||(t)

≤K
∑

E∈T h

h
min(k+1,ωE−1)
E

kωE−1/2

(
‖p‖ωE,E + ‖

∂p

∂t
‖ωE,E

)

+K
∑

E∈T h

(
h
min(rE,λE−1)
E

r
λE−3/2
E

||c||λE ,E +
h
min(rE ,µE−1)
E

r
µE−3/2
E

∥∥∥∥
∂c

∂t

∥∥∥∥
µE ,E

)
.

Proof. Multiplying (3.15) by (K2 + 1) and adding it to (3.22), we get
∫ t

0

∥

∥

∥

∂π

∂t

∥

∥

∥

2

+
∣

∣

∣

∣

∣

∣
σσσ
∣

∣

∣

∣

∣

∣

2

(t) +

∫ t

0

∣

∣

∣

∣

∣

∣

∂ξ

∂t

∣

∣

∣

∣

∣

∣

2

+ ||∇ξ||2(t) + ||ξ||2(t) + J
σ
0 (ξ, ξ)(t)

≤K

∫ t

0

(∣

∣

∣

∣

∣

∣

∂ζ

∂t

∣

∣

∣

∣

∣

∣

2

+
∥

∥

∥

∂η

∂t

∥

∥

∥

2

+ ||ζ||2 + ||ξ||2 +
∥

∥ρρρ
∥

∥

2
+ ‖σσσ‖2

)

+K

∫ t

0

(

∣

∣

∣

∣∇ζ
∣

∣

∣

∣

2
+

∣

∣

∣

∣∇ξ
∣

∣

∣

∣

2
+

∥

∥

∥

∥

∂ζ

∂t

∥

∥

∥

∥

2

+

∥

∥

∥

∥

∇
∂ζ

∂t

∥

∥

∥

∥

2)

+K

∫ t

0

J
σ
0 (ξ, ξ)

+K
∑

E∈T h

∫

E

|∇ζ|2(t) +K

∫ t

0

∑

γ∈Γh

(

r2

hγ

)−1(
∥

∥∇ζ ·nnn
∥

∥

2

0,γ
+

∥

∥

∥

∥

∇
∂ζ

∂t
·nnn

∥

∥

∥

∥

2

0,γ

)

+K

∫ t

0

∑

γ∈Γh

r2

hγ

(

∥

∥[ζ]
∥

∥

2

0,γ
+

∥

∥

∥

∥

[

∂ζ

∂t

]∥

∥

∥

∥

2

0,γ

)

+K
∑

γ∈Γh

(

hγr
−2

∥

∥∇ζ ·nnn
∥

∥

2

0,γ
(t) + h

−1
γ r

2
∥

∥[ζ]
∥

∥

2

0,γ
(t)

)

+K
∑

E∈T h

h
2min(k+1,ωE−1)
E

k2ωE−1

(

‖p‖ωE ,E +

∥

∥

∥

∥

∂p

∂t

∥

∥

∥

∥

ωE ,E

)2

.
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Note that the following trivial inequality

‖v(t)‖2 =

∫ t

0

d

dt

∥∥v(t)
∥∥2 =

∫ t

0

2
∥∥v(t)

∥∥ ·
∥∥∥∂v(t)

∂t

∥∥∥ ≤ ε

∫ t

0

∥∥∥∂v
∂t

∥∥∥
2

+K

∫ t

0

∥∥v
∥∥2

holds for any v which satisfies v(0) = 0 and recall the facts ξ(·, 0) = 0 and π(·, 0) = 0. Applying
this inequality to ξ and π, we obtain

∫ t

0

∥

∥

∥

∂π

∂t

∥

∥

∥

2

+
∣

∣

∣

∣

∣

∣
σσσ
∣

∣

∣

∣

∣

∣

2

(t) +

∫ t

0

∣

∣

∣

∣

∣

∣

∂ξ

∂t

∣

∣

∣

∣

∣

∣

2

+ ||∇ξ||2(t) + ||ξ||2(t) + ‖π‖2(t) + J
σ
0 (ξ, ξ)(t)

≤K

∫ t

0

(∥

∥

∥

∥

∂ζ

∂t

∥

∥

∥

∥

2

+

∥

∥

∥

∥

∂η

∂t

∥

∥

∥

∥

2

+ ||ζ||2 + ||ξ||2 + ||π||2 +
∥

∥ρρρ
∥

∥

2
+ ‖σσσ‖2

)

