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Abstract

We consider an inverse quadratic programming (IQP) problem in which the parameters
in the objective function of a given quadratic programming (QP) problem are adjusted as
little as possible so that a known feasible solution becomes the optimal one. This problem
can be formulated as a minimization problem with a positive semidefinite cone constraint
and its dual (denoted IQD(A, b)) is a semismoothly differentiable (SC') convex program-
ming problem with fewer variables than the original one. In this paper a smoothing New-
ton method is used for getting a Karush-Kuhn-Tucker point of IQD(A,b). The proposed
method needs to solve only one linear system per iteration and achieves quadratic conver-
gence. Numerical experiments are reported to show that the smoothing Newton method
is effective for solving this class of inverse quadratic programming problems.

Mathematics subject classification: 90C20, 90C25, 90C90.
Key words: Fischer-Burmeister function, Smoothing Newton method, Inverse optimiza-
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1. Introduction

For solving an optimization problem, we usually assume that the parameters, associated with
decision variables in the objective function or in the constraint set, are known and we need to
find an optimal solution to the problem. However, in the practice there are many instances
in which we only know some estimates for parameter values, but we may have certain optimal
solutions from experience, observations or experiments. An inverse optimization problem is to
find values of parameters which make the known solutions optimal and which differ from the
given estimates as little as possible.

Burton and Toint (1992) [3] first investigated an inverse shortest paths problem, since then
there are many important contributions to inverse optimization and a large number of inverse
combinatorial optimization problems have been studied, see the survey paper by Heuberger [6]
and the references [1,2,4], etc. For continuous optimization, Zhang and Liu [14,15] first studied
inverse linear programming, Iyengar and Kang [7] discussed inverse conic programming models
and their applications in portfolio optimization. And recently, Zhang and Zhang [16] studied
the rate of convergence of the augmented Lagrangian method for a type of inverse quadratic
programming (IQP) problems. The quadratic programming problem, considered in [16], is of
the form

QP(G,c, A,b) min  f(z) = %IETGQC +clx (1.1)
st. zeQp:={r eR"|Az' > b},
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where G € R™*" is a symmetric matrix, ¢ € R™, A € R™*" and b € R™. Let
A= (ay,...,an)", @ €R™ i=1,...,m,

S™ denote the space of n x n symmetric matrices, and SOL(P) be the set of optimal solutions
to a problem (P).

Given a feasible point 2° € Qp, which should be the optimal solution to Problem (1.1) and
a pair (G°,c%) € 8™ x R™ which is an estimate of (G,c). The inverse quadratic programming
considered in this paper is to find a pair (G, c¢) € S* x R™ to solve

1QP(4, 1) min 2(G,e) — (@ ) (12)
st. 2° € SOL(QP(G,¢, A,b)),
(G,c) € S™ x R,

where S} is the cone of positively semi-definite symmetric matrices in S" and | - || is defined by

I(G &)l = /TR(@TE) + T for (G.d) € R x R,

Problem (1.2) is a cone-constrained optimization problem with a quadratic objective func-
tion. The scale of this problem will be quite large when n is a large number as the number of
its decision variables is n + n(n + 1)/2.

Without loss of generality, we assume that the first p constraints in Qp are active at x°, or
equivalently

I(z%) = {j :a;‘-rxo =b;,j=1,....m}=A{1,...,p}

If G € ST, then 2° € SOL(QP(G, ¢, A, b)) if and only if there exists u € R? such that

P
c+Gsconuiai:O, u; > 0,0 =1,...,p.
i=1

Let Ag := (a1,...,ap)T € RP*™ and the j—th column of Ay be A; € RP. Then Ay :=
(A41,...,A,) and the problem (1.2) can be equivalently expressed as follows

.1
min - [|(G,e) = (G, )|
st. ¢+ G2 — ATu=0, (1.3)

(G,c,u) € ST x R™ x RY..

