Journal of Computational Mathematics http://www.global-sci.org/jcm
Vol.27, No.6, 2009, 802-811. doi:10.4208//jcm.2009.09-m2540

HERMITE SCATTERED DATA FITTING BY THE PENALIZED
LEAST SQUARES METHOD"

Tianhe Zhou
Department of Mathematics, Zhejiang SCI-TECH University, 310018 Hangzhou, China
Email: bartonzhouth@gmail.com
Danfu Han
Department of Mathematics, Zhejiang University, 310029 Hangzhou, China
Email: mhdf2@zju.edu.cn

Abstract

Given a set of scattered data with derivative values. If the data is noisy or there is an
extremely large number of data, we use an extension of the penalized least squares method
of von Golitschek and Schumaker [Serdica, 18 (2002), pp.1001-1020] to fit the data. We
show that the extension of the penalized least squares method produces a unique spline
to fit the data. Also we give the error bound for the extension method. Some numerical
examples are presented to demonstrate the effectiveness of the proposed method.
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1. Introduction

Suppose V = {v; = (z;,9;)}; is a set of points lying in a domain 2 C R%. Let {f/"",0 <
v4+pu<ri=1,--- N} be given real values. If the data is noisy or there is an extremely large
number of data, it may not be appropriate to interpolate the data. This problem arises in many
applications, including, e.g., surface design on airplane or car and meteorology which we will
explain in our numerical examples. We will construct a function s € C™"2(£2) which minimizes

N
Pus):=Y" Y IDeDIs(vi) — [P+ AE(s),
i=1 0<a+pB<r

where A > 0 is a constant and E,.(s) is the energy functional defined by

Er(s):/Q l% <“l:2> [D’;D;“—k’sﬂ dwdy. (1.1)

k=0

We call this the extension of the penalized least squares method. If WZ2(Q) is the standard
Sobolev space and f;"* = DY DU f(x;,y;) + ;" for f € W F? with noisy term ;" we derive
the error bounds for the method

1f = slloc0 < CLIA 2| flri2.00.0 + CoAllflloo0;

where |f|r12.00,0 denotes the maximum norm of the (r + 2)nd derivative of f over  and
[l fllco,0 is the standard infinite norm. Here |A| is the size of the triangulation A which will be
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defined latter. For r = 0, this approach reduces to a typical penalized least squares problem
(see, e.g., [5]). In [5], the error bound of the penalized least squares method is provided. We
will generalize that result to Hermite data setting. For r > 1, the problem has received less
attention. It is easy to see that when A > 1, the surface is close to the energy minimization
method and when A < 1, the surface is close to the discrete least squares fitting. Consequently,
we can choose an appropriate weight A for our need (see, e.g., [12]).

The paper is organized as follows. In Sect. 2 we review some well-known Bernstein-Bézier
notation. The extension of the penalized least squares method is explained in Sect. 3 and
the existence and uniqueness are discussed there. In Sect. 4 we derive error bounds for the
extension of the penalized least squares method. Finally, in last section numerical examples are
presented to demonstrate the usefulness of our method.

2. Preliminaries

Given a triangulation A and integers 0 < m < d, we write

SPH(A) :={s€C™Q):s|p € Pyg,forall T €A}
for the usual space of splines of degree d and smoothness m, where P is the (d'Q"Q) dimensional
space of bivariate polynomials of degree d. Throughout the paper we shall make extensive use
of the well-known Bernstein-Bézier representation of splines. For each triangle T' = (v1, v2,v3) in
A with vertices vy, vg,v3, the corresponding polynomial piece s|r is written in the form

_ T pd
slr = E CijkBijk»
i+j+k=d

where B;ijk are the Bernstein-Bézier polynomials of degree d associated with T'. In particular, if
(A1, A2, A3) is the barycentric coordinates of any point u € R? in terms of the triangle 7', then

d!
d -
Bignlw) = i

NN i+ k=d
As usual, we associate the Bernstein-Bézier coefficients {cgk}iﬂ%:d with the domain points
{§£k := (iv1 + jva + kvs)/d}itj+k=a and use c¢ to denote the association.

Definition 1. Let 8 < co. A triangulation A\ is said to be B-quasi-uniform provided that

where |A| is the mazimum of the diameters of the triangles in A\, and pa is the minimum of
the radii of the incircles of triangles of /\.

It is easy to see that if A is f-quasi-uniform, then the smallest angle in A is bounded below
by 2/5.

A determining set for a spline space S C SY(A) is a subset M of the set of domain points
such that if s € S and c¢ = 0 for all { € M, then ¢ = 0 for all domain points, i.e., s = 0. The
set M is called a minimal determining set (MDS) for S if there is no smaller determining set.
It is known that M is a M DS for S if and only if every spline s € S is uniquely determined by
its set of B-coefficients {c¢}eecm-
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Lemma 2.1. (cf. [7]) The dual basis {Bg¢}eem is a stable basis in the sense that there exist
constants K1, Ko depending only on the smallest angle in /\ such that for all choices of the
coefficient vector ¢ = {c¢}eem,

Killelloo < | ceBe| < Kalc]w.
£eM

Recall from [1,2] that for any given function f € L;(2), there exists a quasi-interpolatory
operator ) mapping f € L1(Q) to S5(A) with d > 3r + 2, which achieves the optimal approx-
imation order of S](A). The results are summarized below.

