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Abstract

A uniformly first-order convergent numerical method for the discrete-ordinate transport
equation in the rectangle geometry is proposed in this paper. Firstly we approximate the
scattering coefficients and source terms by piecewise constants determined by their cell
averages. Then for each cell, following the work of De Barros and Larsen [1,19], the
solution at the cell edge is approximated by its average along the edge. As a result, the
solution of the system of equations for the cell edge averages in each cell can be obtained
analytically. Finally, we piece together the numerical solution with the neighboring cells
using the interface conditions. When there is no interface or boundary layer, this method
is asymptotic-preserving, which implies that coarse meshes (meshes that do not resolve
the mean free path) can be used to obtain good numerical approximations. Moreover, the
uniform first-order convergence with respect to the mean free path is shown numerically
and the rigorous proof is provided.

Mathematics subject classification: 41A30, 41A60, 65D25.
Key words: Transport equation, Interface, Diffusion limit, Asymptotic preserving, Uniform
numerical convergence, X,Y-geometry.

1. Introduction

The transport equation plays an important role in many physical applications, such as neu-
tron transport, radiative transfer, high frequency waves in heterogeneous and random media,
semiconductor device simulation and so on. One difficulty about solving this equation numeri-
cally is when its mean free path (the average distance a particle travels between two successive
interactions with the background media) is small, which requires numerical resolution of the
small scale. Historically researchers use the diffusion limit to approximate the solution when
the cost is too much to solve the transport equation directly. This small scale is embodied by
the introduction of a dimensionless parameter € into the transport equation and the diffusion
limit can be obtained when € — 0.

In this paper we consider the steady state isotropic neutron transport equation with in-
terfaces in the X,Y-geometry. The interface condition to be used is that the density of all
directions is continuous at the interface, which often arises in neutron transport equations.
There is another kind of interface condition which always arises in radiative transfer equations
as an approximation of high frequency waves in random and heterogeneous media, where the
energy flux is continuous [2,14,16]. As the interface condition is local, for the density continuous
case, we only need to consider the one-dimensional interface analysis which is given in [15].
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The diffusion limit for two-dimensional neutron transport equation with interfaces is derived
in this paper. For simplicity, we assume that the incoming particle density at the boundaries is
isotropic, in which case no boundary layer exists when ¢ — 0. A first-order numerical method
uniform with respect to € is proposed and investigated here. The most used determined method
for this problem has been the discrete ordinate method which is a semi-discretization of the
velocity field. Our method is based on the discrete ordinate form and the full discretization is
also considered. As in [15], we approximate the coefficients by piecewise constants determined
by their cell averages. Then for each cell, following the work of De Barros and Larsen [1,19], the
solution at the cell edge is approximated by its average along the edge. The obtained system of
equations for the cell edge averages can be solved analytically in each cell and we can get the
solution of the whole domain by using the interface conditions to piece together the numerical
solution with the neighboring cells. This method is a direct extension of the one-dimensional
scheme proposed in [15].

Asymptotic-preserving (AP) schemes have been proved quite successfully for problems with
small scales. A scheme with AP properly means it is a good scheme for the original equation,
which in the limit as the small parameter goes to zero, becomes an effective scheme for the limit
equation [10]. It was proved in [9] for the linear transport equation with boundary conditions
that an AP scheme converges uniformly with respect to e. This implies we can solve the
transport equation without resolving the small scale. For more applications of AP schemes we
refer to [5-7] for plasmas and fluids and [3,11,12] for hyperbolic systems with stiff relaxations.
When there is no interface or boundary layer, the method we propose here is proved to be AP
and its uniform first-order accuracy is demonstrated numerically. The rigorous convergence
proof relies heavily on the eigenfunction expansion of the constant coefficient, one-dimensional
discrete-ordinate equations, but the idea is quite similar to the proof of uniform second-order
convergence for one-dimensional case in [15]. AP means that at the interior of the materials
where the solution varies slowly (no matter whether € is big or small), we do not need to
resolve € to get accurate approximations, though the equation itself requires under-resolving.
When using coarse meshes, most methods can not provide satisfactory results for problems with
boundary layers even if they are AP inside. The method proposed in [15] seems the first effort
that is uniformly convergent valid up to the boundary. It will be demonstrated numerically that
our two-dimensional method is not valid at the layers, but this can be improved by resolving e
locally at the boundaries or interfaces.

Similar ideas can be found in [1,17,19] but with auxiliary equations and in an iterative way.
They only discussed piecewise constant case and the required storage is much more than that
of our approach. Problems with coefficients depending on space are investigated in this paper
and we also present its AP property and uniform accuracy with respect to e.

The arrangement of this paper is as follows. In section 2, we introduce the two-dimensional
neutron transport equation and its discrete ordinate form, and derive their diffusion limit with
interfaces. In section 3, the scheme is given and its AP property is proved in section 4. Several
numerical examples are presented in section 5 to test the AP property, and the uniform accuracy
is discussed. Finally we make some conclusions in section 6.

