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Abstract

In this paper we study the convergence of adaptive finite element methods for the gen-
eral non-affine equivalent quadrilateral and hexahedral elements on 1-irregular meshes with
hanging nodes. Based on several basic ingredients, such as quasi-orthogonality, estimator
reduction and Ddéfler marking strategy, convergence of the adaptive finite element methods
for the general second-order elliptic partial equations is proved. Our analysis is effective
for all conforming Q,, elements which covers both the two- and three-dimensional cases in
a unified fashion.
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Key words: Finite element method, Adaptive algorithm, Hanging node, 1-irregular mesh,
Convergence analysis.

1. Introduction

The adaptive finite element method (AFEM) is an efficient and reliable tool in the numeri-
cal solution of partial differential equations. The typical structure of the adaptive algorithm is
made up of four modules: “Solve”, “Estimate”, “Mark”, and “Refine”. Even though adaptivity
has been a fundamental tool of engineering and scientific computing for about three decades,
the convergence analysis is rather recent. It started with Dofler [15], who introduced a crucial
marking (from now on called Défler’s marking) and proved the strict energy reduction for the
Laplacian provided the initial mesh 7 satisfies a fineness assumption. By introducing the con-
cept of data oscillation and the interior node property, Morin et al. [21,22] removed restriction
on the initial mesh 75 and proved the convergence of AFEM. Very recently, Cascon et al. es-
tablished the convergence of the self-adjoint second order elliptic problem without interior node
property [9]. All of these results are based on an important tool, i.e., Galerkin-orthogonality.
There are some results about nonstandard finite element methods in the literature. Carstensen
and Hoppe proved the convergence of adaptive nonconforming and mixed finite element meth-
ods [7,8]. One key ingredient of these papers is the so-called “quasi-orthogonality”. This
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technique is extended to the high order mixed finite element methods for the Poisson equation
n [11]. So far, all the theoretical results have been limited to triangular or tetrahedral meshes.

The objective of this paper is to study the convergence of the adaptive conforming quadri-
lateral and hexahedral element methods. Since quadrilateral and hexahedral elements have
been widely used in practical computing, it is important to study the adaptive algorithms for
these general non-affine equivalent finite elements. As we know, local refinements on triangular
or tetrahedral meshes are well developed, including newest-vertex-bisection, longest edge bisec-
tion and red-green refinement. However, the implementation of local refinement on quadrilateral
and hexahedral meshes is, in some sense, more difficult than that on triangular or tetrahedral
meshes. Nowadays, most researchers in the field of adaptive quadrilateral or hexahedral ele-
ment methods use the so called 1-irregular mesh (see Section 3). By establishing some lemmas
such as quasi-orthogonality, estimator reduction and so on, we finally prove the convergence
of adaptive finite element methods on 1-irregular quadrilateral and hexahedral meshes for the
general second-order elliptic partial equations, in which we can conquer the difficulties due to
the non-affine mapping.

The rest of this paper is organized as follows. In the next section, we present the preliminary
including the notation and the problem under consideration which is followed by the description
of some concepts like shape regularity, hanging node and 1-irregular mesh. In Section 4, we
prove the convergence of the corresponding adaptive algorithms. Since 1-irregular meshes are
not conforming, the degrees of freedom on edges with hanging nodes must be constrained. The
problem of how to assemble a symmetric positive definite stiff matrix will be discussed in Section
5 which also covers some numerical experiments. Conclusions will be presented in Section 6.

2. Problem and General Notations

Let Q € R? (d € {2,3}) be a bounded, polyhedral domain with boundary I' := 9. We
assume that the initial mesh 7 is a conforming quadrilateral or hexahedral partition of the
domain ). We consider a homogeneous Dirichlet boundary value problem for a linear second
order elliptic partial differential equation(PDE):

{ Lu:=—div(AVu)+b-Vu+ cu = f, in Q, 2.1)

u =0, on Of2.

We assume

o A = (aij)axa: @ — R?*4 is symmetric positive definite and V-elliptic on © and ai; €

WEe(Q)(i,j = 1,2, ,d);
e b= (bp)ax1 € (WH* Q)% ceL>®(Q)and c>0; fec L*Q).

The weak formulation of (2.1) reads as follows: Find u € H}(Q2) such that
a(u,v) := (AVu, Vv) + (b - Vu,v) + (cu,v) = (f,v), Yo € Hy(Q). (2.2)

We denote by || - [|la,0 the energy norm

||w|\39 = /QAVw Vw + cw?, Yw € HY(Q),
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which is equivalent to the H' norm, i.e.,
callwllre < Jwllage < Callwlie, Yw € Hy(Q). (2.3)

By using the Cauchy-Schwarz inequality, one can easily show the continuity of the bilinear form
a’('v ')7 i'e'a

la(w,v)| < Collw|10lv]e, Yw,ve Hy().

Integrating by part leads to

\(b.w,v)|:\%/9b-wv2)dx\ :|—%/Q(V-b)v2d:c|

9 blosco

< Ry o v e HY(Q).

Therefore, one can easily obtain the following Garding’s inequality

a(v,v) > vll2 o = vallvllZz) Vv € Hy(9), (2.4)
and
a(v,v) < vll2 o +vcllvllZz) Vv € Hy(9), (2.5)
where
1
76 = 51V bllosco

is a constant.

We assume existence and uniqueness of the solution of (2.2) holds, which is equivalent to say,
0 is not the eigenvalue of the operator £ by the Fredholm alternative theory (p. 303 in [16]).
By the way, if ¢ > 0, the existence and uniqueness of the solution of (2.2) follows from the
maximum principle (p.124 in [18]). Note that if b = 0, then the existence and uniqueness of
the solution of (2.2) follows from Lax-Milgram theorem easily.