Lemma 2.2. (cf. [2]) Let r > 1 and d > 3r+ 2. Suppose f € C™(Q) with m > 2r. Then there
exists a spline function Qf € SH(A) satisfied

1D Dy (f = Q)| L) < KIA™ P flin,o00

for 0 < a+ B8 < m, where |A| is the mesh size of A\, and | f|m,co.q 5 the usual maximum norm
of the derivatives of order m of f over .

When d < 3r + 2, similar approximation results are available for some special spline spaces,
see, e.g., [6,8-11].

3. Existence and Uniqueness of Solutions to the Extension Method

Consider a spline space S = SQ+2(A) with d > 3r+8. Note that using the locally supported
basis functions (cf. [3]), any spline function s in the space can be represented by s = Zi\il Ci G,
for some set of coefficients {c;},.

The extension of penalized least squares method is to find sy s € S such that
Py(sx,f) = min{Py(s) : s € S}, (3.1)

where A > 0 is a positive weight,

N
Pa(s)=>_ > |DIDIs(vi) — f°F + AE,(s) (3.2)
i=1 0<a+B<r

and E,.(s) denote the energy functional defined by (1.1).
This section is mainly concerned with the existence and uniqueness of solution sy ¢ € S
satisfying (3.1).

Theorem 3.1. Fiz a A > 0. Suppose that all vertices of /A are the part of the data locations.
Then there exists a unique sy 5 € S satisfying (3.1).

Proof. Tt is easy to show the existence of solution. For simplicity, we omit the details here,
and we just show the uniqueness of the minimizer sy ;. Suppose that we have two solutions
sy,f and 5y r. Let ¢ and ¢ be the two coefficients associated with sy ; and 5y ; respectively.
Since Py is a convex functional, we have, for any z € [0, 1],

P)\(ZS)“f + (1 — Z)§)\’f)
SZP)\(S)\J)+(172)P)\(§)\J) :P)\(S)\’f). (33)
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That is, Px(zsx,r + (1 — 2)3x,¢) is a constant function for z € [0, 1]. It follows that

gPA(zsAJ +(1—-2)5x5)=0 forallze|0,1].
z

Consequently,

0= %Px(zs,\,‘f + (1 —2)3x,f)
=2\z(c—&)TK(c —¢) +22(c — ¢)"B(c — &) — 2b%(c — @) (3.4)
for all z € [0,1]. Since both K and B are nonnegative definite, we have
(c—¢&)"'K(c—¢)=0 and (c—¢)'B(c—¢)=0. (3.5)
The first equation is equivalent to

E(S)\’f — §)\7f) =0

which implies that sy j — §x, 5 is a polynomial of degree r + 1. The second equation in (3.5)
implies that
DDy (sxs —3x4) =0

at all vertices of A for any o + 3 < r. Thus, it is easy to see that
Sxf— 855 =0.

Hence, the minimizer is unique. O

4. Error Bounds for the Extension Method

In this section we derive error bounds for the extension of penalized least squares method.
Let X, Y and S be linear spaces of functions on R? where S CY C X. Suppose ||-[|x : X = R
and || - [y : Y — R are semi-norms induced by semi-definite inner products (-,-) on X and [, ]
on Y respectively, where

N
(f.9)=>_ Y DD} f(vi)DsDyg(vy),

i=10<a+pB<r
K2 r+2
ra-Y [ [z ("+?) [Dg’zD;H—kasD;w—kgﬂ oy
T7eAYT LEk=0
Given f € X and A > 0, we need to find s ; € S such that

Py(sx,f) = migl Py(s) (4.1a)
sE

where

Pa(s) = |If = sk + Alls[3- (4.1b)
Let us introduce a discrete least square fitting: sy € S is called a discrete least squares fit of f
if

I1f = ssll% :ISngHf*S”%(- (4.2)



806 T.H. ZHOU AND D.F. HAN

It is easy to see that the extension of the penalized least squares approximation sy s of f is
characterized by
(f — sx,pou) = Al p,ul, Yu € S, (4.3)

while sy is characterized by
(f —sy,u) =0, Yu € S, (4.4)

It follows from (4.3)-(4.4) that
(sf — sx,f,u) = N[sx £, ul, Yu € S. (4.5)
Lemma 4.1. For each f € X and X > 0, we have

lsx.rlly < llsslly, (4.6)

and

lss = sxsllx < VAllsslly, (4.7)
where sx ¢ and sy are defined by (4.3)-(4.4).