As the dimension of the above problem is n(n+1)/2+n+ p, quite big when n is large, it would
be helpful to consider its dual. It follows from [16] that the dual problem can be written as

<Pi4D L s
where 1 1 . 1

w(2) = —5 12l + s — S Msy (GEDIE + 516013 (15)
and

Z(L‘OT + .’L'OZT

G(2) =G - Bz, Bz:= 5
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Obviously, B : R™ — S™ is a linear operator and its adjoint B* : S — R" is given by B*G
G2°. Problem (1.4) has a dimension n, much smaller than that of problem (1.3) when n i
large. Based on [16, Lemma 3.3], if 2* is the unique solution to IQD(A,b), then (G*,c*)
(Isn (G(2*)), — 2*) solves the original problem (1.2).

In this paper, we consider the smoothing Newton method, developed by [13], for getting a
Karush-Kuhn-Tucker point of IQD(A4,b).

Throughout this paper the following notations will be used. We write X > 0 and X > 0

wn

if X is positive definite and positive semidefinite, respectively, we denote the symmetric square
root of X by X2 and its trace by Tr(X). Let |X| := (X2)2 and Isn (X) == (X + |X[)/2 for
any X € S". For matrices X,Y € S", the Frobenius inner product is defined as

X oY :=Tr(X"Y),
and the Frobenius norm of X € S™ is
IXF = (X 0 X)12,

The Hadamard product of X and Y is denoted by X oY, namely (X oY);; := X;;Y;;. Let I
be the identity matrix of appropriate dimension.

This paper is organized as follows. In Section 2, we give some results from nonsmooth
analysis which shall be used in our convergence analysis. In Section 3, we describe the smoothing
Newton method for IQD(A, b) and prove the global convergence and the quadratic convergence
rate. Numerical results implemented by the smoothing Newton method are given in Section 4.

2. Preliminary

In this section, we recall some results on semi-smooth mappings and properties of some
smoothing functions, which will be used in the sequel. Let X and Y be two finite dimensional
real vector spaces. Let O be an open set in X and ¥ : O C X — Y be a locally Lipschitz contin-
uous function on the open set O. By Rademacher’s theorem, W is almost everywhere Fréchet-
differentiable in ©O. We denote by Dy the set of the point where ¥ is Fréchet-differentiable in
O. Then, the Bouligand-subdifferential of ¥ at = € O, denoted by dp¥(x), is

0p¥(x) := {klirgoji/(mk)|xk € Dy, z" — x}7

where J W (z*) denotes the Jacobian of ¥ at z*. Clarke’s generalized Jacobian of ¥ at x is the
convex hull of 0p¥(z), i.e.,
0¥ (z) = conv{0p¥(z)} .

The following concept of semismoothness was first introduced by Mifflin [8] for functionals and
was extended by Qi and Sun [10] to vector valued functions.

Definition 2.1. Let ¥V : O C X — Y be a locally Lipschitz continuous function on the open
set O. We say that ¥ is semismooth at a point x € O if

(1) W is directionally differentiable at x; and
(ii) for any Ax € X and V € 0¥ (z + Ax) with Az — 0,

U(z + Az) — U(z) — V(Az) = o(|| Az]) . (2.1)
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Furthermore, ¥ is said to be strongly semismooth at x € O if ¥ is semismooth at x and for any
Az € X andV € 0¥ (x + Azx) with Az — 0,

U(x + Azx) — U(z) — V(Az) = O(|]|Az|?). (2.2)

The following lemma on the Bouligand-subdifferential of composite functions is proved in [12,
Lemma 2.1] .

Lemma 2.1. Let F': X — Y be a continuously differentiable function on an open neighborhood
OofTe€X and ¥ : Oy CY — X' be a locally Lipschitz continuous function on an open set
Oy containing § := F(ZT), where X' is a finite-dimensional real vector space. Suppose U is
directionally differentiable at every point in Oy, then

95(¥ o F)(z) C 9 (5)TF (7). (2.3)

Moreover, if the Jacobian mapping JF(Z) : X — Y is onto, then the above inclusion becomes
an equality, namely
(Vo F)(z)=08V(y)TF (). (2.4)

For € € R and X € S”, the square smoothing function ® : R x S* — S", see [13], is defined
by
D(e, X) := (2T + XHY2, ¥ (5, X) e R x S™.

