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Abstract

A monotone compact implicit finite difference scheme with fourth-order accuracy in
space and second-order in time is proposed for solving nonlinear reaction-diffusion equa-
tions. An accelerated monotone iterative method for the resulting discrete problem is
presented. The sequence of iteration converges monotonically to the unique solution of
the discrete problem, and the convergence rate is either quadratic or nearly quadratic,
depending on the property of the nonlinear reaction. The numerical results illustrate the
high accuracy of the proposed scheme and the rapid convergence rate of the iteration.

Mathematics subject classification: 65M06, 65M12.
Key words: Nonlinear reaction-diffusion equation, Monotone compact implicit scheme,
High accuracy, Monotone iteration, Rapid convergence rate.

1. Introduction

Many phenomena in physics, chemistry, biology and engineering are described by nonlin-
ear reaction-diffusion equations. Much work has been done for the qualitative analysis of the
equations (see [19] and references therein), as well as their numerical simulations (see, e.g.,
[7,10,13,17,18,20,21,23,24,28]). In this paper, we provide a new numerical treatment for a class
of nonlinear reaction-diffusion equations. It includes the construction and analysis of a mono-
tone compact implicit finite difference scheme with high accuracy, and an accelerated monotone
iterative method with rapid convergence rate for solving the resulting discrete problem. The
equation under consideration is of the form:

Ou/ot + Lu = f(x,t,u), O<z<l, 0<t<T,
w(0,t) = go(t), u(l,t) =g1(t), 0<t<T, (1.1)
u(z,0) = up(x), 0<z<1,

where go(t), g1(t) and ug(x) are given continuous functions satisfying the compatibility condi-
tions uo(0) = go(0) and uo(1) = ¢g1(0). The operator Lu in (1.1) is given by

Lu= f% <k(x)%> , (1.2)
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where the coefficient k(x) € C1(0,1) and for certain constants ag and a7,
0<ap<k(z) <o, x € (0,1). (1.3)

The function f(z,¢,u) in (1.1) is continuous in its domain, and the function f(-,«), which is in
general nonlinear in u, is continuously differentiable in w.

Various numerical methods have been developed for solving problem (1.1). In the usual
finite difference methods, one approximates the term du/9dt by Euler backward method and
the differential operator Lu by the central difference quotient (see, e.g., [7,10,13,17,18,20,21]).
In this case, the resulting discrete system is tridiagonal, and so it does not need any fictitious
points for implementing the scheme. However, such scheme has only the accuracy of O(r + h?)
where 7 and h are the mesh sizes in time and in space, respectively (e.g., [15,17,18,20,21]). In
other words, we must take small mesh sizes in order to obtain the desirable accuracy, and thus
much computational work is involved.

As is well known, by using the Crank-Nicolson technique or the three-level Lees technique
in the time discretization, the accuracy in time can be improved to second-order (see [4,15,25]).
But if Lees technique is used, one has to evaluate the solution at the first time level by other
method (see [4,15,25]). Another trick for improving accuracy in time is to use extrapolation
technique (see [25]). For improvement of the accuracy in space, a conventional approach is to
approximate Lu by using more points in the space discretization (see [4]). However, this not
only significantly increases the computational complexity but also causes difficulty in handling
boundary conditions since fictitious points near boundaries are needed (see [4]).

An alternative approach of improving the accuracy in space is the so-called compact implicit
method which has been developed and generalized by several investigators under the name
Operator Compact Implicit (OCI) method (see, in particular, [2-4]). This method achieves the
fourth-order accuracy while retaining the tridiagonal feature of a second-order method and not
requiring additional fictitious points at the boundary (see [2-4,14]). Assume that the function
u(x) is independent of t. The main idea of the OCI method is to look for an approximation
representation of Lu by establishing the following relationship between Lu and the function u
on the three adjacent points of a uniform mesh x; = ih (h=1/L,i=0,1,---,L):

w1+ i ui = g (Lu)io1 + ¢§(Lu); + g (Lu)ig, 1<i<L-1, (1.4)

or
Riuf’i: Qi(‘cu’)’ia 1 SZSL_17

where u; and (Lu); are the approximations to v and Lu at x;, respectively, and the operators
R; and Q; are tridiagonal operators:

Ritly = 1y Wim1 + r§u; + 1w, Qi = q; wi—1 + qiui + g uiga, 1<i<L-1. (1.5)

This approximation representation for Lu is explicit if ¢; = q;r = 0, and implicit otherwise.
Without loss of generality, throughout this paper, (1.4) is assumed normalized so that

}Lirrlo g; = a positive constant, 1<¢<L-1. (1.6)

Following the terminology of [3,4], a scheme of the form (1.4) will be referred to as an Operator
Compact Implicit (OCI) scheme if it is a fourth-order accurate approximation to Lu, i.e., if
its truncation error is O(h*) after normalization. Note that the fourth-order accuracy is the
highest that can be obtained by a scheme of the form (1.4) (see, e.g., [3,14]).
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We now discretize (1.1). Let ¢, = nt (r = T/N,n = 0,1,---,N) be the mesh size in
time. By combining the Crank-Nicolson discretization in time with the technique used in space
approximation as in scheme (1.4), we obtain the following difference equation for (1.1):