+K

∫ t

0

(

∣

∣

∣

∣∇ζ
∣

∣

∣

∣

2
+

∣

∣

∣

∣∇ξ
∣

∣

∣

∣

2
+

∥

∥

∥

∥

∂ζ

∂t

∥

∥

∥

∥

2

+

∥

∥

∥

∥

∇
∂ζ

∂t

∥

∥

∥

∥

2)

+K

∫ t

0

J
σ
0 (ξ, ξ) +K

∑

E∈T h

∫

E

|∇ζ|2(t) +K

∫ t

0

∑

γ∈Γh

(

r2

hγ

)−1(
∥

∥∇ζ ·nnn
∥

∥

2

0,γ
+

∥

∥

∥

∥

∇
∂ζ

∂t
·nnn

∥

∥

∥

∥

2

0,γ

)

+K

∫ t

0

∑

γ∈Γh

r2

hγ

(

∥

∥[ζ]
∥

∥

2

0,γ
+

∥

∥

∥

∥

[

∂ζ

∂t

]∥

∥

∥

∥

2

0,γ

)

+K
∑

γ∈Γh

(

hγr
−2‖∇ζ ·nnn‖20,γ(t) + h

−1
γ r

2‖[ζ]‖20,γ (t)
)

+K
∑

E∈T h

h
2min(k+1,ωE−1)
E

k2ωE−1

(

‖p‖ωE ,E +

∥

∥

∥

∥

∂p

∂t

∥

∥

∥

∥

ωE ,E

)2

.

Applying Lemma 3.1, Lemma 3.2, the projection error estimates (3.4)-(3.5), the approximation

properties (3.6)-(3.7), and Gronwall’s inequality to the above equation, we find

∫ t

0

∥∥∥∥
∂π

∂t

∥∥∥∥
2

+
∥∥σσσ
∥∥2(t) +

∫ t

0

∥∥∥∥
∂ξ

∂t

∥∥∥∥
2

+ ||∇ξ||2(t) + ||ξ||2(t) + ‖π‖2(t) + Jσ
0 (ξ, ξ)(t)

≤K

( ∑

E∈T h

h
min(k+1,ωE−1)
E

kωE−1/2

(
‖p‖ωE,E +

∥∥∥∥
∂p

∂t

∥∥∥∥
ωE ,E

))2

+K

( ∑

E∈T h

(
h
min(rE ,λE−1)
E

r
λE−3/2
E

||c||λE ,E +
h
min(rE,µE−1)
E

r
µE−3/2
E

∥∥∥∥
∂c

∂t

∥∥∥∥
µE ,E

))2

. (3.24)

By means of the triangle inequality and the estimates for ρρρ, η and ζ, we get the desired

result, which completes the proof. �

Remark 3.1. Theorem 3.1 gives an error estimate in L2(H1) and L∞(L2) norm for concen-

tration, and also gives a L∞(L2) rate of convergence for velocity.

4. Proofs of the Induction Hypotheses

We need to verify the induction hypotheses (3.8)-(3.9). Using the assumption (3.23) and

the inequality (3.24), we find that when h tends to zero,

h−n/2‖σσσ‖ ≤Kh−n/2

( ∑

E∈T h

h
min(k+1,ωE−1)
E

kωE−1/2

(
‖p‖ωE,E +

∥∥∥∥
∂p

∂t

∥∥∥∥
ωE ,E

))

+Kh−n/2

( ∑

E∈T h

(
h
min(rE ,λE−1)
E

r
λE−3/2
E

||c||λE ,E +
h
min(rE ,µE−1)
E

r
µE−3/2
E

∥∥∥∥
∂c

∂t

∥∥∥∥
µE ,E

))
→ 0.
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This shows the induction hypothesis (3.8). To prove the induction hypothesis (3.9), we shall

use the estimate of ∂σσσ
∂t . Differentiating Eqs. (3.10) and (3.11) with respect to the time variable

t and taking w = ∂π
∂t and vvv = ∂σσσ

∂t respectively, leads to

1

2

d

dt

(
d(C)

∂π

∂t
,
∂π

∂t

)
+

(
∇ ·

∂σσσ

∂t
,
∂π

∂t

)

=

(
∂
(
(d(C)− d(c))∂p̃∂t

)

∂t
,
∂π

∂t

)
−

(
∂d(c)

∂c

∂c

∂t

∂η

∂t
+ d(c)

∂2η

∂t2
,
∂π

∂t

)
−

1

2

(
∂d(C)

∂C

∂C

∂t

∂π

∂t
,
∂π

∂t

)
,

(
α(C)

∂σσσ

∂t
,
∂σσσ

∂t

)
−

(
∇ ·

∂σσσ

∂t
,
∂π

∂t

)
=

(
∂
(
(α(C) − α(c))ũuu

)

∂t
,
∂σσσ

∂t

)
−

(
∂α(C)

∂C

∂C

∂t
σσσ,
∂σσσ

∂t

)
.