2. Neutron Transport Equation in Two-Dimensions

The steady state, isotropic, neutron transport equation in the X,Y-geometry reads as: for
z€QCR* peS={uek?:|u =1},
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u-VY¥(z,u)+ UTe(Z)\I;(z,M) — % (JTE(Z) - ECTa(Z)> /S\I!(z, u)du + €q(z) (2.1)

with the boundary conditions
U(z,u) =V, for (z,u)el, ={zel =00,u-n(z) < 0}. (2.2)

Here op,0,4,q are the total cross section, absorption cross section and source respectively.
U(z,u) is the function we want, which represent the density of the particles moving in direction
u at position z. For isotropic boundary condition, ¥ only depends on I' but is independent
of u. The diffusion limit can be obtained by introducing

U= v (2.3)
n=0

into (2.1) and equating the coefficients of different powers of €. The O(1/¢€) equation is

g - L / TO du. (2.4a)
2 S

The O(1) and mathcalO(e) equations are

u- Vo 4 ore® = ”—T/ T g, (2.4D)
mTJs
1 1
u- VI 4 o0 ® = 5p— / B du — o, — / O du + q. (2.4c)
271' S 27'(' S

Dividing both sides of (2.4b) by or gives

v — — 1y veo QL/ T du.
S

(2 ™

Then take the gradient of both sides of the above equation, and left dot the resulting equation
by u. Integrating over S, and using fs udu = (0,0)7, we have

/u-V\IJ(l)du:—/u~V(1u-V\IJ(0)> du.
S S or

Finally integrating both sides of (2.4c) and noting [y du = 27, [gu-udu = 27 yield

1
-V (V@) +0,P =g, (2.5)
20’T

where ® = % s U0 du. This is the diffusion limit of (2.1) which means that when € — 0, the
solution of (2.1) becomes isotropic and can be approximated by the solution of (2.5).
In the Cartesian coordinate system, assume z = (z,y) u= (y,v). Let

V={-2M, - ,—1,1,-- ,2M}.
The discrete-ordinates form of (2.1) is

ar

6 8 ar
ma_¥m ma _ ¥m — ¥Pm = - a n%n ) ) 2.
7 Bmw +v 8y1/1 + 61/1 (6 ecr)Zz/;w +eq, mev, (2.6)

nev
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where p2, + v2, = 1. For simplicity, the computational domain we consider here is a rectangle:
Q= {(z,y)|z €[0,d], y € [0,8]}.

Other more complex domains can be approximated by rectangles, thus are direct extensions.
When 2 is a rectangle, the boundary conditions become

%n(O,y) = ¢L(y), Hm > 05 wm(aay) = ¢R(y)a Hm <0,

U (2,0) = Y5(), U > 07 G (2,b) = Yr(x), v <0, (2.7)

The corresponding diffusion limit of (2.6) can be obtained similarly as for (2.1) by introducing

Y = Y.
n=0
The equations corresponding to (2.4) are
O =" w, (2.8a)
nev
H’mazd}sl)) + I/mayﬂ@(,?) + O'Td)r(rp =aor Z wn'l/)r(zl)7 (28b)
neV
Hma;cq;[}gy}) + Vmayq/}%) + UT'(/)g) =0or Z wnwg) —0q Z wnu}'f?) +4q. (28C)
nev nev

In order to get the same form of diffusion equation as (2.5), the quadrature set {u,, Vn, wy}
should satisfy

Z w, = 1, Z Wy by = 0, Z Wy Vy = 0, (2.9a)

nev nev neVv

1 1
Z W nVn = 0, Z wn:ui = §a Z anEL = 5, (29b)
neV neV nevV

and diﬂusion hmlt now is
-0 —1 Oz | — 0 71 Oy | + 040 = (2 10)
T 9 T Yy 9 Yy a q, .

where ¢ =37 wn¢£f)). Because of the isotropic boundary condition, we have

Hlosg =V, 9l,_,=Vr, ¢|,_o=vB, o _, =vr. (2.11)
As the commonly used {jn,Vn,w,} are symmetric, we can assume for 6, € (0,%), m =
1, , M,

T 3
9m29m+M—§:9,m—7r=9,m,M—§7T7 m:17"',M (2123)
fm = €080, Uy = Sin by, meV (2.12b)
Wy, = Wy = WM = Wt > 0, m=1,---,M. (2.12¢)

It is easy to check that when {u,,v,,w,} satisfy (2.12), (2.9) holds automatically. The
distribution of the quadrature set can be seen more clearly from Figure 2.1.
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Fig. 2.1. The distribution of the quadrature set.

The problem we consider here is when some heterogeneous media are put together and the
particles do not change their directions when passing through the interfaces. Note that Eq.
(2.6) controls the movement of the particles, that means at the interfaces the coefficients o,
0, and ¢ have discontinuities, but 1, are continuous. For any interface lines «, assuming the
two different media are denoted by + and —, we have

Ul = Vml (2.13)

In this paper we only consider the case when the interfaces consist of pieces of lines parallel
to the = or y coordinates. Because the discontinuities only occur in one-direction for each piece
of interface line, we only need to use the one dimensional interface analysis. As proved in [15],
in one-dimension where the space coordinate is z, the interface conditions for the diffusion limit
are

n _ 1 n 1 _
T =9, —0:07 = —0.¢9".
r Or
Thus the interface conditions for our two-dimensional case are

¢+}o¢ :¢_|a’ (214&)

1 1 -
Taz(bﬂa =—0.¢
o or

(2.14b)

Oé’

T
where z is z(y) when « is parallel to y(z).

3. Derivation of the Scheme

The scheme is focused on the space discretization of the discrete ordinate form (2.6). The
basic idea of this method includes two approximations:

i) to approximate the coefficients by piecewise constants;

ii) to approximate the solution on each cell edge by its cell edge average as in (3.6).
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The details are as follows: First, generate a set of grid points

Oxo<x1<~~<xNa,0y0<y1<~-<yN/b}.