T T T
(Qi + 5721-) Ui = (Qi - 5721') Ujn—1 + §Qi (f(xiatnaui,n) + f(@is tno1, “@"*1))’ (1.7)

where u; 5, is the approximation to u(x;,t,). Define

A={(i,n):i=1,---,L—-1;n=1,--- N},

oA ={(i,n):i=0,L;n=0,1,--- ,N}U{(3,0):4=0,1,--- , L},

A=AUOA.
Since a fundamental property of the problem (1.1) is its maximum principle (see [19]), it is
reasonable to require that (1.7) also possesses an analogous discrete maximum principle as

follows:
Discrete maximum principle. The inequality

(Qi + ng) Ujp < (Qi - %Rz> Ujm—1, (i,n) € A (1.8)
implies
[nax, i < (A i (1.9)

The scheme satisfying the discrete maximum principle is often known as a monotone scheme.
For the monotonicity of (1.7) we have the following result.

Theorem 1.1. The scheme (1.7) is monotone if the following condition is satisfied:

g, >0, ¢ >0, q;rZO, r;+rf+r;r:0,

(O RO T T
q; +57"i <0, qff§7’5>0, q;”+§rf<0,

1<+ <L-1.

Proof. Tt suffices to prove that the inequality (1.8) implies (1.9). Define a;’c’Jr (i.e.,

a; ,a$,a;) and b;¢" as follows:
_ _ T _ _ _ T _
a; et = goot 4 Tymet) oot = et — Dyt
2 2

Then by the condition (C), we have

a$ >0, —a; " >0, b7°" >0, af=—a; —af +b; +05+b;. (1.10)
Moreover, by the definitions of Q; and R;, the inequality (1.8) reads

a; Wim1n + S + @ Ui < b Uim 11 + DU 1 + D Uit 1 (1.11)
Now, let

Uig,ng = A = Inax Ugn
(i,n)EA

for some (ig,n0) € A. If (ig,n9) € OA, then (1.9) follows immediately. Otherwise, we have from
(1.10) and (1.11) that

1
c
aiO

—l—bfouio,no_l + b;ui0+17n0_1) < MK. (1.12)

 — . —aT —ata. T
MA*uioyno < ( Qo Wig—1,n0 aiouloJano+bi0u10*17n0*1
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Using (1.10) again, we assert that all the values u;,, involved in (1.12) are equal to Mx. Hence
Mgy is attained also at all the points which are the connected neighbors of (ig,ng). The same
argument is valid at each of these points. Finally, all u;, take the same value Mj. Therefore,
(1.9) is valid.

Since it is not easy to check the monotonicity of (1.7) directly, we turn to pay attention to
the condition (C). A monotone scheme of the form (1.7) will be called a Monotone Compact
Implicit (MCI) scheme in this paper if the corresponding steady scheme (1.4) is an OCI scheme.

Motivated by Hermite’s generalization of the Taylor series, Collatz proposed an OCI scheme
in [5,6]. Independently, Swartz [26] also derived a similar OCI scheme from approximation the-
ory considerations. Later a broad family of OCI schemes was obtained in [4] using a straight-
forward Taylor expansion, which generalizes Swartz’s work. For an overview of OCI schemes,
see the monograph [14]. However, when the above technique is applied to the operator Lu
given by (1.2), the relationship (1.4) (or more precisely, the definitions of the operators Q; and
R;) becomes complicated since it depends not only on the function k(z) itself but also on the
derivative of it. In addition, we require some severe conditions on k(x) as well as on k'(z) (for
example, k'(x) > 0) (see [14]) for the monotone condition (C). This feature limits the applica-
tion of this method. In this paper, we propose a new approach for Lu in its original form to
obtain an OCI scheme and then establish a MCI scheme in the form (1.7) with the accuracy
of O(7%2 + h*). Such a scheme depends only on the function k() itself, and the monotone
condition (C) can also be easily verified with some conditions on the function k(z) only. It is
noted that our scheme was partially motivated by the work in [8] or [9] where a relationship
between Lu and u was established by using the local Green’s function.

Due to the nonlinearity of the problem (1.7), some kind of iteration process is required.
The frequently used iteration processes are either the Picard type or the Newton type [16—
18,21,22,30]. The Picard’s method yields a sequence converging to a unique solution monoton-
ically. However, the convergence rate is only linear. In the treatment of a chemical reactor
model in [17], for example, the convergence rate of the Picard iteration is very slow for certain
physical parameters. Although the Newton’s method is quadratically convergent, the corre-
sponding sequence of iteration does not possess, in general, any monotone property. Moreover,
the Newton’s method has a strict requirement on the initial data for its quadratic convergence
(see [16,30]). To increase the convergence rate while maintaining the monotone property of the
iteration, we propose an accelerated monotone iteration for the problem (1.7) by the method of
upper and lower solutions. It is shown, by using upper and lower solutions as a pair of coupled
initial iterations, that the iteration yields two monotone sequences which converge monotoni-
cally from above and below, respectively, to a unique solution. Its convergence rate is either
quadratic or nearly quadratic, with the usual differentiability requirement only on the function
f(-,u). On the other hand, since the initial iteration in the monotone iteration is either an
upper solution or a lower solution, which can be constructed directly from the problem (1.7)
without any knowledge of the solution, our method avoids the search for the initial iteration as
is often needed in the Newton’s method. Indeed, this is another advantage of our method.