Then, ® is continuously differentiable at (¢, X) unless € = 0 and for any Y € S”,
O(e,X) = Y|, as (¢,X)—(0,Y).
For any X € S”, let Lx be the Lyapunov operator:
Lx(Y)=XY+YX, VYeS§"

with L' being its inverse (if it exists at all), i.e., for any Y € §”, L3 (Y) is the unique Z € S"
satisfying XZ + ZX =Y. The following result is proved in [13, Lemma 2.3, Theorem 2.5 and
Proposition 3.1].

Lemma 2.2. For (¢,X) € R x S, assume there exist an orthogonal matriz P and a matriz
A = diag(p, -+, fn) of eigenvalues of X such that X = PAPT, the following statements hold.

(1) If €21+ X? is nonsingular, then ® is continuously differentiable at (g, X), where J® (e, X)
satisfies the following equations

J®(e, X)(r,H) = L;(:L&X)(LX(H) +2e7l), V (r,H)€R xS",
and fori,j=1,---,n,

(PTHP)ij(pi + 1) ey
(22 1+ 1212 + (2 + p2)1/2 i 7,
i j
(PTJ(I)({':»X)(T’ H)P)’Lj = (25)
,ui(PTHP)“' +eT
2+ )z

otherwise.

(2) @ is strongly semismooth at (0, X).
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(8) For (0,H) e RxS" and V € 9p®(0, X), it holds that
V(0,H) = P(Qo PTHP)PT,
where 2 € S™ has entries
tel=1,1], if pi=p; =0,

A i + g

m s otherwise.
1 J

3. Smoothing Newton Method

This section focuses on the convergence analysis of the smoothing Newton method for getting
a Karush-Kuhn-Tucker point of IQD(A, b). It is easy to see that vy is continuously differentiable
with
Vuo(z) =2 —c — B*lsn (G(2)).

The Lagrangian of the problem IQD(A,b) is
L(z,\) :=vo(2) + A\ Apz

and its gradient is
V.L(z,\) =2z—c" — B*HSQ(G‘(Z)) + AEN

The Karush-Kuhn-Tucker optimality conditions for the problem IQD(A,b) are
V.L(z,\)=2z—c" — B*Hsi(é(z)) + ATX =0,
A >0, )\iaiTz:Q aiTZSO, 1=1,---,p,
which can be equivalently reformulated as
V.L(z,\) =z — = B*(G(2) + |G(2)])/2 + AT X =0, (3.1a)
VAN A+ @22 = N+al2=0i=1,--, (3.1b)
Inspired by [13], we define F': R x R™ x RP — R"*P as follows

[ 2= —B*G(2)/2 — B*(G(2)? + 21)'/2 )2+ AT X ]
VA4 (aT2)2 442 — )\ +af 2
Fle,2,\) = VA2 4+ (aT2)2 +4e2 — Ny + alz _ (3.2)

\/)\% + (al2)? +4e2 =\, + o] =

Then F(e, z,\) is continuously differentiable at (g, z, A) with € # 0 and strongly semismooth
everywhere. Noting that vy(z) is strongly convex, we have that any solution to

E(e,z,)\) = [ F(E;N ] =0 (3.3)
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is the optimal solution to the problem IQD(A,b). From [16, Lemma 3.3], there exists a unique
solution to the problem IQD(A,b). Hence, (3.3) has a unique solution which is the solution to
the problem IQD(A, b).

The smoothing Newton method is based on solving E(e, z, \) = 0 and uses the merit function
#(Z) = ||E(e,z,\)||* for the line search, where Z = (g,2,A). Let & > 0 and n € (0,1)
be such that nZ < 1. Define an auxiliary point Z by Z := (£,0,0) € R x R® x RP and
0:RxR"xRP - Ry by 0(Z) := nmin{l,$(Z)}. The smoothing Newton method, proposed
by [9,13], can be described as follows:

Algorithm 3.1.

Step 1 Select constants § € (0,1) and o € (0,1/2). Let €° := &, (2°,A%) € R™ x R? be an
arbitrary point. Then let the initial point Z° = (2,29 \%) and k := 0.