We use standard notations from Lebesgue and Sobolev space theory. For a measurable set
G C Q,let (-,-)g and || - |jo,¢ denote the inner product and the norm in L?*(G). We also use
(+,-) instead of (-, -)q for simplicity. Furthermore, |- |m. ¢ and || - ||m,¢ denote the seminorm and
norm in the Sobolev space H™(G) respectively. In particular, the associated seminorm | - |1 o
on H'(Q) is actually a norm on

V= H}Q) = {u c HY(Q),v|r = o}.

We use C"(G) to denote the space of all the n-times continuously differentiable functions, P, (G)
to denote the space of all polynomials of degree no more than n and Q,(G) to denote the space
of degree no more than n in each variable on the domain G C R%. By the way, if F is an
edge in R? then P,,(E) = Q,,(E) . For a compactly supported function f, supp(f) denotes the
compactly supported set of f. #J stands for the cardinal number of a finite set J. For a finite
dimensional space S, we use dim(S) to express the dimension of S. For a set G C R?, let G be
the closure of G and |G| be the d-dimensional measure of G. Unless otherwise specified, a set
G C Q is an open set.
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3. Shape Regularity, 1-irregular Mesh and Hanging Node

Let the bounded domain Q C R? be decomposed by a mesh 7y of elements K € 7, which
are assumed to be open convex quadrilaterals in the 2D-case or open convex hexahedrons in
the 3D-case such that Q = UKETO?. In the 3D-case we also assume that each face of any
hexahedral element in 7j is in a plane, i.e., we do not consider the case of a hexahedron with
curved faces. Let 7 be a mesh generated by several times of a refinement from 7y. For any
element K € 7, let Fi : K — K be the multilinear mapping between the reference element
K := (—1,1)% and the original element K. Obviously, Fx € (Q(K))%. We follow the definition
of shape regular mesh condition in the sense of [17] (p.105). Let P; (1 < i < 2%) be the vertex
of any element K € 7. We denote by s; the subtriangle with the vertex P; and two edges of
K containing P; as their one end in 2D-case or subtetrahedron with the vertex P; and three
edges of K containing P; as their one end in 3D-case (see Figure 3.1). Let dx be the diameter
of K and p; be the diameter or the largest ball inscribed in s;. Define px := min;<;<qa p;. We
denote by hx = |K|7. Obviously,

d
P < hi < (%) di.

Definition 3.1 (Shape regularity) A mesh T is reqular if there exists a constant Co(Co > 1)
such that

max dx < Cp. (3.1)
KeT pi
Next we will describe the type of meshes treated in this paper. We assume that 7 is a
multilevel adaptive mesh generated by a refinement process in the following way. We start
with a regular partition 7y of the domain §2 into elements K € 7, of mesh-level 0. The mesh 7 is
assumed to be conforming, i.e., for any different elements K1, K» € T, the intersection K1N Ko
is either empty or a common (d — m)-dimensional face of Ky and Ky where m € {1,---,d}.
Now, starting with the element K € 7, an existing element K can be split into 2¢ new elements
called son-elements of K and denoted by S;(K), i =1,---,2% cf., Figure 3.1.

P4 P4
P P.
3 N S4(K) So(K) 3
So (K
N S1(K) ‘ 0\,
P1 Pl

Fig. 3.1. (left) The subtriangle s; of element K; (right) Bisections on quadrilateral K and son-elements
Si(K)of K,i=1,---,2¢ d=2.

These son-elements are constructed by connecting the barycenters of opposite (d — 1)-
dimensional faces of K and additionally, in the 3-dimensional case, by connecting the midpoints
of opposite element edges in the 2-dimensional faces of K. For a new element K’ = S;(K),
we will say that K is the father-element of K’ and will write K = F(K'). If an element K
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is refined then, in the partition of the domain €, it is replaced by the set of its son-elements
Si(K),i=1,---,2% The new elements can be refined repeatedly and so the final partition
T of Q is created. Obviously, this local regular refinement is just the usual bisection and 7°
satisfies the shape regular condition (3.1).

Lemma 3.1. Let T be a shape regular mesh, then there exists a constant x € (0,1) such that

|5: (K|

TS <x<1 VKeT,i=1,---,2¢ (3.2)

Proof. Let a(d) be the measure of unit ball B(0,1) in R?. Without loss of generality, we
consider S1(K) shown in Figure 3.1. Applying shape regular condition 3.1, one can get
6a.(d)
24Cdm

1 d d
K> 81(6)| > lsr] > 2Dt > XD g

Kk = K-
24 Cg2d

Setting C' := 6a/(d)/(2¢C¢) leads to

Si(K 1 L .
||S((K))|| < red for i# jandi,j=1,---,2%
j
Summing over j = 1,---,2¢ yields
|Si (K 1 . : d
K] 1+(2d71)0":X<1’ VKeT,i=1,---,2%
This completes the proof of the lemma. O

Definition 3.2. For an element K € T, generated from the initial mesh Ty by the refinement
process described above we define the refinement level L(K) as L(K) := 0 if K € 7y and
L(K) := m > 1 if there exists a chain of m father-elements K;, i = 1,--- ,m, starting from
Ky := K and defined by

K;:=F(K;_1) fori=1,--- ,m,

such that K,, € Ty.

The above defined refinement level L(K) is equal to the number of refinement steps that
are needed to generate element K from an element of the coarsest mesh 7.

Definition 3.3. A mesh 7, which has generated by the above defined refinement process from
a regular initial mesh Ty, is called k-irregular(k >0 and k € Z) if

IL(K) - L(K")| < k (3.3)

holds for any pair of neighbored elements K, K' € T where 0K N OK' is a one- or two-
dimensional manifold.

Note that (3.3) need not be satisfied for pairs of element K, K’ having only one vertex in
common. A O-irregular mesh is a conforming mesh (without hanging nodes). Hereafter, we only
consider l-irregular meshes and the corresponding local refinement is described in Algorithm
3.1.
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Algorithm3.1 Local bisection refinement
Input: A l-irregular mesh 7; with the set of marked elements My (If £ = 0, then 7j is a
conforming mesh).