This paper is organized as follows. In Section 2, we design a new OCI scheme of the
form (1.4) and then combine the Crank-Nicolson discretization in time with the OCI scheme
to propose a MCI scheme of the form (1.7). This MCI scheme is treated in Section 3 by the
method of upper and lower solutions. The existence and uniqueness of the solution is discussed.
In Section 4, we prove that the MCI scheme has the accuracy of O(72+h?). Section 5 is devoted
to an accelerated monotone iteration for resolving the resulting discrete system. This iteration
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is reduced to the Newton’s method if the reaction function f(-,u) possesses a concavity or
convexity property between upper and lower solutions. The quadratic convergence rate of the
iteration is analyzed. Some explicit estimates for the convergence rate are given. In Section
6, we give some numerical results which demonstrate the monotonicity of the iteration and
the high accuracy of the numerical solution. The comparison of the convergence rate of the
accelerated monotone iteration with that of the Picard iteration is also given. The final section
gives some concluding remarks.

2. The Derivation of the MCI Scheme

In this section we derive a MCI scheme and discuss its basic properties.

2.1. An OCI scheme

Consider a uniform mesh a; = ih (i = 0,1,---,L) where h = 1/L is the mesh size. The
local Green’s function G;(z, s) of the operator £ given by (1.2) is defined by

LG(x,s) =(z,s), (x,8) € (Ti—1,25) X [Xie1, i), 1<:<1L,
Gi(xi_l,S)ZGi(xi,S):O, s € [.ﬁi_l,Ii], 1<:< L.

It can be verified that (see [8,9])

(. s) = 91,i(8)g2,i(x)/ Ji, x < s, X
Gile,2) { 91,i(2)g2,:(s)/ Ji, x> s, (2.1a)

where

x; 1 Ti 1 * 1
Ji= (/zl @d5> , gri(z) = Jz‘/x @dsa 92,i(x) = Ji /Ii1 @ds. (2.1b)

By the above local Green’s function, we have the following relationship between Lu(z) and
u(z) (see [8,9]):

—Jiu(xi_l) + (Jz + Jz—i—l)u(xz) — Ji+1u(aci+1) = ‘I/i(ﬁu), (2.2)

where
Tit1 Ti
U, (Lu) = / Lu(x)g1,i+1(x) dz —|—/ Lu(x)g2,i(x) de.
xT; Ti—1

Define v(z) = Lu(x), and let H;(z) be the Hermite interpolant of v(z) on [z;_1, x;+1] such that

Hi(z;) =" (z;), Hi(x;)=v(z;), j=i—1,4,i+ 1.
Then by approximation theory we have

Hi(z) = ¢ip(x)v(xio1) + di2(x)v() + i z(x)v(rigr) + pie),

where

x—xi+($—xi)2

— . — )2
= _— x xl+(x x;)

Gir(z) = - 2h oz

L Gia(@) = 1= S is(e) =
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and )
pi(z) = *ﬁ”’(fﬂz‘)(ﬂf —zi—1)(x — 2i)(T — Tiy1)
Q—;ﬁ(U(Iiﬂ) —v(@i—1)) (@ — zi—1) (T — 2) (T — i)

Moreover for all x € [z;_1, Z;11],

+

1 d%*w

v(z) = H;(z) + At

(&) (@ — zim1) (@ — 2:)* (2 — @ig1),
where & € [z;—1,2;41]. On the other hand,

2 Py
V' (x;) = % (v(@it1) —v(wio1)) — %%(m%

where 7; € [z;—1,2i+1] and depends only on z; (j = ¢ — 1,4,i + 1). Consequently, for all
T € [Tio1, Tiy1],

v(z) = g1 (x)v(wi-1) + di2()v(2:) + ¢i3(T)v(Tit1) +&i(),
or equivalently
Lu(x) = ¢i1(2)Lu(wi1) + ¢i2(2) Lu(w;) + ¢i3(7) Lu(itr) + &), (2.3)

where

3’U

= 2 T — )@ — )@ — 1)
1 d*v 9

+ o qpr &) (@ = zim1) (@ = 2i) (@ = Tita).