Step 2 If E(Z%) =0, then stop; otherwise, let 0y, == 0(Z*).
Step 3 Compute AZF := (Ack, AzF ANF) € R x R" x RP by

E(Z*) + TE(ZM)(AZY) = 60,2, (3.4)

Step 4 Let I be the smallest nonnegative integer | satisfying
H(ZF 4+ 6'AZF) < (1 —20(1 —nE)d)p(Z5). (3.5)
Define ZF+1 = 7ZF 4 ' AZF,

Step 5 k:=k+ 1, go to Step 2.

Below we give the global convergence results on the above algorithm. The following propositions
will be used in the proof of the forthcoming theorem.

Proposition 3.1. For any (£,z,\) € R x R™ x RP with ¢ #0, JE(g, z,\) is nonsingular.

Proof. By Lemma 2.2, we know that JE(e,z,)\) exists. Suppose there exists (£,2,\) €
R x R™ x R? such that
JE(g,2,\)(5,2,\) =0,

ie.,
g

24 %B*Bz - %B*j(b(s, G(2))(5,—B%) + ATA

ML+ (aT2)(aT2) +4e2 < T_
- M taiZ _
NorEar e R L B (30)

ApAp + (al 2)(al'Z) + deg 5
VR (af2)? + 42

I\

+a
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which implies that £ = 0 and

Aidi + (aTz)(aTE) ot
VAZ + )? + 4e? ’

ie.,

T )\, _
@ 2 +1)alz={1- : N, i=1,---,p.
VA2 + )2+ 4e? ’ VA2 + )2 + 4e?

By denoting

aTz +1 >\i
e ’ qi ‘= )
1 \/)‘2 2 4 4e? ' \/)\2 _1_452
we have
7’7@;112:(]75\7, ’L:]‘7 ,D.
Since € # 0 implies r; > 0,¢; > 0,i = 1,--- ,p, we have
T r
)\7,' —ZQTE Z:]_”p
qi

793

Denote C :=diag (r1/q1,72/q2,- -+ ,7p/qp)- Then C € S, and A = CApz. From (3.6), we know

that
. %B*Bz _ %B*jfb(e, G(2))(0,—B2) + ATA = 0,

ie.,

1 _ 1
3BT 0(e,G(2))(0, ~B2) — BBz = (I + AT CAo)z,

which implies

%‘TB*j@(s, G(2))(0,-Bz) — %ZTB*BZ =z (I + Al CAp)z.

Suppose Z # 0, then together with the fact that (I + AT CAg) = 0, we have
21+ ATCAp)z > 0.
Since G(z) € S™, there exist an orthogonal matrix P and a diagonal matrix
A = diag(p,-- -, pin)
of eigenvalues of G(z) such that G(z) = PAPT. Hence

a(La(=PTBzP)).
By a direct calculation, for i,7 =1,--- ,n,

(=PTBzP);(pi + 115)
(2 + p)V2 + (2 4+ p3)1/%

(PTT®(c,G(2))(0, ~B2)P);; =

Let o := max{(p; + ;) (€2 + p2)V/? + (2 + % 21/2)=1 4,5 =1---,n}. Obviously o < 1.
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From (3.7), we have

~ 1
0< =z'B*J®(e,G(2))(0,-Bz) — 5?8*82

N RN N =N =N =

B2) e Jd(e, G(2))(0, —B%) — %(62) . (B2)

—~

Te(BzT (e, G(2))(0, —BZ)) — %T&(leﬁz)

Tr(PPTBzPPT 7®(e,G(2))(0, —Bz)PPT) — %T&(BZBE)

IA

(o« —1)Tr(BzBz) <0

This shows z = 0, then A = CAgz = 0. Thus JE(e, 2, \) is nonsingular. O

Proposition 3.1 shows that Algorithm 3.1 is well defined. We state it formally in the following
theorem.

Theorem 3.1. The sequence {Z*} generated by Algorithm 3.1 converges to the solution of
E(Z)=0.