6 ={ @)

Let

A= o DA {|$i+1 —xil, [yj+1 — yjI}

and fort=0,--- ,N—1,5=0,--- ,N' —1,

1 /yj+1 /xz:+1
Oaij = o.dxdy,
W (@i - )(ya+1 ¢
Yji+1 i1
OTij = / / O’dedy,
(Tit1 = 23)(Yj+1 — ¥5) 5

Yji+1 i+1
qij = / / qdxdy.
($i+1 - xz y;+1

The first approximation of (2.6) is

0 - 0 - or - _ (or ~ .
mawm—l—uma—yd%—&— 7"/)1% = ( eaa> Z YW, +€q, meV, (3.1)

€
neVv
where 6, o1, ¢ are piecewise constants, i.e.,,
&a(xa y) = Oaij, 5T($7y) = 0Tij, Q(x7y) = d4ij, (ac,y) S (xivxi-i-l] X (yjayj-‘rl]- (32)

Now (3.1) can be solved by similar ideas as in [1,17,19], but the approach is different. On each
rectangle [z, zi41] X [y, y;+1], we seek the solution of

Mmﬁim + Vmaylﬁm + O.Zij ’l,;m = <UTU EO'az]) Z ¢nwn +€qij, me V. (33)

nev
Let
A 1 Yi+1 | . 1 Titl
@) = ——— [y, i) = [ dpar. @)
Yi+1 — Y5 Jy, Lit1 — Ti Jg,
Integrating both sides of (3.3) from y; to y;41 gives
” 0Tij 4
Nmaz¢mj(m) + qupmj (x)
= (UT” EUazg) Z W thnj () + €qij — mwm(x’yjﬂ) — wm(x’yj)7 (3.5a)
¢ nev Yirr =i
and from z; to x;11,
OTij 5
Vm ywmz( )+ mez( )
OTij ) 1Lm(ﬂﬁzﬂrhy) _ 1/;m($n Y) 3.5b
(  CTaij Z wnthni(y) + €dig — pim Tit1 — T . (3.3b)

neV

Introduce the second approximation

wm(xv yj-‘rl) ~ &mi(yj-&-l)a &m(xa y]) ~ '(L’mi(yj)a (36&)
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in (3.5a) and

(2, y) = 1/;mj (i), U (Tig1,Y) = lzmj(l‘iﬂ), (3.6b)
in (3.5b), we have

Mmazd;mj ({E) + %fl[)mj (.’E)

:(JTij — eo—aij) Z wnzanj (SC) —+ EQij — VUm 1/)mz(y]+l) :wml(yj), m e V; (37&)
€ nev Yi+1 Yi
and
. OTii +
_(oTij - C Pmy(@ign) — Y ()
_(—6 eam]) T;wnzbm(y) +€qij — tm p— , mevV. (3.7b)

The boundary conditions for @mj and ¥,,; corresponding to (2.7) become

A 1 Yit+1
Vi mg = m/ Yrdy =Yrj, Hm <0 (3.8a)
J J Jy;
~ 1 Yi+1
Vi lpmy = m/ Yrdy = YR, fm > 0; (3.8b)
J 7 Jyj
1 Iz‘+1
VBil,_o = m/ Ypdr =1Ppj, vm <0; (3.8¢)
. 1 9161’4—1
Vil = m/ Yrdr =rj, vm > 0. (3.8d)

Clearly there are 4M N + 4M N’ boundary conditions in all.

The system of Eq. (3.7) can be solved analytically using the same idea as in [15] and the
following part is trying to find the general solution of (3.7). We should emphasize here that in
(3.7a), pm could be the same for different m. From (2.12), the same p,, occurs in

S, ={tn,In eV}

twice at most. Define a new set
S= {ﬂnv"i)nln € V}v
where V = {fM, cee =11 ,M} in the following way: if 41, occurs once in Sy, keep fom, Wi,
unchanged in S, otherwise for m = Hmy, M 7# m1, let p, occur once as fip, in S and the
corresponding Wy, = W + W, - 2M is the order of this new set S , in which f,, are different
from each other. Obviously, in S, there are 4M — 2M i occurring twice and 4M — 4M
occurring once.
Introduce some new variables

Gt = Vi, tn = flon Lm OCCUrs once in S (3.92)

w P . w p . A
Prmrj = m¥mj + mld)m], M = Hmy = fim’ fbm OcCCUrs twice in S (3.9b)
Win + Wiy

and from (3.7a) Gyrj, m' € V satisfy

N o OTij & OTij ~ A N
Hm’ax@m’j (w) + Twwm’j (z) = ( 6” o ea‘”j) Z wn‘ﬂnj(x) + €Gij; — Tm/ij, (3.10)
neV
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where
Vpn ‘/’m(yf:l) f"”(y’ P = flms,  m OCCUTS ONCE in S,
5 j . - .
o 1 P (Y541) =Pmi (y;) Ymyi (Wi+1)=%m,i(y;) 3.11
e W F w0, \ WmPm Yi+1—Yj T Wy Vimy Yi+1—Yj ’ ( )

m = m, = fbm’,  [hm OCCUrs twice in S,

Pmij are undetermined constants on [x;, T;41] X [y;,y;j+1]. For this new system of equations
(3.10), fin are different from each other. Assume

I>fpy > >m>0>0_1>-->f_pn>—1

and the symmetry: fi,, = —fi_p, W, = W_, can be obtained from (2.12).