&i()

By substituting (2.3) into the expression of ¥;(Lu), we deduce from (2.2) that

—Jiu(zi—1) + (Ji + Jig1)u(zs) — Jipru(wigq)
= Eiﬁu(xifl) + Flﬁu(xl) + Gzﬁu(l'“rl) + gi, (24)

where

Ei:/ - ¢i,1(99)91,i+1(99)d$+/ 7’ ¢i1(x)g2,i(x)de,

i Ti—1

T

Tit1
F; = / ¢i2(x)g1,i+1(x)dz + ¢i2(x)g2i(x)dz,

2 Ti—1

Tit1 Ti
G; = / ¢i,3(x)g1,i11(x)dz + ¢i,3(x)g2,:(x)dx,

l‘iq,+1 l‘q,zi7
g; :/ gi(x)g1,i41(x)de +/ gi(x)ga,i(z)dz.
ZTq Ti—1

Here, ¢1,i+1(z) and g2 ;(x) are defined by (2.1b). Neglecting the term €; in (2.4) we obtain the
following relationship between u; and (Lu);:

—Jiui—1 + (Ji + Jig1)ws — Jigp1iga
= Ei(Eu)i_l + Fz(ﬁu)l + Gi(ﬁu)i+1, (25)
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where u; and (Lu); are the approximations to u(z;) and Lu(z;), respectively. A similar scheme
is obtained in [12] for interface problems. Clearly, the relation (2.5) has the form (1.4) with the
coefficients

_ ) n
r; =—Ji, ri=Jdi+Jdiy1, v =—-Jin,

? 3

2.6
g =Ei, ¢=F, ¢ =G .

Theorem 2.1. The scheme (2.5) is an OCI scheme.

Proof. Since n; in the expression of ¢;(z) depends only on z; (j =4 —1,4,%+ 1) we have by
the Taylor expansion of o(z) = 1/k(z) at x; that

~ 1 d3’U Ji+1 Jz

5= pa R

(8in1 +Ei2) h+ O(R),
where

Ti41 xr
€1 = / / (s —xi—1)(s — x;)(s — zi41)dsdx,
U
€i2 = / / (s —xi—1)(s — x;)(s — wi41)dsdz.
Ti—1 xr

A direct calculation yields £;1 + ;2 = 0. This implies &; = O(h®). It is easy to see from
condition (1.3) that F; = O(h) and F; > 0 for each i. These statements imply that the
truncation error of (2.5) is O(h*) after normalization according to (1.6), and thus (2.5) is an
OCI scheme. [

Remark 2.1. The OCI scheme (2.5) depends only on the function k(z). Although some inte-
grals are involved in this scheme, they can be easily calculated if k(z) is an elementary function.
It will be seen in the next subsection that for this scheme the monotone condition (C) can also
be easily checked with some conditions on k(x) and the mesh sizes.

2.2. A MCI scheme
c,+

Let the operators R; and Q; be given in (1.5), where the coefficients ;" (i.e., 77, 7¢,7]")
and ¢;“*1 are defined by (2.6). Combining the Crank-Nicolson time discretization with the
trick used in the OCI scheme (2.5) we obtain the following finite difference equation of the form

(1.7) for (1.1),

(Qi + %Rz) Uiy = (Qi - %Rz> Ujp—1 + %Qi (f(ziytn, win)

+ (@i, tn—1,Uin-1)), 1<i<L-1; 1<n<N, (2.7)
U = go(tn), uLm=g1(tn), 1<n<N,
Ui 0 = uo(x;), 0<i<L.

Obviously, the scheme (2.7) is a generalization of the Crandall scheme (see [11]) or the Douglas
scheme (see [25]) for the equation us = uyy.
To check the monotone property of the scheme (2.7) we establish some lemmas.

Lemma 2.1. There exists a positive constant h* < 1 such that for all h < h*,

E; >0, F,>0, G;>0, 1<i<L-1.



130 Y.M. WANG AND B.Y. GUO

Proof. By the condition (1.3), it is clear that F; > 0 for all 1 < ¢ < L — 1. Furthermore by
the Taylor expansion of o(x) = 1/k(z) at z;, we have that for all 1 <i¢ < L —1,

B = Jidin [(a(xi)h %) (—21—40(%);12 4 O(h3))
+ (ataon + 00) (gotei + o))
= JiJin (1—120'2(xi)h3 + (’)(h4)) .
Similarly,

12

Since J; > 0 and J;11 > 0 for all A > 0, there exists a positive constant h* < 1 such that for
all h < h*, both F; and G; are nonnegative. This completes the proof. [

Gi = JiJin <i02(zi)h3 + O(h4)) : 1<i<L-—1.

Remark 2.2. In some specific problems, we may obtain the precise value of h* through a
direct calculation of F; and G;. For example, a simple calculation leads to that

Qg (e} e%y] aq
Ei>—- h, Gi>|7—— h.
- <80&1 240&0) (80&1 240(0)

Thus if a1 < \/gozo, then F; > 0 and G; > 0 for all h > 0.

Lemma 2.2. ([27, Corollary 1, p.85]) If A = (a;;) is a real, irreducibly diagonally dominant
n x n matriz with a; ; <0 for alli # j, and a;; > 0 for all 1 < i < n, then A~ exists and is
nonnegative.