Consequently,

1

2

d

dt

(
d(C)

∂π

∂t
,
∂π

∂t

)
+

(
α(C)

∂σσσ

∂t
,
∂σσσ

∂t

)

=

(∂
(
(d(C)− d(c))∂p̃∂t

)

∂t
,
∂π

∂t

)
−

(
∂d(c)

∂c

∂c

∂t

∂η

∂t
+ d(c)

∂2η

∂t2
,
∂π

∂t

)
+

(
∂
(
(α(C) − α(c))ũuu

)

∂t
,
∂σσσ

∂t

)

−
1

2

(
∂d(C)

∂C

∂C

∂t

∂π

∂t
,
∂π

∂t

)
−

(
∂α(C)

∂C

∂C

∂t
σσσ,
∂σσσ

∂t

)

≡

5∑

i=1

Yi. (4.1)

Next, we shall bound all the items on the right-hand side of (4.1). Using Cauchy-Schwartz

inequality, Young’s inequality with ε, we get

|Y1| =

∣∣∣∣
((

∂d(C)

∂C

∂C

∂t
−
∂d(c)

∂c

∂c

∂t

)
∂p̃

∂t
+ (d(C) − d(c))

∂2p̃

∂t2
,
∂π

∂t

)∣∣∣∣

≤K

(∥∥∥∥
∂π

∂t

∥∥∥∥
2

+

∥∥∥∥
∂ξ

∂t

∥∥∥∥
2

+

∥∥∥∥
∂ζ

∂t

∥∥∥∥
2

+ ||ξ||2 + ||ζ||2
)
,

|Y2| ≤K

(∥∥∥∥
∂π

∂t

∥∥∥∥
2

+

∥∥∥∥
∂η

∂t

∥∥∥∥
2)

+ ε

∥∥∥∥
∂2η

∂t2

∥∥∥∥
2

,

|Y3| =

∣∣∣∣
(
ũuu

(
∂α(C)

∂C

∂C

∂t
−
∂α(c)

∂c

∂c

∂t

)
+ (α(C) − α(c))

∂ũuu

∂t
,
∂σσσ

∂t

)∣∣∣∣

≤ε‖
∂σσσ

∂t
‖2 +K

(∥∥∥∥
∂ξ

∂t

∥∥∥∥
2

+

∥∥∥∥
∂ζ

∂t

∥∥∥∥
2

+ ||ξ||2 + ||ζ||2
)
.

By the assumption (3.23) and the inequality (3.24), we see that

h−n/2

∥∥∥∥
∂π

∂t

∥∥∥∥
L2(L2(Ω))

→ 0.

Thus, if h is chosen sufficiently small, then

|Y4| =

∣∣∣∣
1

2

(
∂d(C)

∂C

(
∂c̃

∂t
−
∂ξ

∂t

)
∂π

∂t
,
∂π

∂t

)∣∣∣∣

≤K

∥∥∥∥
∂π

∂t

∥∥∥∥
2

+ h−n/2

∥∥∥∥
∂ξ

∂t

∥∥∥∥ ·
∥∥∥∥
∂π

∂t

∥∥∥∥
2

≤ K

(∥∥∥∥
∂π

∂t

∥∥∥∥
2

+

∥∥∥∥
∂ξ

∂t

∥∥∥∥
2)
.
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Applying the induction hypothesis (3.8) to Y5, we see that when h is chosen sufficiently small,

|Y5| =

∣∣∣∣
(
∂α(C)

∂C

(
∂c̃

∂t
−
∂ξ

∂t

)
σσσ,
∂σσσ

∂t

)∣∣∣∣

≤K

∥∥∥∥
∂σσσ

∂t

∥∥∥∥
(
‖σσσ‖+ h−n/2‖σσσ‖ ·

∥∥∥∥
∂ξ

∂t

∥∥∥∥
)

≤ ε

∥∥∥∥
∂σσσ

∂t

∥∥∥∥
2

+K‖σσσ‖2 +K

∥∥∥∥
∂ξ

∂t

∥∥∥∥
2

.