This new system of equations (3.10) is exactly the same as the one-dimensional system of
equations solved in [15] but the 7, terms. We can find the 4M relations between {@,; (), m €
V} and {@m;j(ziy1),m € V} through the general solution of (3.10) as in [15]. As proved in
Appendix of [15], we have the following theorem:

Theorem 3.1. Consider the equation

W, 1
= 3.12
Z 1_,&“5 1 — ¢29aii ( )

nev ori;

i) When 04;; # 0, (3.12) has oM simple roots that occur in positive/negative pairs, let them
be & (1 < |n| < M). Assume

- 1
11(#) =— 3.13
1- /ngn ( )
we have
0 n#k
k) 7(n) _ 3
> o, I { R (3.14a)
mev
where ¢*) satisfy
0 m#n
(k) (k) — ’
> (k) — k) — { T, (3.14b)
k)EV Wn Un

it) When 04,5 = 0, (3.12) has oM — 2 simple roots appear in positive/negative pairs while
0 is a double root. Assume &, (1 <n < M — 1) is the unique (positive, simple) root in
(1/fing1,1/fin), é—n = =&, and Z%L) = 17/11,”5”' (3.14a) still holds for k,n € {—M +
1,---,M— 1}. Moreover, defining

o 5 o 1
(80 =5 i =
meVv
we have
7 0 m#n
RN o _ 3.15
1<|k|§1\2 1 c® Tam A( M) " c(M) wnlﬂn m=mn’ ( Y
and
D fimtiml) =0, > bl = 0. (3.15b)

mev mev
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The derivation of the general solution of (3.10) is put into two different cases:

i) When o,;; # 0, multiplying both sides of (3.10) by wmlyf) and summing over V gives

~ A3 ~ a1
Z wmﬂmlq(ylf)ax@m i Z wm mej

mev mev
T4 oA o . A
:( 7;3 — EO'az'j) Z wmlﬁf)(z Wy Prj + eqij> - Z wmlgf)rmij- (3.16)
mevV nev mev

It follows from (3.12)-(3.13), that

Y dmlly) = W

mev oTij

and

LS ol prny — (72— oy D il 3 s

mev nev
OTij ~ (k) A PN
:?”( Z wmls;f)QDMj - Z wm@ﬂ%]‘)
mEV mEV
OTij
—fk ! Z w ,U/m (pm]
mev

Thus (3.16) becomes

0z Z wm,um m Spm] +€k7 Z wm“m @my

mev mev
:(UTij — EQO'M‘j)qijf Z w[gf)fm” (317)
mev
Multiplying both sides of (3.17) by exp (54 ¢,x) and integrating from z; to x4 give

exp (fkixl-&-l Z wmﬂml( )Sﬁmj (1‘1_,_1) — €xXp (fkixz Z wm,uml( )Sﬁmj (xz)
mev mev

€ O
:f o ((UTij - 620aij)%’j* Z wmlgf)rmij>
ROTig mev

(eXp (Sk%xi+l) —exp ( k@:j )) (3.18)

These are 2M independent relations between { @, (ziy1),m € V}, {@m;(xi),m € V} and
{fmij; m e V}

ii) When o4:; = 0, (3.12) has 2M — 1 eigenvalues from (ii) of Theorem 3.1. For 1 < [k| <
M — 1, we can use the same discussion as for o4;; # 0 to obtain M — 2 independent
relations between {@m;(ziv1),m € VY, {pmj(x:),m € V} and {f,i5,m € V}. For the
other two relations, we can multiply both sides of (3.10) by Wy, and Wy, fis, sum over
V' respectively and obtain

aw Z wmﬂm@my = €q;j — Z wm"qmija (319)
meV mev
N A2 A o N A A
Ox Z wmugnij + j = — Z W m Tmig - (320)
mEV mEV mEV
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Integrating both sides of (3.19) from z; to x € (x;, 2;11] gives
Z mem‘ng Z Wi flm Pmy (7)) = (z — x;) €qij — Z WinTmij | - (3.21)
meV meV mev

In particular when x = x;41, we have

Z Wan flm P (Tig1) — Z W flm Py (€:) = (Tig1 — equ Z memz] (3.22)
meV meV mev

Integrating both sides of (3.20) from z; to x;11 and using (3.21), one gets

. a2 s . a2 s orij AU
D tmfiny G (is1) = Y Wmnfin,Pmi (i) + T” (i1 — @) Y WftnPmg (i)

mev mev meV
1
:5(1:“_1 - 6%; Z wmrmzy -Tz—&-l - xz Z wm.um""mm (323)
mev mev

Up to now, for g4:; # 0 and 04,5 = 0, we’ve found oM independent relations of {@p,;(xit1),
m € V}, {@mj(xi),m € V} and {Fni;,m € V}. When coming back to t,;, from (3.7), for
Hm = Hm, = ﬂm’a one has

fo 0o (o (2) = iy (@) + T2 (g — Do)
Vi, Q/VJmli(yj—i-l) B 'l[)mli(yj) — U iji(yj"'l) — Q/V}ml(yj) . (324)
Yji+1 — Yj Yj+1 — Yj

Multiplying both sides of the above equation by exp( Lo ac) and integrating from x; to x;41
yield

OTij p ; oTi; . .
exp (q:fw J]iJrl) (%nj(a?iﬂ) - 1/Jm1j(wi+1)) — exp ( Tij :cz) (qpmj(ati) - 1/Jm1j($i))
m/
:G,U/m’ (exp(@xzqu) _ exp( OTij xl))
oTij fime€ [ €
( 1pmli(ijrl) - %m(yj) ¢mi(yj+1) - wmz(y])>
X \Vmy —VUm .
Yi+1 = Yj Yji+1 — Yy

(3.25)