Throughout the paper, R = (R; ;) and Q = (Q;,;) denote the (L — 1) x (L — 1) tridiagonal
matrices with the respective elements
Rij = =bijr1divr +0i5(J5 + Jjs1) = dij1Jj,
Qij = dijt1Ejr1 +0i i Fj + 0ij-1Gja,
where 0; ; =1 if i = j, and §; ; = 0 otherwise. We have the following result.
Lemma 2.3. Let M;, (i =0,1,---,L;n =0,1,---,N) be some given constants, and define

D,, = diag(My p, -+ ,Mr_1,). Assume that 3c; < 100 and the mesh sizes h and T satisfy
that

20 — 6
h<h,  —2<TMin < 10%7%6“
Qo Qa1 .
<< L; <n<
2+7Mi,n T <10_5TMz,n O—Z—L?O_n_N7 (28)
Bayg h? 1201

where h* is the constant in Lemma 2.1. Then for all1 <i<L—1and0<n <N,
(Z) E; >0, F;, >0, and G; > 0;
3 T T T T
(Z'L) (1 + EMi*L") E; — §J1 <0 and (1 + §Mi+1,n) G; — §Ji+1 < 0;
(i) (1 - %Mm) F— %(Ji + Jis1) > 0;

(iv) (Q + %QDn + g )_1 > 0.
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Proof. (i) The result (i) follows from Lemma 2.1.
(ii) By the condition (1.3), we have

h? h2
EiSS—Jz', Gi§8—Ji+17 1<i<L-1.

a (7))
This relation and the condition (2.8) lead to the result (ii).

(iii) Due to the condition (1.3) we can easily verify that

F, >

207 1 J
> 12a1h (Ji + Jig1)

Then the result (iii) follows from the above estimate and the condition (2.8).

(iv) The results in (i) and (ii) imply that the tridiagonal matrix Q 4+ FQD,, + Z R satisfies
the conditions in Lemma 2.2, and thus its inverse exists and is nonnegative. The conclusion
(iv) is proved. O

By Lemma 2.3, we see immediately that the monotone condition (C) is valid for (2.7) if the
condition (2.8) holds with M;,, = 0. This leads to the following conclusion.

Theorem 2.2. Assume that 3a; < 10«, and that the mesh sizes h and 7 fulfill the condition
(2.8) with M, ,, =0. Then the scheme (2.7) is a MCI scheme.

More generally, we have the following positivity lemma.

Lemma 2.4. Let the conditions in Lemma 2.3 be satisfied. If u;, is given by

T T T T
(Qi + 5731) Ui p + §Qi (M i n) > (Qi - 5731) Ujp—1 — §Qi (M n—1Uim—1) ,

1<i<L-1; 1<n<N,
Uo,nZ(), UL,nZ(), ]-SnSNa
ui0 > 0, 0<i< L,

(2.9)

then u;p >0 for all0 <i <L and0<n<N.

Proof. By Lemma 2.3,

T T T 7 N1
_ — — —R> — — > 0.
Q- 5QDu—5R>0, (Q+3QDy+ZR) >0

Writing (2.9) in the matrix form, we obtain the desired result by an induction on n. O

Remark 2.3. In the special case k(x) = D, where D is a positive constant, the condition (2.8)
can be weakened as

4
3’
24+717M; < T 10 = 57M;

12D < 12D

—2<TM;n <
0<i<L; 0<n<N. (2.10)
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3. The Existence and Uniqueness of the Solution

To study the existence and uniqueness of solution of (2.7) we need a pair of ordered upper
and lower solutions defined as follows.

Definition 3.1. A function w;, (i = 0,1,---,L;in = 0,1,--- ,N) is called an upper solution
of (2.7) if

(Qi + %Rz) Wi m > (Qi - %Rz) Wi p—1 + %Qi (f(zistn, TWin)

+f (@i, tn—1,Win-1)) ;s 1<i<L-1; 1<n<N, (3.1)
HO,TL Z gO(tn), ﬂL,n Z gl(tn); 1 S n S ]\[7
W0 > uo(x;), 0<i<L.

is called a lower solution if it satisfies the above inequalities in reversed order.
are said to be ordered if U;, > Uin forall0<i< L and0<n<N.

Similarly, w; ,
The pair Ui n, U; ,

It is clear that every solution of (2.7) is an upper solution as well as a lower solution. For

any pair of ordered upper and lower solutions ; ,, u; ,, we define the sector

3

(u

i,n’ﬂi7"> ={uin € R: Ui p < Uip < Uin}- (3.2)

Theorem 3.1. Let; ,, u; , be a pair of ordered upper and lower solutions of (2.7), and assume
that there exist constants M, .. such that

fu(xi;tmgi,n) Z _Miﬂm gi,n E <Qi’n)ﬂi,n>7 O S Z S L7 0 S n S N7 (33)

where f, = 0f/Ou. If 3aq < 10ag and the condition (2.8) holds with M;,, = M, ,,, then (2.7)

2ins
has a mazimal solution W, , and a minimal solution ul, in (u;,,U;n). Here, the mazimal
k) £ ) ?
_* . . pa —
property of uy ,, means that for any solution w;n of (2.7) in (w; ,,Uin), we have u;n <7, for

all 0 <i< L and 0<n < N. The minimal property of gz*n is understood similarly.
Proof. The proof is constructive. Consider the following iteration:

T T T T —
(Q+FR)ul + 30 (M ,uln)) = (Qi = TR ) ulnly + 20 (M, ,ul V)

T m— m -
+2Q: (@it uln ™)+ f@itaruli) ), 1<iSL-1; 1<n<N,  (3.4)
ng = go(tn)a U(Lmyz = gl(tn)a 1<n<N,
uz(-fg) = ug(x;), 0<i<L.
By Lemma 2.3, the above iteration is well defined under the condition (2.8) as long as the
initial iteration ugog is given. Denote the sequence by {ﬂi?} if uioi = TU; n, and by {QETZ)} if
uioi = u; ,- We shall first prove that for all m > 0,
ul <uli <at <ul, 0<i<Li0<n<N. (3:5)
Let
2O Z g0 g0 0 000

i,n RO wny  =i,n =i,n =4,n? i,n i,n =i,n
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forall 0 <i < Land 0 <n < N. Then by (3.1), (3.3) and (3.4),
T ) _(0 _(0
(Q+FR) @)+ 50 (8L, 50) = (2 — SR ) w0, = 50 (AL, w0, )

T
+ _QZ (M@n—l ( »5072 1 _»5172 1) + f(xi)tn—17u’g,7zfl) - f(xlﬁtn—l)ﬂ;lrzfl)) )

2
(0t TR) )+ T (M) > (@~ TR ), — Tos (M, ull).,)
10 (Mm_l (s =) Pt ) = it ).
(Q 3R wiad + 59 (aLiwiy)) 2 (@ = R whiaes = 50 (Mipoviln)
+59 (Mi,,ﬂ ( s~ ) + faistuma @) = St i) ).

mﬁof >0, w%>0 o >0 0<i<L
Consequently,
W <o) <7D <79 osisi

By an induction on n, we know that (3.5) holds for m = 0. Finally, the desired result (3.5)
follows from an induction argument about m.
In view of (3.5), there exist the limits
lim u()zﬂ* lim u()—u 0<i<L; 0<n<N. (3.6)

i,n 7, 24,
m—oo m—oo

Letting m — oo in (3.4), we assert that both %}, and uj,, are solutions of (2.7).

Now, if u; n is a solution of (2.7) in (u; ,,, Ui n), then u; », u; , is also a pair of ordered upper
and lower solutions of (2.7). The above arguments imply that u;, < u;, for all 0 <7 < L and
0 <n < N. Similarly, we have u; , < ﬂfn for all 0 < i < L and 0 <n < N. This implies that
u;,, and w7, are the maximal and minimal solutions of (2.7) in (u, ,,,%; ), respectively. The

proof is complete. [J

Theorem 3.2. Let the condition in Theorem 3.1 hold. Assume, in addition, that there exist
constants Mim such that THi,n < 2 and

fu(xi;tmgi,n) < Mi,nv gi,n € <Qi,naﬂi,n>7 0<i<L; 0<n<N. (3'7)
Then (2.7) has a unique solution u; ,, in (W; ,,Uin)-

Proof. Let @;,, and u;, be the limits in (3.6). It suffices to verify that @;, = u;, for all
0<i<Land0<n<N. Let w;, =1u;, —u,. Then w;, >0 and

(Qz + %Rz) w;n = (Q - _R ) 'Ln 1 + 3 Q1 (f(mhtnauz n) f(miatnagr,n))
+5 Qi (f(xlv n— 1)”2171—1) - f(xiatn—h@:,nfl))

< (Qi — 5731) w; 1+ %Qi (Mznw:n) + %Qi (Mi,nflw;infl) ,
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which gives
(Qi + §Rz‘) Win — §Qz‘ (M pwi,) < (Qi - §Ri) Win—1 T §Qi (Min-1wj,-1) -

Since condition (2.8) holds with M, , = M,;, and M, , > fﬁiyn, it also holds with M, , =
—M,; ,, under the condition 7M,;,, < 2. By Lemma 2.4, w;, < 0. Therefore, w;, = 0 which
implies Ufn = gz*n forall 0 < ¢ < L and 0 <n < N. This completes the proof. [

Remark 3.1. It is seen from the proofs of Theorems 3.1 and 3.2 that the monotone iteration
(3.4) not only leads to the existence and uniqueness of solution of (2.7) but also provides an
algorithm for the numerical solution. However, its convergence rate is only linear because it is
of Picard type. An accelerated monotone iteration will be developed in Section 5.

4. The Convergence of the MCI Scheme (2.7)

In this section, we deal with the convergence of the MCI scheme (2.7). Specifically, we prove
that the solution of MCI scheme (2.7) converges to the solution of (1.1) with the accuracy of
O(1? + h*) as 7 — 0 and h — 0. For this purpose we introduce the following lemma.