Proof. The proof is the same as that of Theorem 6.1 in [5]. For simplicity, we omit the
details here. d

Lemma 4.2. Suppose X C Lo (2), and let

Kg = Sup{”S”Y :565,8750} < 00, (4.8a)
[Is]l x
ks zsup{”snfx’»gzsekg’s#o}<oo, (4.8b)
sl x
Then
57 = sxtlloo,2 < MesKs||sglly (4.9)

Proof. Tt follows from (4.5) and the Cauchy-Schwarz inequality that
Isg = sxrllx = Alsag 57 = sag] < Allsagllyllsg — sarlly-
By the definition of K¢ and (4.6), we get
sy = saslk < Mlsglly Ksllsy = sasllx-

Then using

lsf = sx sl < ksllsy — sarllx
gives (4.9). O

Below we present our main result in the paper.

Theorem 4.1. Suppose A is a B-quasi-uniform triangulation and assume that

L::sup{ Isllx :s€S7s#O}<oo. (4.10)

15]l0c.2
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Then there exist constants Cy and Co depending on A\, d, M and ( if  is convex, and also
on the Lipschitz constant Laq of the boundary of 1 if Q is non-convex. Let sy be the spline
minimizer Py defined by (4.1). Then

If = sxslloog < CLIAI [ flrr2,00.0 + CoAl fllscs (4.11)
for every function f € WIF2(Q).
Proof. 1t follows from Lemma 4.2 and the definition of Kg that
Isf = saslloce < MbsKGlssllx.

Note that
[sflloc,2 < llsg — flloo,2 + [ flloo,0-

Then by (4.10)
Isg = sxslloc.0 < ALksKE|sflloc,0
< ALksK3 sy = s + Il ) (1.12)
Next by the definition of @)y, we can see that
17— Qs = min 1S — sl%- (113)
Consequently, sy = Q. Thus using Lemma 2.2 gives

1f = s¢lloc. < KA 2| flrt2.00.0-

Using the fact

1f = sxtlloc2 < llsg = saflloc + If = 8¢l

we obtain
1 = saslloo < (ALksKé n 1) lss — Fllsog + ALKSK3 [ oo

Consequently, we have (4.11) with C; = K(ALksK% + 1) and Cy = LksKZ. O

5. Numerical Experiments

In this section we present numerical experiments for our method.

Example 5.1 Consider 1000 random points {(z;,y;)} over [0, 1] x [0,1] as shown in Fig. 5.1.
Let {(x, v, f(xi,9:) +€),2=1,...,1000} be a scattered data set, where

f(z,y) =0.75 exp(—0.25(9z — 2)? — 0.25(9y — 2)%)
+0.75 exp(—(9z + 1)%/49 — (9y + 1)/10)
+ 0.5 exp(—0.25(92 — 7)% — 0.25(9y — 3)?)
—0.2exp(— (92 —4)* — (9y — 7)?),
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Fig. 5.1. The scattered data and the triangulation A
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Fig. 5.2. The original Franke function

which is the well-known Franke function, (see Fig.5.2) and ¢; are noisy terms. We set ¢; to be a
random number between —0.01 to 0.01. The spline spaces Sz(A) is employed to find the fitting
surfaces, where A is the triangulation given in Fig. 5.1. Furthermore, we choose different A to
check the difference of the surface create by our method.

In Fig.(5), the surfaces created by using the extension method with A = 0.01, 0.1 and 0.5
are presented. It is observed from the plots that the surface becomes less deflective when A
becomes large. So we can adjust A to create the surface as we need.

Below, we present an example to illustrate an application of our method.

Example 5.2 We consider the reconstruction of a wind potential function. We are given a set
of wind velocity measurements over 1500 places in China in one day and required to construct
the wind potential function W. Let {(z;, v, Wil’o7 Wio’l,i =1,---,1500} be the given wind
velocity values. In order to uniquely determine the wind potential, we assume that VVl0 0= .
Let A = 0.01 and A be a triangulation of the part of data locations as shown in Fig. 5.4. We
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(c)
Fig. 5.3. Example 5.1: The surface created by the extension method with (a): A = 0.01, (b): A = 0.1
and (¢): A=0.5
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Fig. 5.4. A triangulation A of the data locations over China

Fig. 5.5. The wind potential function

use the spline space S3(A). We find the spline function sy € S2(A) satisfying

1500

Py(sw)=min |3 3 ‘D;“Dgs(vi)—Wi“75‘2+‘s(v1)—WE’O‘Q—F)\Eg(s) :
i=1 a+B=1
where ; ) Skt
me= [ (2 () e

k=0

In fact, we can show that there exists a unique solution sy in any spline space S5(A) of
smoothness 7 > 2 and d > 3r + 2. The proof is almost the same as Theorem 3.1. In Fig. 5.5,
the spline reconstruction of the wind potential function is presented. The wind velocity values
{(s, 9, WO, W2t i =1,--- 1500} are shown in Fig. 5.6.
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Fig. 5.6. The wind velocity in (a) z-direction, and (b): y-direction
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