Proof. From (3.5), we know that

00 > i(qb(z’f) (ZF) i (1—ne)s")p(2")
k=0 k=0

and ¢(Z*) is strict monotone decreasing, then we have {¢(Z*)} converges to 0, which, together
with the fact that F(Z) = 0 has a unique solution, implies {Z*} converges to the solution of
E(Z) = 0. The proof is complete. O

The next proposition is about the nonsingularity of the B-differential of E at (0,z,\) €
R x R"™ x RP.

Proposition 3.2. Suppose Ay is of full row rank. Then any element U € OgE(0,z,\) is
nonsingular.

Proof. Let U be an element of 05 E(0, z, A). Assume that there exists (£, 2z, \) € RxR" x R?
such that U(,2,\) = 0. We have & = 0 and

z+4 iB*Bz — 1B*V(0,-Bz) + ATX

W, (Z,\) — )\ +alz

where V € 9p®(0,G(2)) and W; € 0v/(al 2)2 + (N)%,i=1,--- ,p

Since G(z) € S™, there exist an orthogonal matrix P and a diagonal matrix
A = diag(p1, -+, pin)
of eigenvalues of G(z) such that G(z) = PAPT. From Lemma 2.2, for i,j =1,--- ,n,

(PTV(0,—Bz)P);; = Qi * (PT(~Bz)P),j,
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where the matrix 2 € S™ has entries
te [_171]a if Hi = [ = Oa

A M+ f

, otherwise.
il + (1]

Obviously ;; <1, fori,j=1,---,n.

Noting the fact that the Euclidean norm f(x) = vVzTx is subdifferentiable at every z € R™
and the set 0f(0) is the Euclidean unit ball, we have that for i =1,--- |p

wilaiTE + wigXi - 5\1 + aiTZ if )\,L' = CL;-TZ = O7
Wl(’g’;\) _5\1_’_a'11“2: BV T T3 (39)
Ahi+ (a;2)(a; 2) i +al'z  otherwise,
(Xi)? + (a7 2)?
where (w;1, wi2) € {(¢1,¢2) € R?| ¢? + (3 < 1}. Hence, from (3.8), for i =1,---,p
Xi _ { 0 . if )\i :.ClZTZ =0 and (wﬂ,wig) = (—1,0), (310)
t;a; Z  otherwise,

where ¢t; > 0. Then we obtain
— p —
ZPATA =) (al DA > 0.
i=1
From the first equation of (3.8), we have

1 1 _
zZ+ 513’*13‘2 — §B*V(0, ~Bz)+ AN =0,
1 1 -
7Tz + 5?8*82 — 5zTB*V(O, -Bz)+zr AT N =0.

By applying the proof of Proposition 3.1, we have z = 0. Thus, A\ = 0. As Ay is of full row
rank , we have A = 0. Hence, U is nonsingular. O

We now state the quadratic convergence of Algorithm 3.1 in the following theorem. Based
on Proposition 3.1 and Proposition 3.2, its proof is a direct application of [13, theorem 4.2].

Theorem 3.2. Suppose Aq is of full row rank. Then the whole sequence {Z*} generated by
Algorithm 3.1 converges to the solution Z* of E(Z) = 0 with

|25 = Zz*|| = o(| 2" - Z*|”)
and
Proof. From Proposition 3.1 and Proposition 3.2, as Ay is of full row rank, then for all Z*

sufficiently close to Z*, U € dgE(Z*) is nonsingular. Then compute AZ* by (3.4), we have
AZk = U= ~E(Z*) + 0. Z]. Hence, as E is strongly semismooth at Z*, from the definition of
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strongly semismooth, for all Z* sufficiently close to Z*, we have

|1Z* + AZF — Z*|| = ||1Z2F + U [—E(Z%) + 0. 2] — Z*|
= O(|E(Z") — E(Z*) = U(Z" — Z7)| + 6xl|2])
=0(|2" - Z*|*) + O(¢(2"))
=0(|2" - z*|*) + O((E(Z") - E(Z*))?)
=0(|2* = Z*|*).
Noting that for all Z* sufficiently close to Z*,

o(Z% + AZF) = O(| 2% + AZF — Z7|?)
=0(|2" = Z*|I") = O(e(Z%)?),
we have ZF+t!1 = ZF + AZ*. Then we can easily get
|25 =z = O(||1 2" = Z*|?).