Because there are 4M-2M of L occur twice as discussed previously, we have 4M 2N equa-
tions of the form (3.25). From (3.9b)-(3.11), the 2M relations between {@m;(zis1),m € V},
{@mj(xi),m € V} and {Fni;,m € V} obtained by solving (3.10) are in fact relations among
{Umj(xiza),m € VY, {$mj(xi)ym € VY, {$hni(yir1),m € V} and {n(y;),m € V}. Comb-
ing with (3.25), we have 4M relations among {¢n;(zit1),m € V} , {¥n;(z;),m € V},
{mi(yiz1),m € V} and {4, (y;),m € V}. Similarly, the other 4M relations can be found
through (3.7b) by the same process. By now, there are 8 M equations for these 16 M variables
and these are in fact a special finite difference scheme on the rectangle [z;, z;11] X [y;, yj4+1]-

In summary, this finite difference scheme is as follows:



774 M. TANG

When 04 # 0:

C€Xp (fki-xz—ﬁ-l Z wmuml( )@m] (xz-i-l) —exp( ) Z wmﬂmiv(rlf)@mj(xi)

mev mev
€
= ((UTU 6 Uazy qij — E wm Tmij)
kaTij e
m
OTij OTij ~
X (exp (ngxiJ,_l) — exp (fk?xl) ) < |kl <M, (3.26a)
where
hat Vm'j, Mot = s fm Occurs once in S,
atPm; = w, 1P, 4w 1[1 i
, mq Yy i B S e
. ij, = s Hm/ = Wmy = flm, M Occurs twice in S,
and
Uiyt ’ll)m iWit1)— wm t(yJ) P = ﬂma Ums OCCUrs once in Sl—l
Yji+1—Y; - . - ()
O 1 Dot i(yj+1)_wm/i(yj) Yy i (Yi41) = Pmyi(Y;
me Wyt FWin g Wm! Vm/! Yi+1—Yj + Wi, Vi, Yi+1—Yj ’

Wm! = fbm, = flm, Mm occurs twice in S,,.

When i, occurs twice in Sy, let piy = flm, = fim,

exp (Z;Z mi+1) (@m’j ($i+1) - /(&mlj(xi+1)> — exp <€T2J Z) (J,m,j(xi) — @[A’mlj(xi))

m

= Hm (exp(—fﬂj Tip1) — exp(= 9T xz)>
oTij fime€ fime
" (le Vi (Y1) — Pmai(yy) " Vi (Y1) — Pmri () ) (3.26b)
Yit1 —Yj Yir1 —Yj

The other 4M relations according to (3.7b) are:

€xp (nkiyj+1 Z memlgn)(sz(y]Jrl)

) D il i ()

mev mev
€
= ((UTij 6 Uaz] Qij — Z wm 71mij>
NkOTij el
oTii oTii .
X (exp (nkT”ijrl) — exp( e” yj)), 1< k| < M, (3.26¢)

and for v,y occurs twice in Sy, let vy = vy, = Uy,

- . or . .
exp ( ) (wm'i(yj+1) - 1//mlz‘(yj+1)> — exp (EVZ yj) (dJm'z‘(yj) - %/Jmli(yj))
_ 6Dﬁ"b B OTij
= o (eXp( P Ly 1) — exp(= o yj))
" (Mm Vi (Tit1) — Ymag(@i) . V' (@i1) — Y (@i) ) (3.264)
Tit1 — X4 Ti41 — X4
Here S, S = {ip,,|ln e VY, M, V, ¢, 7, lﬁn are defined parallel to S, S = fbn, Wy N € Vv,
"

M, V, P, T, lfn) respectively. When o,,; = 0, the scheme can be easily written down by
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replacing (3.26a) for 1 < |k| < M by (3.26a) for 1 < |k] < M — 1 and (3.22)(3.23). So are
similar replacements for (3.26¢).

When € is small, the exponential terms in (3.26) can be extremely large and overflow may
happen. To handle this problem, we can divide both sides of (3.26) by some factors to keep the
power of the exponential terms negative. For example, when £, > 0 in (3.26a), dividing both
sides by exp (&, 722 x;11) gives

A A7 A 0154 R R
> il G (wis1) — exp (= & A ) > il G ()

N € N
meV meV
€ (k) A
X (1—9XP(—§kw($i+1 _331'))>7 < |k| < M. (3.27)
€

The exponential terms in (3.27) are bounded by 1. Similar treatments can also bound all the
other exponential terms in (3.26).
Now consider the matrix form of this special finite difference scheme. Let

{l[)J = (’12)72Mj3'“ 71[)71j7’([}1j7”' 7¢2Mj)T; 'J}’L - (1&72M’ia"' 71[)711'71&11'7‘” a'([}QMi)To

Then (3.26) can be expressed into the matrix form:

i }&j(l‘i) i }Li(yj) L
A ( wj(xiﬂ) ) A < Vi(Y+1) ) bij, (3.28)

where Aij, Aij are 8M x 8M matrices and b;; is a 8M x 1 vector. We piece together the
numerical solution with the neighboring cells using the interface conditions (2.13), i.e., two
neighboring cells sharing a common 1& or 1.

Specifically, we can arrange the unknowns as

¥ = (b, )"

where

1[1 = (1/30(1?0),1/;0(551%“' ,1/30(951\/),1/31(1:0),~~ ,1/31(961\/),"' ,%/;N/—1(Io),"' ﬂ[JN’—l(l'N))Ty

= (Yo(yo), Poy1), -, Po(yn), 1 (yo)s -+ V1 (ynv)s - ¥n—1(yo), - - »TZJNfl(yN’))T

The coefficient matrix is

A= (A,A),
where
Ago ) Osarxanm(N-1)
Osmxam Ao Ogarxanr(n—2)
Osarxans(N=1) An_10 K
A= Osarxanm Osprxamn Aot

Agni—a Osarxanm(N=1)

Osarxan(n—1)  AN—1N/—1



776 M. TANG

which is a SM NN’ x AM N'(N + 1) matrix, and

Ao Osnrxanm(N/—1) )
Osnrxam(n'—1) Ao
] An_10 Osarxanm(n'—1)
A= O4p1 Aor Ogarxanm(n—2) ,
Osnrxans(n/—1) Aonr—a

Osnrxam(n'—1)  An—ini—1
which is a M NN’ x AM N (N’ + 1) matrix. When
T
b = (boo, b1o, -+ ,by_10,bo1, -+ ,bon—1, - ,by_1nv—1) ",

we have

Ay = b. (3.29)
These are 8M NN’ equations for v; together with the 4M N + 4M N’ boundary conditions
(3.8d), the SM NN’ +4MN + 4M N’ unknowns in ¢ are determined.