Combining all the above inequalities yields

∥∥∥∥
∂σσσ

∂t

∥∥∥∥
2

+
d

dt

(
d(C)

∂π

∂t
,
∂π

∂t

)

≤K

(
‖
∂π

∂t
‖2 +

∥∥∥∥
∂ξ

∂t

∥∥∥∥
2

+

∥∥∥∥
∂ζ

∂t

∥∥∥∥
2

+ ||ξ||2 + ||ζ||2 +

∥∥∥∥
∂η

∂t

∥∥∥∥
2

+ ‖σσσ‖2
)
+ 2ε

∥∥∥∥
∂σσσ

∂t

∥∥∥∥
2

.

Recall that σσσ(0) = 0, π(0) = 0. Use Gronwall’s lemma and the estimate (3.24) to get

∥∥∥∥
∂σσσ

∂t

∥∥∥∥
L2(L2(Ω))

≤K

( ∑

E∈T h

h
min(k+1,ωE−1)
E

kωE−1/2

(
‖p‖ωE,E +

∥∥∥∥
∂p

∂t

∥∥∥∥
ωE ,E

))

+K

( ∑

E∈T h

(
h
min(rE ,λE−1)
E

r
λE−3/2
E

∥∥c
∥∥
λE ,E

+
h
min(rE ,µE−1)
E

r
µE−3/2
E

∥∥∥∥
∂c

∂t

∥∥∥∥
µE ,E

))
.

Thus, when h is chosen sufficiently small, the induction hypothesis (3.9) is satisfied by virtue

of the assumption (3.23). �
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[15] J.T. Oden, I. Babuška, and C.E. Baumann, A discontinuous hp finite element method for diffusion

problems, J. Comput. Phys., 146 (1998), 491-516.

[16] B. Rivière, Discontinuous Galerkin Methods for Solving the Miscible Displacement Problem in

Porous Media, Ph.D. Thesis, The University of Texas at Austin, Austin, 2000.

[17] B. Rivière, M.F. Wheeler, Discontinuous Galerkin methods for coupled flow and transport prob-

lems, Commun. Numer. Methods En., 18 (2002), 63-68.

[18] B. Rivière, M.F. Wheeler, and V. Girault, A priori error estimates for finite element methods

based on discontinuous approximation spaces for elliptic problems, SIAM J. Numer. Anal., 39

(2001), 902-931.

[19] A. Romkes, S. Prudhomme, J.T. Oden, A priori error analysis of a stabilized discontinuous

Galerkin method, Comput. Math. Appl., 46 (2003), 1289-1311.

[20] S. Sun, Discontinuous Galerkin Methods for Reactive Transport in Porous Media, Ph.D. Thesis,

The University of Texas at Austin, Austin, 2003.

[21] S. Sun, B. Rivière, M.F. Wheeler, A combined mixed finite element and discontinuous Galerkin

method for miscible displacement problem in porous media, Recent Progress in Computational

and Applied PDEs , Kluwer Academic Publishers, Plenum Press, Dordrecht, New York, (2002),

323-351.

[22] S. Sun, M.F. Wheeler, Discontinuous Galerkin methods for coupled flow and reactive transport

problems, Appl. Numer. Math., 52 (2005), 273-298.

[23] S. Sun and M.F. Wheeler, L2(H1) norm a posteriori error estimation for discontinuous Galerkin

approximations of reactive transport problems, J. Sci. Comput., 22 (2005), 511-540.

[24] M.F. Wheeler, S. Sun, O. Eslinger, and B. Rivière, Discontinuous Galerkin method for modeling

flow and reactive transport in porous media, in Analysis and Simulation of Multified Problem,

Springer Verlag, August 2003, 37-58.

[25] J. Yang and Y. Chen, A unified a posteriori error analysis for discontinuous Galerkin approxima-

tions of reactive transport equations, J. Comput. Math. , 24:3 (2006), 425-434.

[26] J. Yang and Y. Chen, A priori error analysis of a discontinuous Galerkin approximation for a

kind of compressible miscible displacement problems, Sci. China Math., DOI: 10.1007/s11425-

010-3128-2.