1. Bisect all elements in My shown in Figure 3.1;

2. If there is a pair of two neighbored elements which do not satisfy (3.3) with k = 1,
then bisect the element with lower refinement level.

3. Repeat step 2 until (3.3) holds with k£ = 1 for all pairs of neighbored elements in the
current mesh.

Output: The refined 1-irregular mesh 7p41 = REFINE(7Z;, My).

By the way, if we say 7 is shape regular, it means 7 is a 1-irregular multilevel adaptive mesh
satisfying shape regularity (3.1). Next we will give the abstract definition of hanging nodes.
Denote by £(K) the set of all (d — 1)-dimensional faces of an element K. Let £ := Jx o7 £(K)
be the set of all element faces of the mesh. We split £ as Fig.

E=8&U¢r,

where & describes the set of all faces located at the boundary I' of 2 and &y denotes the set
of the inner faces of £. For any face E € £, we define

T(E):={KeT|Eec&K)},

as the set of all elements having E as one of their faces. Let £, denote the set of the regular
inner faces defined as

& = {Ec& | #(T(E) =2}

For each regular face E € &,, there exist exactly two different elements denoted by K(F) and
K'(E) such that FE is their common face, i.e.,

T(E) = {K(E), K'(E)} VE €&,

For all other faces E € E\E,, there is only one element denoted by K (E) which has E as one
of its faces, i.e.,
T(E):={K(E)} VE€&\E,.

A face E € € is called a son-face of a face E € £ if E C F and |E| < |F| (see Fig. 3.2). We
denote by S(E) the set of all son-faces of E. Note that for each regular face E € &,, the set
S(F) is empty. We define the set &; of all irregular inner faces as

& :={Eec&|SE)#0}.

Let E € S(E) be a son-face of E € &, then the face E is called the father-face of E and we
write E = F(E). We define the set of all son-faces by

&= ] S(B).

Eeé&;
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Using these definitions, the set & of all inner faces can be decomposed as
Eo=E UE UE,.

Let A(K) denote the vertices of any element K € 7. Obviously, #N (K ) = 2¢. The set of
all nodes of the mesh 7 reads N := )~ .+ N(K).

Definition 3.4. A node A € N is called a hanging node if there exists a son-face E € &
such that

A€eE and AeN(K(E))\N(K(F(E))), (3.4)
where K(E) and K(F(E)) denote the uniquely determined elements associated with the face E

and its father-face F(F), respectively. A node P € N is called a regular node if it is not a
hanging node.

The subset of A associated with the hanging nodes is denoted by A}, and N, := N\N},
denotes the set of all regular nodes. The corresponding local sets of regular and hanging nodes
of an element K € T are defined as

Ni(K) =Ny NN(K) and N.(K) := N, NN (K).

A typical 2D-configuration with hanging node A and associated regular nodes A;, As € A(A)
is depicted in Figure 3.2. A node A € N is a hanging node if there exists an element K € T
such that A € 0K but A is not a vertex of K. Furthermore, one can easily see the following
characterization of a hanging node.

K'(E) E  K(E)

Fig. 3.2. (left) regular inner face E € &, with the two associated elements K (F) and K'(E); (right)
irregular inner face F € &; with the son-faces F1, F> € S(E) where to each face only one element
is associated and denoted by K(FE1), K(FE2); (right) hanging node A and associated regular nodes
Al, As € A(A)

Lemma 3.2. Let T be a 1-irreqular mesh consisting of quadrilateral or hexahedral elements.
Then a hanging node A € N}, can be represented uniquely as a linear combination of some
regular nodes in the following way

A= > ¢(AA; and AA)CN, (3.5)
A;EN(A)

where either

A(A) :={A1, A2}, ¢(A) =5 (3.6)
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and A is the midpoint of an element edge e with the two vertices A1 and As in the 2D-case or

3D-case, or
1

Za
and A is the barycenter of a two-dimensional face £ € &; with the four vertices Ay, Ag, As, Ay
in the 3D-case.

A(A) = {Ah A27 A3; A4}; C(A) = (37)

4. Convergence of AFEMs on 1-irregular Meshes

First, define the constrained approximation space with zero boundary as
V= {UEHol(Q):v|KoFK€Qm(K),VK€T}, (4.1)

where the degrees of freedom are taken with the usual Lagrange or Serendipity conforming
finite element spaces and then give the discrete weak formulation of the problem (2.1) as: Find
ur € V7% such that

a(ur,vr) = (f,vr), Yvre Vi (4.2)

The existence of ur of the discrete problem (4.2) is obvious since V7" is a finite dimensional
space. We only need to explain the uniqueness of uz. Schatz showed in [23] that the discrete
problem has a unique solution for triangulations if the mesh-size h is sufficiently small, i.e., h < h
for some constant & depending on the shape regularity and data but not computable. The key
of the proof is Garding’s inequality and Nitsche technique, which also holds for quadrilateral
and hexahedral meshes including 1-irregular meshes. Hence we know that if hy < A for some
constant 7 then the discrete problem (4.2) has a unique solution.

We need an H'-interpolation operator like Clement-type or Scott-Zhang type interpolation
operator on 1l-irregular meshes, which can be found in [19]. Here we describe the interpolation
operator in brief. Similar to Scott-Zhang [24], assign to each regular node A; € N, a face
E; € & U&; U&r, such that the following conditions are satisfied:

AjEFjv
AjE@QiEjC(?Q.