Next, from the definition of 6, and the fact that Z¥ — Z* as k — oo, for all k sufficiently large,
we have

Ok = np(Z%).
Also, for all k sufficiently large, because Z**! = Z¥ + AZ* we have
eF = &b 1 Ak = 0z = nEp(ZF).
Hence, for all k sufficiently large,

Lot p(z%)
A T T, iz — O

This proves e¥+1 = O((¢¥)?). The proof is complete. O

4. Numerical Experiments

In this section, we report our numerical experiments of Algorithm 3.1 carried out in Matlab
7.1 running on a PC Intel Pentium IV of 2.80 GHz CPU. After a few preliminary tests, the
following choices were made and used in all the test examples.

e In Step 3 of Algorithm 3.1, as JE(Z*) is nonsymmetric and its explicit form is com-
plicate, we use CGS method (conjugate gradient square method) [11] to solve (3.4).

e In Step 2 of Algorithm 3.1, instead of E(Z*) = 0, the stopping criterion in the exper-
iments we adopted is Tol. := ¢(Z*) < 107°.

o We set other parameters in the algorithm as n =0.5,0 = 0.3,6 = 0.5.

We test the following class of examples:
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Example 4.1. Consider the following simple quadratic program,

1
min  f(z) == ExTGx +clx
st. Ax>b, x>0,

i S R N )

(4.1a)
where

-2 4 —6 -2 -2

The optimal solution of (4.1a) is x* = (0.8,1.2). Let 2° = (0,0) and (G, c°) be an estimate
of (G,c), we consider the following inverse quadratic programming problem,

1

min §||(G7C> - (GO’ CO)H2

s.t. 2% € SOL(4.1a), (4.2)
(G,c) € ST x R

As described in the Section Introduction, Ay (the 2x2 identity matrix) can be simply derived
and problem (4.2) can be equivalently expressed as

1
min  [[(G,¢) - (G°, )|
2 43
st. ¢+ Ga® — Alu=0, (4.3)
(G,c,u) €S2 x R x R2.

Since ¥ is an zero vector and Ay is an identity matrix, we can easily know that the solution

(G*,¢*) to problem (4.2) is always (1‘[52+ (GO),HRi (c”)) and u* = c¢*. Table 1 presents the
results of our experiments on Example 4.1, in which z* denotes the optimal solution to the dual
problem of (4.2), (G*, ¢*) denotes the optimal solution to problem (4.2).

From Table 1, it can be verified that every pair of (G*, ¢*) actually equals to

(HSi (GO)7 HRi (CO))7

which means that the smoothing Newton method indeed gives the correct solutions. Noticing
that «* is made up of the Lagrangian multipliers with respect to the active constraints and
uw* = ¢*, from Table 1 we can see that the strict complementary condition is not required in

this method.

Table 1: Numerical results of Example 4.1

G° s 2* G* c*

25 —28 —25 —2.50 2.50 —2.80 0

—28 45 —65 —6.50 280 450 0
1 -2 0.5 0 [ 135 —1.73 | 0.50

2 2 —55 —5.50 —173 221 0
0 -1 0.5 0 [ 035 —0.85 | 0.50
1 2 0.5 0 085  2.06 0.50
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Example 4.2. We still consider problem (4.1a), let

S H RS S|

Then the inverse problem of (4.1a) is formed as

I

1
min 2 [[(G,¢) — (G°, )|
2 4.4
st. c+ Gz’ — Alu =0, (4.4)
(G,c,u) € ST x R? x R,

where Ag is of the form A given in (4.1b).