Remark. By integrating both sides of (3.1) from x; to ;41 and y; to y;41 gives

o Y (@i41) = Py (1) o Dimi(Yj+1) = Pmi(ys) 4 Mg
Tiy1 — T; Yj+1 — Yj €
7(@] wm]) > waGnij +eqij,  meV, (3.30)
€ neV
which gives the relation for zpmj, P defined in ), where
Yji+1 Tit+1l
(Tig1 — x4) y]+1

Consider the approximating system of Eq. (3.7). By 1ntegrat1ng both sides of (3.7a) from z; to
z;4+1 and dividing them by x;1; — x;, one gets

Q/A}mj(l'H»l) - QZ}m](xz)

Pmi(Yj+1) — Vi () 4 o7

Hm + m meij
Tit1 — Tj Yji+1 — Yy €
OTid
:( E’LJ — EO—aij) Z wngonzj —+ Eqij7 (332)
nev
with ) i
Pmij = 7/ /(&mjdfn
Tit1l — Ti Jg,

Then we integrate both sides of (3.7b) from y; to y;11, divide them by y;11 — y;, compare the
obtained equation with (3.32) and get

1 i+l 1 Yi+1
Omij = 7/ Ymjdr = 7/ Vmidy.
Tit1 — Ti Jq, Yi+1 = Y5 Jy;

J
This consists with the definition of @mj, Py in (3.4) and ¢m,; is an approximation of @p,; in
(3.31). Moreover, that (3.32) is the same as (3.30) implies the second approximation conserves
the equation ¢, satisfies.
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4. Asymptotic Preserving Property

This method is to solve (3.7) exactly. When € < 1, A/e > 1, in each rectangle [z;, ;1] X
[y, Yj+1], substituting

Dy = D€ i = D SO
n=0 n=0
into (3.7) and equating the same order of e give
0 0 0
( ) Z wn'd]’flj’ mz Z wn'l/}f“)v (41)
neVv nev
70y (0
08 =~ L 0,0+ 3w - L Wit Z 9 05) (420
eV OTij Yi+1 — Yy
7,(0) 7,(0)
Y V’m ¥ Hm ’l/}m '(‘ri-‘rl) - wnL (1'1)
wmi == Z/¢mz + Z lb'fllz) - ’ . ) (42b)
Tij nev OTij Ti41 — X4

and

umaﬂﬁfﬁ} + JTijiﬁ%
2) () 1/1552 (Y1) — Pl ()
=0Tij Z wnwn — Oaij Z wnwn] + qij — 5 (433«)

nev nev Yi+r = Y;

Oy + ori i)

) e
. . wg» x; wm x
—oriy 3 0nd? = 00ty 3 w0t + gig — vm j(@it1) — g( i) (4.3b)

T —
nev nev i+l

For both equations in (4.3), multiplying both sides by w,,, summing over V and using (4.1),
(4.2), (2.9), one gets

. . 53O N 9 a0y
_ax( ! 3x¢§0)>+0aij¢§0)= 1 0yt (y+1) — Oyt (y])+Qij7 (4.42)

207i; 207ij Yj+1 = Yj

0 (0)
L o1 8O — 00 e,
-9, ( y¢§°)>+aaim§°)— v (i) ‘wj ( )+qij, (4.4b)

207ij 20734 Tiy1 — T
where
PO =3 w90 =3 wldl) (4.5)
nev nev

Note the interface condition (2.13), the definitions of @/Ajmj, P in (3.4) and @/;§O), 1[)1(0) in (4.5).
By using the interface analysis as discussed previously, we can get the connection conditions for
w;o), z/;go), which are themselves and their first-order derivative divided by or;; are continuous

7,(0)

at the grid lines. Now, for the boundary conditions of %O) or v, ’, we have

(0 (0 7(0 7.(0
OO o=ty O] =m0 =m0 = (4.6)
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Considering (2.10), firstly approximating the coefficients by piecewise constants like in (3.1)-
(3.2) and integrating both sides from y; to y,;+1 and from z; to x;41 respectively, we have in
the rectangle [z, 7; 1] X [y, Yj+1],

1 ; L 0y0(x,yj41) — Oyd(z, ;) .
_835 76;1; 1 — ) J Yy J + Oaii®i = Qis, 47&
(20Tij ¢J> 20Tij Yit1 — Yj J¢j qij ( )

1 ; 1 0:9(wiy1,y) — 0x9(wi,y) .
a 2074; o) aij Qi = ij, 4.7b
Oy <2Usz 0y ) 20ri; Tort — % + Caij i = Qij (4.7b)

where

~ 1 Yj+1 . 1 Tit1
b= [ ey = —— [ od

Yj+1 = Yj Jy; Litl — Li Ja,

By approximating

1 Ti4+1 .
Oyd(z,yj41) = m/ Oy (w,yj1)dr = 0ydi(yj+1), (4.8a)
1 Tiq1 .
0,8(0.3) ~ ———— [ 9y0(w,;)ds = 0,0, (4.8b)
Tig1 — Ti Sy,
1 Yj+1 .
0.6 ) % [ 0,01, 0)dy = 8, i), (4.80)
Yj+1 = Yj Jy,

1 Yji+1 .

R ICoY pop—— / 0y (s, y)dy = 0, (1), (4.84)
Yj+1 — Yj Yj

solving (4.7) in each cell analytically and piecing together the neighboring cells using common

oi(zi), ﬁ“‘amd)j (i) or ¢i(y;), %él(y]), we can obtain a discretization of (2.10) with interface

conditions (2.14b). This is just what @Z](»O),dv}go) in (4.4) satisfy. Moreover, from (2.11), é and ¢
satisfy the same boundary conditions as for 1&5-0), 1[}1(0) in (4.6). Thus this scheme is AP.