For a regular node A; € N,, define the nodal functional N; : H*(Q) — R by

1
NJ(’U) = W/E ’UdS, Yv € I{l(S-Z)7 AJ S M
J J

For a hanging node A; € N;, define the nodal functional ﬁz : H1(Q) — R as the following linear
combination of nodal functionals for regular nodes

Ni(w):= > c(Ai)Nj(v), VoeH'(Q), A € Ny,
AJEA(Al)

where the associated regular nodes set A(A;) and the coefficients ¢(4;) are defined in Lemma
3.2. Then for a given function v € H'(Q), we define the interpolation Ilzv € V} locally on
each element K € T as

vl = > N+ > Nk (4.3)

AJ‘GN7~(K) A-;GN},,(K)
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Obviously, Ilzv € V} C V2™ for any positive integer m and if v|gpo = 0, then Il7v|sq = 0.
Furthermore, the following local approximation properties hold (Theorem 9 in [19]).

Lemma 4.1. For K € T, the operator Il7 defined in (4.3) satisfies

T7v|1k < Clv|1,ax Vv € H'(Q), (4.4)
v —Trv|ox < Chilvia, Yve HY(Q),

where
Q= |J 6K) with §(K)= |J) K
KeS(K) K'eS(K)

and

S(K) := {Ko €7T: KNKy# @}
is the set of all the neighboring elements of the element K € T .
Corollary 4.1. For E € &, the operator Il defined in (4.4) satisfies
v —Tzvflor < Chiloha, Yoe HY(Q), (4.6)

where hg = |E|ﬁ and

QE = U QKi.
K,eT,K,NE€&

Proof. It E € &, e.g., AgA; is shown as in Figure 4.1, then using scaled trace inequality we
can obtain

o~ Tirvllop < C (hg* o = Tirolo,se, + hEIV (0 — Tro)lo,r,

1 1
< ChplVollo,ox, < Chlvfiap.

If Ee€é (or E€E&,), eg., AjAs (or AgAz) shown in Figure 4.1, the proof will be similar to
the above and Qp = Qk, UQk, UQk, (or Qg = Qk, UQk,). O

Fig. 4.1. An illustration of hanging node, irregular inner face and son-face.

Notice that the finite overlapping of patches Qx and Qg also holds on 1-irregular meshes.
Next, we will present the residual-based a posteriori error estimate on 1-irregular meshes.
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Definition 4.1. For a mesh 7y and v € V7', we define the element residual and jump
restdual for v by

R (v) = (f — Lv)|x, VK € Ty and J()|g:=(AVv - vg)|g, YE € &, (4.7

where [g] is the jump of g across an interior face E, and vg denotes a unit normal vector
associated to face E. The error indicator for v on K € 1y is given by

17, (v, K) = 0 (v, K) o= hicl| R (0) |72 50) + bl T (0) 122 o) (4.8)
where we recall hi = |K|a. For a subset G C T; we set

n%(UaG) :n?(UaG) = Z 7727@(“7K)- (4'9)

KeG
If uy is the discrete solution of (4.2) and G = 7y, let 1, := 07, (ue, Tg) for short. Hereafter,
we denote Vp = Vﬁ(Vh = V}’;) and set e, =u — up, eg = u —uy and eg = up — uy where u,
up, and uy are the exact solution of (2.2), discrete solutions of (4.2) on 7, and Ty respectively.
Notice “Galerkin-orthogonality” also holds for constrained finite element spaces defined on

1-irregular meshes, i.e.,
alen,vp) =0 Yo € V. (4.10)

which illustrates a(ep,epg) = 0 for Vg C Vj,, but a(eq,ep) # 0.

Theorem 4.1. If the initial mesh-size hg is small enough, i.e., hg < min{Cs, i} for a positive
constant Co, then there exists a positive constant C with

lu = uell? o < Crnf. (4.11)

The proof of Theorem 4.1 is similar to that for conforming triangular meshes [1,2,26]. The
key ingredients are orthogonality (4.10), (4.5), (4.6) and Garding’s inequality (2.4). Here we
omit the details.

Now we give the adaptive finite element algorithm as follows:

Algorithm AFEM

(0) Give the initial conforming quadrilateral or hexahedral mesh 7y and Doéfler parameter
6 € (0,1], and set £ = 0;

(1) Solve (4.2) on 7; to get the solution wuy;
(2) Compute the error estimator 7, (u¢, K) for each element K € 7y;

(3) Mark the minimal elements set M, such that

7, (ue, Me) > Oz, (ue, 7o); (4.12)

(4) Refine 7y with M,y by Algorithm 3.1 to get Zy41;

(5) Set £:= ¢+ 1 and go to step (1).
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The following theorem highlights the relationship between e;, and ep.

Lemma 4.2 (Quasi-orthogonality) There exists a constant Cs > 0 depending on the shape
regularity and the data A, b and ¢, and a number s € (0, 1] dictated only by the reqularity of
solution u of (2.2), such that if the initial mesh-size hgy satisfies hy < min{C5s, h*} then

lenllz.o < ollenllz o = llexml? o, (4.13)

where o > 1 given in (4.17) at the last of proof can be made arbitrarily close to 1 by decreasing
ho.

Proof. Expanding a(eq, er) and noticing ey = e, + e and (4.10) yield
alen,en) = alem,en) —alem,en) — alem, ep).
Using (4.10), Green’s formula, Young’s inequality with parameter § > 0 and (2.3) leads to

a(EH,eh) :a(eh,EH) + (b . VEH,eh) — (b . Veh,EH)
=2(b-Veg,ep)+ (V-bep,cen)

g<2|b|

<Cydllenllza+ o~ el o

0,0+ IV -bllo,c.allen]

0,Q> lenllo

0.00,0[|Ven|

where the constant C, = max{2||b/o,c0.0, |V - bllo,c0,0}/(2¢4). Furthermore, using Garding’s
inequality (2.4) and (2.5) to estimate terms a(ep,ep), alemy,en) and a(ey,ep) and combining
with the above estimate, one can obtain

lenll? o — (ve + 3 Dllenlld o
Sllerllzo +cllenli o — (1= Co)lenli o +rcllenl o

Taking the regularity uw € H'™* s € (0,1] into account, and using the Aubin-Nitsche duality
technique [13], one can easily show

lerllo.o < C3h®|lenl1.0

where the constant C5 depends only on the shape regularity and the data in (2.1). Hence