Example 4.3. The following problem named HS76 comes from CUTEr set of problems [5]:

1
min  f(z):= —27Gx + Tz

2 (4.5)
s.t. Az > b,
where
(2) (1) _(1) 8 :; -1 -2 -1 -1 -5
G= , c= L, A= -3 -1 -2 1|, b=1| -4
-Lo2d ! 0 1 4 0 1.5
00 1 1 -1
Let
0 30 -1 0 0
1.5 02 00 -2
0 _ 0 0 __
e S K R T S KRl
2 00 1 2 0

Then we consider the inverse problem of (4.3) as follows

1
min 2 [[(G,¢) = (G°, )|
2 46
st. ¢+ Gz — Alu=0, (4.6)
(G,c,u) € ST x R* x R3,

-1 -2 -1 -1

where Ag = 0 1 4 0

Example 4.4. The following problem named S268 comes from CUTEr set of problems [5]:

1
min f(z) = éxTGx +cl

(4.7)
s.t. Ax >0,
where
20394 —24908 —2026 3896 658 18340
—24908 41818 —3466 —9828 —372 —34198
G= —2026  —3466 3510 2178 —348 |, ¢c= 4542 |,
38906  —9828 2178 3030 —44 8672

658 —372 348 —44 54 86
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-1 -1 -1 -1 -1 -5
10 10 -3 5 20
A=1] -8 1 -2 -5 3|, b= —40
8§ -1 2 5 -3 11
-4 -2 3 -5 1 —30
Let 2° = (1,1,1,1,1)T and
20000 —20000 —2000 3000 600 10000
—20000 4000 —3000 —10000 —300 —30000
G°=| —2000 —3000 3000 2000 —300 |, = 4000
3000 —10000 2000 3000 —40 8000
600  —300 —300 —40 50 80

Then we consider the inverse problem of (4.3) as follows

1
min S [|(G,c) — (G°, )|
2 48
st. ¢+ G2 — Alu =0, (4.8)
(G,c,u) € ST x R® x R,

-1 -1 -1 -1 -1

where Ay = g _1 9 5 _g |-

Table 2: Numerical results of Examples 4.2, 4.3 and 4.4

Example 4.2 Example 4.3 Example 4.4
k $(Z") k P(Z") k o(Z")
0 5.85 x 10* 0 3.75 x 10? 0 7.26 x 108
1 6.22 x107! 1 1.73 x10* 2 9.93 x 10°
2 6.35 x1072 2 3.93 x107! 4 1.40 x 10*
3 1.81 x1072 3 1.71 x1072 6 6.25 x 1072
4 3.70 x10~* 4 2.05 x1073 7 2.44 x 107*
5 3.69 x10~° 5 2.89 x107° 8 3.73 x 107°

Table 2 demonstrates the asymptotic convergence rate of Algorithm 3.1 on Examples 4.2,
4.3 and 4.4, where k denotes the kth iteration (k = 0 stands for the initial iteration) and ¢(Z*)
denotes the value of the merit function ¢(Z*). As shown in Table 2, the convergence is stable
and the quadratic rate is observable.

Example 4.5. Let GO and c® be a random n x n symmetric matriz and a random n x 1 vector,
respectively. Ag is a random p X n matriz. For convenience, we set the elements of x° all 1.
We report our numerical results for n = 100, 200, 500, 1000 and p = n/10.

When solving Example 4.5, the initial point (2", A\°) is chosen to be the vector whose entries
are all ones. Our numerical results are reported in Table 3, where Iter., Func., Res0. and Resx.
stand for, respectively, the number of iterations, the number of function evaluations and the
residuals ®(-) at the starting point and the final iterate of implementation.
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Table 3: Numerical results of Example 4.5

n P cputime | Iter. | Func. Res0. Resx.

20 2 0.4s 6 7 2.01x10* | 3.48 x10~"
50 5 3.1s | 8 9 2.92x10° | 1.29 x10~"
100 | 10 24.7s | 10 11 2.29%10° | 1.06 x10~"
200 | 20 2m48.5s | 12 13 1.82x107 | 3.83x107°
500 | 50 55m4dl.4ds | 16 17 2.82x10% | 9.80x10°®
1000 | 100 | 5h26m25.0s | 13 16 2.26x10° | 3.97x107°

Based on Table 3, the largest numerical example we tested in this paper is n = 1000, p = 100.
In this case there are roughly 500,000 unknowns in the primal problem. In consideration of the
scale of problem solved,the smoothing Newton method is very effective. Since the vast majority
of our computer cputime is spent on the preconditioner conjugate gradient square method for
solving the linear system (3.4), it would save much computing time if a better preconditioner
for (3.4) is found.
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