Lemma 4.1. Let {(;} be a sequence of real numbers such that for certain 0 <y <1 and § > 0,
Gl < AGI+ A+ NIG-a[ +0, =12, (4.1)
Then

v 6 .
Gl e @l + - (P —1), =0 (42)

Proof. We prove the lemma by induction. Clearly, (4.2) holds for ¢ = 0. Now, assume that
(4.2) is true for some ¢ > 0. Then

1+7 1)
1 |<i|+
- 1—n

2 1)
1 |+ —
( +17)|C|+1’7

2 2iy o 2y 2iy. o
14+ =1 et — 1+ = ( T— —1) S
(+17)3|®H?7(+@7)e +1*7

|Gig1| <

IN

Since
1+ % < el%,
we have
Gona] <™ ]+ - (457 1),

The induction is complete. [

In the rest part of this paper, the letter C' with subscript denotes a generic positive constant
that is independent of 7 and h and may not be the same at different occurrences.
The main result in this section is stated in the following theorem.
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Theorem 4.1. Let u(z,t) and w;, be the solutions of (1.1) and (2.7), respectively. Assume
that
(i) there exists a positive constant M such that TM < 1 and for1 <i < L—1andl <n < N,

|fu(xiatn7£i,n)| < M; gi,n S <min{u(xi;tn);ui,n}amax{u(xiatn)aui,n}>; (43)

(ii) the functions uy(x,t) and Vpzer(z,t) are all continuous for all x € [0,1] and t € [0,T],
where v(z,t) = Lu(x,t);
(i11) 31 < 10 and the condition (2.8) holds with M; , = 0.
Then
[w(zs, tn) — win)] < Ch (72 + h4) , 0<i<L; 0<n<N. (4.4)

Proof. Combining the Crank-Nicolson time discretization with the relation (2.4) we have
that forall1<:<L—-1land1<n<N,

(Qi + %Rz) u(w,ty) = (Qi - %Rz) (i, ty1)
2 Qi (f (@i by (@i, 1)) + (@i ta1, (@i, tn-1)) ) + i + Eins (45)
where €; 5, is the truncation error due to the Crank-Nicolson time discretization, which satisfies
|Ein| < Corh, 1<i<L-1; 1<n<N. (4.6)
On the other hand, we have from the proof of Theorem 2.1 that
|Ein| < C37h®, 1<i<L—-1; 1<n<N. (4.7)
Let w; n, = u(zi,tn) — tin. Then by (4.5) and (2.7),

(Qi + %Rz) Wi = (Qi — %Rz) Wi pn—1 + %Qi (f(ﬂfi,tn,u(ﬂfi,tn)) — flzi, tn, U'Ln))

T ~ ~
+ §Qz (f(mi;tnflau(xiatnfl)) - f(xiatnfla Ui,nfl)) + Ein + Einy

1<i<L-1 1<n<N, (4.8)
wO,TLZO) wL,'r‘L:O) 1§nSNa
wio=0, 0<i<L.
Now let the matrices (Q and R be the same as before, and
Wy, = (wl,na T awL—l,n)T ) gn = (gl,n + é\l,ru c 7gL—1,n + é\L—l,n)T
Then the first equality in (4.8) can be written as the following matrix form:
T T T
(@+ §R> W, =(Q- ER) Waet + 5Q (VaWa + Va1Wa1) + En, (4.9)

where
Vn = dlag (fu(ml;tn; 91,71)7 te 7fu(xL*17tn7 GL*L”))

and 6; ,, lies between u(x;,t,) and ;. Since the condition (2.8) holds with M; ,, = 0, we have
from Lemma 2.3 that

(@e5m) 20 (a-gn)=0
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Next, let Y = (1,1,--- ,1)T and define

1

s =(Q+3ZR)Y, S®=(Q+ gR>_1 (@-3Rr)Y. s®=(Q+3R) oV

Denoting by Sgl) the i-th component of SO, 1 =1,2,3, we have

h
s> 20 i<,
aq

which implies
aq

Oé()h'

H(Q+ %R>_1 <

Since -
(Q + 5R) (S® —Y)=—7RY <0,

we obtain from the nonnegativity of (Q + %R)fl that S® < Y. This leads to
-1
(Q-l—ZR) (Q—IR) = max S? <1
2 2 o i
Similarly,
7o\l
H(Q+ §R) QH <L
Also, it can be shown that
Vil <M, [Vacille <M, €l < Ca(r?h+7h%),  1<n<N.

By the above estimates and (4.9), we arrive at

@1Cs 7'('r2 + h4).
0

T— T—
IWalloo < SR [Walloo + (14 Z37) [Waot oo +

Since |[Wylloo =0 and 7M < 1, an application of Lemma 4.1 gives

S J 7 C
Wlloo < <61%/Q B 1> @10 (2 | )
OéOM

2TM a1Cy /o 4
§(e fl)aOM(T +h).