X Cs ..
lerlloo < Cahgllen|lia < c—3h8|\€h| a,9-

a

Similarly, we have

Cs
lerlloo < —hgllemn a0
C

a

Noticing

lerll3 o < 2llenlls o + 2llerlf o

and setting Cy := C3/c, lead to
(1 CH316-+ 57948 lenllo

<(1+ 39603 Ylenllon — (1- €30 lenlos: (4.14)
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Let 1 — C;(3y¢ + 6 1)hE* =1 — C25. We have

_ 36CIhg + VNECihg +4CECEE

’ 207

We should further choose hg sufficiently small so that 1 — Cgé > (0. Notice that

_ 31603hE" + 3963 + 2C,Cahg

) 207 ’

(4.15)

and if
3’YGCZh(2)S + 37@02]1(2)8 + 2C,Cyh§ < 1

203 -G

(4.16)

holds, then 1 — C2§ > 0 must hold, i.e., we only require h§ < C5, where the constant

—CyCy + /C20%2 + 127 CH
05: bC4q + b 4+ YcCly -0

6vcCY

is the positive root of (4.16). Multiplying two sides of (4.14) by 1/(1 — C24§) and using (4.15)
yield

1+ 3vcCihds
1-— 3’7@th35 — CbC4h8.

This completes the proof of lemma. O

lenllz o < ollenlls o = llemllq witho = (4.17)

Remark 4.1. If b = 0, then the following orthogonality holds without any restriction on hg:

2
a

lenllz.a = llerllz o = leall? o (4.18)

Lemma 4.3. Let Ty be a shape reqular mesh. Then there exists a constant C' depending only on
the shape reqularity and polynomials degree m, such that for any v € Vy the following inequality
holds:

| D?v]lo.x < C’h;(1||Vv||07K VK € 1y, (4.19)
where D?v is the Hessian of v.
Proof. We only prove the inequality in 2D-case and the 3D-case is similar. Since

dv 90 9 90 0y

or 0% ox 0y ox

and

ox

0% a%(aﬁs)Q a%(ag>2 0% 0y  000% 00 0%

02 ~0:2\oz) T o 0207 0z 0w | 02 0a° 0§02

we obtain
1 ~ ~ ~ —
[vazllo,x <C|K|? <(|U§rz}|0,f( + 1022 llo, 4 + 1959 llo i) I DF 112

n ||w||0,f(||D2F;1||).
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Notice that
1923l + 1022 llo & + 99gllo. & < CIVOl, g < CIIVOll, g < ClIVDlg &

where the last inequality is due to the equivalence of norms of finite dimension space (polyno-
mials space (Q, (K ))?) over reference element K. Furthermore, since 7; is shape regular, we
have

IDFH || < Chy', and || D*Fi|| < [ D*Fic|| - [ DFc > < Chye'
Therefore, we arrive at

[veallox < CIKI2 (hi? + hi) I Villy g < ChM IVl 2 < Chit Vo]

0,K -

We can estimate other terms in D?v in the same way. O

Lemma 4.4. Let 7y be a shape regular mesh. For all K € Ty and any v,w € Vp, we have

ne(v, K) < ne(w, K) + C|lv — w|

1wk (420)

where

WK = U Kz

K;NE€&
K;€T),E€E(K)

and C' > 0 is a constant depending only on the shape reqularity, the polynomial degree m and

the coefficients A, b and c in elliptic operator L.
Proof. By adding and subtracting w and using triangle inequality, we obtain
1
ne(v, K) < ne(w, K) + hi||[£(v — w)l|p2(x) + hic [T (v = w)|| 220K 00)-

Using
L(v—w)=divAV(v —w) —b- V(v —w) — c(v — w),

we have
1£(v —w)[[L2(x) < [|[divVAV (v — w)| L2 (k) + |b - V(v — w)]| L2 () + [le(v — w) | L2 (k)

Notice that
divAV(v — w) = divA - V(v — w) + A : D*(v — w),

where D?(v — w) is the Hessian of v — w. Using Lemma 4.3, we can derive

1£(v = w) L2y <[divA[o,,2 V(v = w)llox + hi' [ Allo,cc.oll V(0 = w) o,k

+[Pllo,oc,ll V(v = w)llo,x + ll]

0,00,0/[v = wllo,x-

We now deal with the jump residual. Let E be a face of K. For convenience, let K be the
element K5 and E be the edge A; Ay shown in Figure 4.1. Denote K’ to be the quadrilateral
AgAy Ay As where node As is the midpoint of edge A4Az. Then

J(v—w)le = (AV(v —w))[x — (AV(v = w))|x') - vE.
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By scaled trace inequality and Lemma 4.3, we can obtain

AV (v = w))k - vello,e < Chy®[|Allo,c0.0l V(v = w)llo,k-

The same argument holds for K’ and since 7, is shape regular, we can replace hy: by hg. If

K is the element K7 and F is the edge A; As shown in Figure 4.1, then we can choose K’ to be
the quadrilateral A; A; AgAg and prove the result similarly. Furthermore, we can also estimate
jump residual in 3D-case similarly. Finally, collecting the above estimates for K and all its
neighbors yields (4.20). O

Lemma 4.5. For a I-irregular mesh Ty and a subset My C Ty, let Tyr1n = REFINE(Ty, M,).
Then there exist constants A = 1 — X% € (0,1) and Cy > 0 depending only on the shape
reqularity, the polynomial degree m and the coefficients A, b and c in elliptic operator L, such

that for any § > 0, any vy € Vy and any vey1 € Vo

W41 (e, Tign) <1+ )2 (06, ) — ML+ 8 (ve, My)
T Co(1+ 1/8) |oe — vell2 0. (4.21)