5. Numerical Example

The performance of the scheme described above will be illustrated in this section. In fact
we can find numerically that when there is no boundary layer (the incoming density is homo-
geneous), this method is first-order convergent uniformly with respect to the mean free path
€.

The numerical results are presented for several problems in two-dimension and the compu-
tational domain for all the test problems is [0, 1] x [0, 1]. There is no specified ’best’ quadrature
set in two-dimension and the problem we are considered here is only the space discretization.
From (2.12), we use M = 2 and 6,, = 7/6,7/3 when 0,, € (0,7/2), the eight p,, v now are

u1 = 0.866,  ps = 0.5, pns = —0.5, g = —0.866,
o1 =—0.866, p_o=-0.5, p_3=0.5, g = —0.866
v, = 0.5, vy = 0.866, v3 = 0.866, vy = 0.5,
v_1=-05, v_o=-0.866, v_g=—0.866, v_4 = —0.5.

Form=1,---,8, let w,, =1/8. We use Az = Ay = 1/64 to get the “exact” solutions for all
the numerical examples. In the figures and tables below, the average density defined areby

p(z,y) = Z Wi P (T, ).

meV
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average of p along horizonal lines in each cell
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Fig. 5.1. Example 1. "Exact” solution calculated by our method with Az = Ay = 1/64 for e = 0.5 is
represented by the cell average along z-axis p.

Assume p;;, p;; are the average of p along the vertical and horizonal edges of the cell [z;, z;11] X
[yj,y;+1], respectively, to be obtained by our method. The errors in the tables are the relative
error given by

xT

3

{maXi,jﬂﬁij - fyyjjJr1 p(xi,y) dyl} maXz;jﬂﬁij - fzii“ p(x, yj) dx\}}

max ,
ol o (22) ol o (22)

where p(x,y) is the exact average density.

Example 1. Consider
V=1, Yr=1, ¢Yp=1/2, ¢r=1/2,
or=1, o0,=1, g¢q=1

In this example the medium is homogeneous. The scattering coefficients and the source are
constants in the computational domain and there are particles coming in from outside, which

Table 5.1: Example 1. The error between the “exact” solution and the numerical solutions computed
by the proposed method with different Az, Ay and e.

€ Az Ay ||Error|| s ratio
0.5 272 272 8.017 % 1073 -
0.5 273 273 4.035 %1073 2.0
0.5 24 24 1.712% 1073 2.4
0.1 272 272 1.966 102 -
0.1 273 273 6.119 % 1073 3.2
0.1 24 24 3.456 % 1073 1.8
0.02 272 272 3.523 % 102 -
0.02 273 273 8.739 % 1073 4.0
0.02 274 24 2.681 %1073 3.3
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average of p along vertical lines in each cell
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Fig. 5.2. Example 2. ”Exact” solution calculated by our method with Az = Ay = 1/64 for e = 0.1 is
represented by the cell average along the y-axis p.

are isotropic in all directions. There is no boundary layer in this problem and the ”exact”
solution which is calculated by our method with Az = Ay = 1/64 for e = 0.5 are represented
in Fig 5.1. In Table 5.1, the relative error between the “exact” solution and the numerical
solutions computed by the method with different Az, Ay for different ¢ are shown and the

uniform first order convergence can be seen easily.

Example 2. Consider

,(/)L = Oa wR = Oa wB = Oa ¢T = Oa (51)
JT(%?J) = 17 O-a(xvy) = 17 -
UT(:Evy) = 2; O-a(x,y) = 23 q(xvy) = 07 (xay) € (1/27 1} X [Oa 1]

Table 5.2: Example 2. The error between the “exact” solution and the numerical solutions computed
by the propsed method with different Az, Ay and e.

€ Az Ay ||Error|| o ratio
0.5 272 272 1.755 % 102 -
0.5 273 273 7.318 %1073 2.4
0.5 274 2% 3.689 % 1072 2.0
0.1 272 272 2.951 % 1072 -
0.1 273 273 8.359 % 1073 3.5
0.1 24 24 3.283 % 1073 2.5
0.02 272 272 4.069 * 1072 -
0.02 273 273 1.025 % 102 4.0
0.02 2—4 2~4 2.497 %1073 4.1
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The coefficients are piecewise constants and there is an interface along the vertical line
2 = 1/2. The ”exact” solution for ¢ = 0.1 is presented in Fig 5.2 and the relative error between
the “exact” solution and the numerical solutions computed by the method with different Ax,
Ay for different € are shown in Table 5.2. We can see the uniform first-order convergence easily
and when € is small the convergence order is even higher. This fact can also be observed in
Table 5.
Example 3. Consider

Y =0, Yr=0, ¢Yp=0, ¢r=0; (5.2a)
or(,y) = 5 + 20407 oalmy) =1, alzy) =7, (5.2b)
for (x,y) € 10,1/4) x [0,1] U [1/4,3/4) U[0,1/2),
or(z,y) =2, oa(z,y) =2y, q(z,y)=0, (5.2¢)

for (z,y) € [1/4,3/4) x [1/2,1] U [3/4,1] U [0, 1].
The coefficients in this problem depend on the space variables and are discontinuous at the
interface. There is no incoming particles from outside, thus no boundary layer will exist. The
shape of the interface is displayed on the top of Fig. 5.3, while the bottom one shows the
”exact” solution. The relative errors for different € are displayed in Table 5.3, from which we
can find that the convergence rate is between 1 and 2.

Example 4.
wLm = 5,““!7‘“ Hm > Oa ,(/)Rm = _5/’61%7 Hm < 07 (533)
YVBm = W, VUm >0, Uprym =—bvpy, Up <O. (5.3b)
or(z,y) =1+x+2y, ou.(z,y)=1/2+2z, q(z,y)=0 €=0.02. (5.3c)

Table 5.3: Example 3. The error between the “exact” solution and the numerical solutions computed
by the proposed method with different Az, Ay and e.

€ Ax Ay [|Error|| o ratio

0.5 2-2 272 4.604 % 10~2 -

0.5 273 273 1.581 % 102 2.9
0.5 24 24 5.107 %« 1073 3.1
0.1 272 22 2.173% 102 -

0.1 273 23 8.269 % 103 2.6
0.1 24 24 3.454 x 1073 2.4
0.02 272 22 3.019 % 102 -

0.02 2-3 23 1.015 % 1072 3.0
0.02 24 24 2.587 %1073 3.9

Table 5.4: Example 4. The error between the “exact” solution and the numerical solutions computed
by the proposed method with different Az, Ay and e.

Az Ay |Error|| o

272 272 1.111 %1072
273 273 2.844 % 1073
24 24 4.873%1073
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Fig. 5.3. Example 3. ”Exact” solution calculated by our method with Az = Ay = 1/64 for ¢ = 0.02

is represented by the cell average along the y-axis p. (a): the shape of the interface; (b): the exact
solution

The incoming particle density are different in each direction so there are boundary layers in
this problem. We can see the layers in Fig 5.4. Table 5.4 gives the relative numerical errors
calculated with different Az and Ay. The error for Az = Ay = 27 is bigger than that with
Az = Ay = 273. The reason is that (x,y) changes very fast at the boundary, and we can
no longer use the average along the grid lines to approximate 1 (x,y) at the grid line as we
do in (3.6). In [15], the uniform second-order convergence up to the boundary is proved for
one-dimensional piecewise constant coefficient approximation even when boundary layers exist.
This two-dimensional method we present here does not have such good properties. Though
we can no longer use coarse meshes to obtain good numerical approximations at the boundary
layer, the error will decay exponentially away from the boundary layer.

One typical mesh useful for resolving the boundary layer is displayed in Figure 5.5, which
uses fine mesh at the boundary and coarse mesh inside. As the relation (3.28) only depends
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Fig. 5.4. Example 4. ”Exact” solution calculated by our method with Az = Ay = 1/64 for ¢ = 0.02 is
represented, (a): the cell average along z-axis p; (b): the cell average along y-axis p.

on the cell itself, the coding is exactly the same. We can see in Figure 5.6 that satisfactory
approximation is obtained. Similarly, for the transport diffusion coexisting case where interface

layers exist, same strategy can be used.

We close this section by making two remarks. First, using the same idea as in [15] for
the one-dimensional method we can prove rigorously the uniform first-order convergence with
respect to €. In fact, the error given from approximating the coefficients by piecewise constants
is uniformly second-order and the cell edge average approximation has only uniform first-order
convergence. Second, we observed from the numerical examples that when e is small enough,
the convergent order is almost two, which implies the limit scheme (4.7)-(4.8) for the diffusion
limit (2.10) may be of second-order. Using the idea in [9], we can also obtain the uniform first



784 M. TANG

0.9

0.8

0.7

0.6

05

0.4

0.3

0.2

0.1

0 01 02 03 0.4 05 0.6 0.7 08 0.9 1

Fig. 5.5. Example 4. A mesh for resolving the boundary layers: for z,y € [0,1/16] U [15/16,1],
Az, Ay =277 and for z,y € (1/16,15/16), Az, Ay =274,
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Fig. 5.6. Example 4. Numerical solution that is calculated with the mesh displayed in Figure 5 for
e = 0.02. (a): the cell average along z-axis p; (b): the cell average along y-axis p.
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order convergence by its asympototic preserving property.

6. Conclusion

A uniformly first-order convergent numerical method for the discete-ordinate transport equa-
tion in the rectangle geometry is presented in this paper. This method is an extension of the
method proposed in [15] for one-dimensional discrete-ordinate transport equation. Firstly we
approximate the scattering coefficients and source terms by piecewise constants determined by
their cell averages. Then the solution at the cell edges is approximated by their average along
the cell edges. We then solve analytically the system of equations for the cell edge averages in
each cell and piece together the numerical solution with the neighboring cells using the inter-
face conditions. When there is no interface or boundary layer, we prove that this method is
asymptotic-preserving and its first-order accuracy with respect to the mean free path is shown
numerically.

The convergence rate can be improved by interpolating the cell edge averages between neigh-
boring cells. Moreover we can extend this method to other kinds of meshes like parallelogram.
For problems with interface or boundary layers, the method we discuss here can not give good
approximation using coarse mesh, which is different with the one-dimensional case. This issue
will be further investigated in the future. We will also extend this method to some other related
transport equations.
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