Proof. Applying Lemma 4.4 with v, € V, vg11 € Vpy1 over K € Tyy1, using Young’s
inequality with parameter § and the summation over all elements K € 7y together with the
finite overlap property of patches wx and the equivalence of the H! norm and the energy norm
in €2, one can get

M1 e, Togr) < (L4 074y (0o, Togr) + Co(1 4 1/8) lves —vel 2, -

For a marked element K € M; C 7y, we set Tp11x = {K' € Tyyq1 | K/ C K}. Since
vg € Vo C Vig1, we see that J(vg) = 0 on sides of Ty41 x in the interior of K. By Lemma 3.1,
we obtain

hir = |K'[ < xahg

which yields

nl?Jrl(vfaK) = Z 77%+1(’UlaK/) < XEHE(U;@,K).
K'€Tpi1,x

For an element K € 7y41\ My, one can also obtain 741 (vet1, K) < ne(ves1, K). Hence, sum-
ming over all K € 7y,1, we obtain
0741 (ve, Tes1) =01 (ve, Teyr \ M) + 1741 (ve, My)
<0 (ve, T\ M) + X113 (vg, M)
< (ve, Te) — (1= X2 (ve, M) -

Setting A = 1 — x4 € (0,1) leads to the final result. O

Set eg41 = u—upy1, €0 = u—ug and g = ugy1 —ug. Then we have the following convergence
result.

Theorem 4.2 (Energy Reduction) Let {7y, us},~, be the sequence of meshes and discrete
solutions produced by AFEM . Then there exist constants 8 > 0 and 0 < o < 1 depending
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on the shape reqularity of 1y, the marking parameter 0 < 6 < 1, the polynomial degree m and

the coefficients A, b and c in elliptic operator L, such that if the initial mesh-size hg is small
enough, we have

lest|2 o+ Brs < a(lleelli,g +ﬁ77?)- (1.22)

Proof. For t € (0,1), using quasi-orthogonality (4.13), Lemma 4.5 and Theorem 4.1, we
have

||@é+1||2,9 + 577?“

<ollecls o = lleellz o + Bn74a

<olleclls o = llecllz o + ﬁ((l +0)n7 — A1+ 6)nF (Me) + C2(1 + 1/5)|Ee|§,n)

<olleelZa — eelZa + ﬂ<(1 LR A — 4 D+ O+ Ca(1+ 1/5>|se||i,ﬂ>

=allecllz q = lleellzq + B+ 8)(1 =201 —t))nf — BAO(L +8); + C2f(1+1/9)|lec]l? q
BAOt(1 4 6) 9 9 9
<(o- T) leella.q+ B +0)(1—A0(L = )7 + (C2B(1 +1/0) —1)leclla -

Now we need to choose appropriate values for each parameter to satisfy the following three
conditions.

(i) (1+0)(1—X0(1—1)) <1; This condition is equivalent to ¢ < 1 — /(1 + 6). Since
t € (0,1), we need to restrict ¢ small enough to satisfy

5
RS VTTE

(ii) C2B(1+1/6) —1<0; to satisfy this condition we should restrict

1

0<f8<—=—r—"=.
b Co(1+1/0)
(iil) o — BAOE(1 4+ 6)/Cy < 1; Dby setting C7 := BA0t(1 + §)/C1 and noticing (4.17) we have

> 1+ 3ygC3h3®
o 1-— 3’7@02}1(2)5 — CbC4h8

<1+ Cx,

which implies

pe < —(Cr+ DCCa + V/(Cr + 1)?CECE + 12(276 + C7)CiCr
0 6(2vG + C7)C3 '

Denote by Cg := the right-hand side above (which is positive). Then we know choosing § small
enough and taking h§ < min{Cs, C5,C3,/°} can yield

{ BAOL(L + 6)
Q:=max<§ o — ?

1

,(1—1—6)(1—)\9(1—75))} <1,

which is the desired result. O

Remark 4.2. If b = 0, then using the orthogonality (4.18), we can obtain the same convergence

result similarly without assuming that the initial meshsize hg is small enough.
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5. Implementation on 1-irregular Meshes

As we know, for constrained finite element spaces on meshes with hanging nodes, if one uses
the original basis functions to assemble stiff matrix, then the resulting linear system will like
a “saddle system”. Hence it is not advisable to do this. In this section, we will first discuss
explicitly how to obtain a symmetric positive definite linear algebraic system, which is useful
for implementation. Define the discontinuous finite element spaces without any constraints on
1-irregular mesh 7 as:

m = {veLQ(Q)MKOFK € Qu(K), VKGT}, (5.1)

where the degrees of freedom are taken with the usual Lagrange or Serendipity conforming
finite element spaces. Furthermore, we give the constrained finite element spaces with nonho-
mogeneous boundary as:

m.=Dr N HY(Q). (5.2)

For an element K € 7T, a finite element function u € D7} restricted on K can be written as
ulg = Y gulyk where UK := {uff,uf, -+, uf} is the set of all the nodal variables(or
degrees of freedom) of K and 9% := {f, ¥ .- 9K} is the set of all the usual local mapped
basis functions restricted on element K with respect to the degree of freedom uX, i.e., pX o Fy €
Qm(f() We also denote by AK := {AK AK ... AK} the set of the nodes with respect to ¥
which means d)JK(AlK) = 4;;. In addition, let n := dim(D’}?) be the the number of all degrees
of freedom on the whole mesh 7" and denote by U := {uy, ua, - ,u,} the set of all the degrees
of freedom, ¢ := {1,112, ,1,} the set of all the basis functions and A := {A;, Ay, -+, A, }

the set of all the nodes with respect to 1. Obviously,

UK cU AR c A and o, = Z %K
KeT, AK=A;

for any basis function t; € . By the way, if m = 1, then 4 = N based on the definition
of N in the last section. As we know, a piecewise infinitely differentiable function u in D%
belongs to H!(f) if and only if u is continuous across any inter-element (d — 1)-dimensional
face which in fact implies the constraints on finite element spaces V2. Obviously, any function
u € D77 is continuous across any regular face E € £, i.e., constraints are only required on any
irregular face E € &;. Take Figure 3.2 as an example, where A is a hanging node, F € &; and

Ey, By € &. Let ull,uf ... uE € UK be the nodal variables (or degrees of freedom) of K
located on edge E. Similarly, let ué(l , ufl, -+ ,ul1 € UKt be the nodal variables of K; located
on edge 7 and ué(z,u{(Q, e ,uTK,f € UK2 be the nodal variables of Ky located on edge E,. So

are the other quantities like basis function in ¢ and node in A. In order to keep the continuity
across F, the following constraints should be satisfied:

m

5 = SR, =01 9
7=0

Jj=0
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Az
A4
Ki| Kz
Al Ao Az Al Ag Az

M @ 3 “

Fig. 5.1. A; and A are regular nodes with respect to two unconstrained nodal variables u; and wus;
Ao is a hanging node with respect to a constrained nodal variable uo; Green areas in (2),(3) and (4)

are to show supp(1), supp(¢o) and supp(1p2) respectively.

5.1. @1 element in 2D-case.

In order to keep the continuity on edge A; Az shown in Figure 5.1, constraints (5.3) and
(5.4) should be satisfied which can be simplified as:

ug = —. (55)

Constrain (5.5) tells us u; and ug are really effective degrees of freedom while ug is not. More-
over, if we drop the degree of freedom 1o and modify the basis functions 1 and ), as follows:

"ZI:"bl‘i‘%"bOa {Pv2=¢2+%¢0, (5.6)

then the continuity on edge A; As will be satisfied automatically. So is the edge A; As. Similarly,
we can obtain explicit formulas of constraints for higher order and higher dimensional finite
element spaces as illustrated by Figure 5.2.

3

I IV

I

o e Sz

1 4 2 5 3 i1 5 2 6 3 7 4 BTt
S Yot

1
(a2)Qz or reduced Qzin 2D (b)Q2 or reduced Qzin 2D {c) Q1in 3D

Fig. 5.2. Index i corresponds to a node A;, a nodal variable u; and a basis function 1);; Solid balls stand

for the unconstrained nodal variables while hollow balls stand for the constrained nodal variables.
5.2. 2 or reduced (); element in 2D-case.

In order to keep the continuity on edge A; Az shown in Figure 5.2-(a), we let:

3 1
Uy = gul + ZUQ — gUg, (57&)
1 3 3
us = —gu1 + 142 + Jus: (5.7b)

Although vertex As shown in Figure 5.2-(a) is a hanging node, the corresponding degree of
freedom w9 is an unconstrained nodal variable in this case. We can also drop u4 and us and
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modify the basis functions to ensure the continuity on edge A; A3 automatically, i.e.,

U1 =11+ gw - é%, (5.8a)
o =12 + 211)4 + 21/15, (5.8b)
P = s — ga + 305 (5.80)

5.3. Q3 or reduced (5 element in 2D-case.

In order to keep the continuity on edge A1 A4 shown in Figure 5.2-(b), we let:

ufiu +§u—3u +iu (5.9a)
PT16 160 16 ° 16 ¢ '
1 9 9 1
ug = —gu1 + 1gU2 + TgUs ~ gUs (5.9b)
1 ) 15 )
U7 = —uy — —Us + —u3z + —ug4. (5.9¢)

16 16 16 16

Notice us and ug are two unconstrained nodal variables in this case. We can also drop us, ug
and u; and modify the basis functions to ensure the continuity on edge A; A4 automatically,

ie.,

- ) (5.10a)
L=Vt 16Ws — gW6 T 16V -1Va

—~ 15 9 5

Yo =1ha + wa) + 1—611)6 - 1—61/)7, (5.10b)

—~ 5 9 15

Y3 =13 — EQ/JE) + 1—61116 + 1—61/)7, (5.10¢)

—~ 1 1 5

Ve = st e85 — g¥s + evr (5.10d)

5.4. @)1 element in 3D-case.

In order to keep the continuity on face A; A3 Az A4 shown in Figure 5.2-(c), we let:

us = M7 U = M, (5.11a)
2 2

wy = W’ ug = w, (5.11b)

gy = ST U2 Z us ¥ ta (5.11c)

We can also drop us, ug, u7, us and ug and modify the basis functions to ensure the continuity
on face A1 A3 A3 A, automatically, i.e.,

P =11 + %wg) + %wG + iwg, (5.12a)
o =12 + %wa + %w + iwg, (5.12b)
3 =13 + %1/17 + %1/)8 + 21/)9, (5.12¢)
Ba = a2+ <15 + 2o, (5.12d)

2 2 4
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Let us discuss the unified formulas of the above modified bases for constrained finite element
space V3. For a basis function ¢; and its corresponding node A;, if there exists another basis
function v; such that 1;(A;) # 0, then the degree of freedom u; with respect to 1; must be
constrained by the degree of freedom u; with respect to 1;. We use the index set I, to indicate
all the actually constrained degrees of freedom, i.e., if ¢ € I, then u; is a constrained degree
of freedom. Similarly, we use I, to indicate all the actually unconstrained degrees of freedom
(I.UI. ={1,---,n}). Then the above modified (constrain-free) basis can be written as

D=t > GilA); Viel. (5.13)

JEI,¥i(A;)#0

Denote by w1, us, - ,u, all the actually unconstrained degrees of freedom and 1;; o ,1;; all
the corresponding modified basis functions. Then any function v = Y I u;1p; € V2 can be
written as:

i=1

Notice any function with the formula (5.14) must belong to C°(Q). More importantly, using
the above modified basis functions to assemble stiff matrix will yield a symmetric positive
definite linear system. In fact, the technique herein to expand the compactly supported set
of some original basis functions is in some sense, like the well-known “macro-element” (Hsieh-
Clough-Tocher element) technique [14].

L1

54

S Yt B

Convergence history

| —#— Energy error
—+— L2 error
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! 08

oa ! | ]
] 06 : 98
—&— Estimator 04 o

. =y
T
17

10° 10

Fig. 5.3. (Top left) Initial mesh; (Bottom left) Convergence history of algorithm AFEM for L-shaped
domain problem with Dofler parameter 8 = 0.3; (Top right) A medial adaptive mesh of level 25 with
1808 elements; (Bottom right) The surface plot of finite element solution on the final mesh with 372116

elements.
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Fig. 5.4. (Top left) Initial mesh; (Bottom left) Convergence history of algorithm AFEM for Crack
problem with Dofler parameter 8 = 0.8; (Bottom right) A medial adaptive mesh of level 10 with 1599
elements; (Top right) The surface plot of finite element solution on the final mesh with 393297 elements.

Now we give several numerical experiments with quadrialteral Q; element.

Example 5.1. (L-shaped domain) The first experiment is to solve the Laplace equation
—Au = 0 with Dirichlet boundary condition in the L-shaped domain Q = (—1,1) x (0,1) U

(—=1,0) x (—1,0], where the exact solution is given in polar coordinates by
u(r,0) = rs sin(26/3).

We compute the posteriori error estimator, energy error and the L? error on each mesh,
respectively. Figure 5.3 evidently shows our adaptive algorithm is optimally convergent.

Example 5.2. (Crack problem) Let Q = {|z| + |y| < 1}\{0 <z < 1,y = 0} with a crack and

assume that the solution u satisfies the Poisson equation
—Au=1,in Q2 and u=g on I.
We choose g such that the exact solution u in polar coordinates is

0 1
0) =r2sin— — —12.
u(r,0) = r2 sin 5 a"
From Figure 5.4, one can see the advantage of algorithm AFEM for the Crack problem

which is optimally convergent.
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Fig. 5.5. The performance of algorithm AFEM with original error estimator: (Top left) The final mesh
with 338851 elements; (Bottom left) Convergence history with the parameter 8 = 0.5; (Top right)The
surface plot of the final discrete solution uj with 338851 elements; (Bottom right) The surface plot of
the relative error (u — un)/||u||Lo () of the final discrete solution u; with 338851 elements and the

maximum of the relative error is 0.0069.

Example 5.3. (Kellogg problem) We choose the following elliptic problem with piecewise
constant coefficients and vanishing right-hand side f to compute. Let Q = (—=1,1)2, A = RI
in the first and third quadrants, and A = I in the second and fourth quadrants, where R is a

constant to be given later. Consider the following problem

—div(AVu) =0, inQ  and uw=gp on ON.

We choose gp to fit the exact solution u which is given in polar coordinates by u(r, @) = r™ u(d),
where

cos((5 — o)1) -cos((¢ — 5 + p)7), if 0<¢<3,
cos(p7) - cos((¢p — 7w + o)1), if 3<¢<m,
(o) = [
cos(oT) - cos((¢ — m + p)7), if m<¢< 3,
cos((3 —p)7) -cos((¢ — 3 — o)1),  if 3F <¢p<2m
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Fig. 5.6. The performance of algorithm AFEM with modified error estimator: (Top left) The final
mesh with 333433 elements; (Bottom left) Convergence history with the parameter 6 = 0.9; (Top right)
The surface plot of the final discrete solution w, with 333433 elements; (Bottom right) The surface
plot of the relative error (u —un)/||u| oo (o) of the final discrete solution u, with 333433 elements and

the maximum of the relative error is 0.0028.

and the numbers T, p, o satisfy the nonlinear relations

R=—tan((Z — o)1) - (p7),
1/R = — tan(pt) - cot(oT),

R = —tan(o7) - cot(Z — p)7), (5.15)
0<T <2,

max{0,77 — 7} < 27p < min{nT, 7},

max{0,7 — 77} < =270 < min{r7, 27 — 77}

The solution u is in H'™* with s < 7. For 7 = 0.1, solving the above nonlinear equation (5.15)

yields
R =~ 161.4476387975881, p= %, o~ —14.92256510455152.

We firstly solve this problem with the a posteriori error estimator (4.8). The four pictures
in Figure 5.5 are the final mesh with 338851 elements, the corresponding discrete solution wuy,
the convergence history with § = 0.5 and the relative error (u — up)/||u| () with 338851
elements respectively.



AQ/HFEMs with Hanging Nodes and Convergence Analysis 643

Second, we solve this problem with a modified posteriori error estimator which reads:

T (v, K) = hi | Re(@) [3201) +hie | ) 320x00) VK €T, (5.16)
where
Ri(v) := A;(%(f"FAU”K, VK €Ty,
J()|g = A? (JAVY] - ve)|p, VE € &,
and

Ag:= min (Alg/) and Ag:= min (A|g).
K'eQk K'eQp

For this modified estimator, one can show that
IAZY (u—ue)llf o < Csif (ur, To), (5.17)

where C5 is a constant dependent only on the shape regularity of mesh 7.

The four pictures in Figure 5.6 are the final mesh with 333433 elements, the correspond-
ing discrete solution wup, the convergence history with § = 0.9 and the relative error (u —
un)/||u|| Lo () With 333433 elements respectively. The maximum of the relative error using this
modified estimator on the final mesh with 333433 elements is 0.0028 while the maximum of the
relative error using this original estimator on the final mesh with 338851 elements is 0.0069.
Obviously, the modified error estimator (5.16) can capture the singularity more efficiently and
lead to a better result.

6. Conclusion

In this paper we proved the convergence of adaptive conforming Q,, element methods on
general quadrilateral and hexahedral 1-irregular meshes. The implementations verified our
theoretical findings. In our future work, we will extend our results to adaptive mixed and non-
conforming quadrilateral FEMs [27,28], where new difficulties are involved and new techniques
need to be developed.
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