Then the desired result (4.4) follows. O

5. An Accelerated Monotone Iterative Scheme

The Picard iteration (3.4) gives an algorithm for resolving the solution of (2.7). However,
its convergence rate is only of linear order as pointed out before. To raise the convergence
rate while maintaining the monotone property, we extend the accelerated monotone iteration
in [20] for (2.7). Its convergence rate is either quadratic or nearly quadratic with the usual
differentiability requirement only on the function f(-,u). If the reaction function possesses
a concavity or convexity property between upper and lower solutions, then this iteration is
reduced to the Newton’s method.
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5.1. Monotone iteration

Let ; , and u;,, be a pair of ordered upper and lower solutions of (2.7). It follows from
Theorem 3.2 that (2.7) has a unique solution wj, in (u;,,%; ) under the conditions of the
theorem. To compute the solution u;,, we use the following iteration:

(Qi+ 2R ull) + Z0s (M ul) = (Qi - SR:) ufs

+ 50 (MOl ) + 200 (S @iy toyuln D) + (@i tamr i)

1<i<L-1; 1<n<N, (5-1)
ug® = go(tn), ui" =gi(ta), 1<n<N,
W —ug(z;),  0<i<L
where uiorz is either w; , or w, ,,, and
M = max { = fu(@is tns Ein) + €im € (ulm) T) |- (5.2)
The functions u( ), 5 n) in the definition of M( ™) are obtained from (5.1) with u( ) = ;. and
5072 U s respectlvely. By the definition of Ml(n), it is clear that if f(-,u) is a CQ—functlon

then

(m) (m) —(m)
- umiatnaﬂin ) it fuu(®i, tn, in >0, V im € Win sWin )
A { ful ) Fuu(®i, tn, & n) Ein € (u ) 53)

o —ful@itn, @), (@it Ein) SO,V & € (T, Tl).

Hence if f,(-,u) is either monotone nondecreasing or monotone nonincreasing in u then the
iteration (5.1) is reduced to the Newton’s iteration
(Qz + R ) (m) 5Q1 (fu(x’n tn, UETZ 1)) (m)) (Qz z) u;‘,n—l
T m— m— m—
- §QZ (fu(xi;tmuz('yn 1))/“»5’” 1)) + EQ’L (f(wz;tmu( 1))
Hf (@i tn-1,uf, 1)), 1<i<L-1; 1<n<N,
o) = ) = 1<n<N
uon gO( )7 uL,n *gl(tn)a SN s )
z(',O) = ug(x;), 0<i<L.

(5.4)

To show that the sequence given by (5.1) is well-defined, it is crucial that the sequences
{u(m)} and {u } possess the property u( ™) > u( ™) for every m. This is given in the following
lemma.

Lemma 5.1. Let u;n, u;,, be a pair of ordered upper and lower solutions of (2.7), and let Mim
be some constants such that TMWL < 2 and

fu(xiatnafi,n) SMi,n; fzn S < 1n7ui,n>; 0<:<L;0<n<N.

Assume that 3a; < 100 and the condition (2.8) holds with M; ,, = MO where M(O) is defined

1,m 7
by (5.2) with ggorz =u;, and Ugoyz =TU;n. Then the sequences {Uz(',n)}; {gzn } and {Mzn)} given
by (5.1) and (5.2) are all well-defined and possess the monotone property

<ul™ <u" <7 <@ <, 0<i<L;0<n<N;m>0.  (5.5)

—ZTL—
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Proof Since the condition (2.8) holds with M, ,, = (e have from Lemma 2.3 that u(l)

i,n

and u ex1st and satisfy

(Q+5R:) (- i) + 50 () (7l —uil)) = 0
Writing the above relation in the matrix form and using Lemma 2.3, we obtain Ugrz 5172 for
all0 <i< L and 0 <n < N. Therefore, Mﬁz is well-defined. Also we have

(004 2 (s -2 + 50 (42 (o - 52)

T * T *
> (Qi - 5721) (ﬂi,nq — Ui,nfl) - EQi (Mi(?l) 1 (Uz n—1— Ui7n71)) .
Again by Lemma 2.3, w; ,, > EE% forall0 <i< L and 0 <n < N. Similarly, Uy < gglg for all
0<i< Land0<n<N. The above results imply that (5.5) holds for m = 0. Now, assume
that for some m > 1 and all 1 < k <m, 7™ 4™ and M® are all well-defined and

zn7 'Ln i,n

(k—1)

<, ", 0<i<L;0<n<N;1<k<m. (5.6)

Clearly, by the definition of Mz“;:) and (5.6),
~Min < M) < M),

This implies that the condition (2.8) holds for M; ,, = Mi(,m) Therefore by Lemma 2.3, @ _(m+1)

(m + ) are well-defined and

(@4 TR (3 — )+ T (M) (w — ) > 0

and u;

It follows from Lemma 2.3 that u(m+1) > u(m+1) forall0 <7< L and 0 <n < N. This ensures
also that Mi(fgﬂ) is well-defined. By the iteration (5.1),

(00 J) (s - ™) + S0 (v (o - ™)
= 20 (MY (@Y =T + Flaita T ) = Flit, 7)) -
Thanks to (5.6) and the definition of M7~ ",
(Qz + R) ( %) —(m+1 ) + I Qz( zv:) (ﬂ%) _%H))) > 0.

By Lemma 2.3, ﬂi? > ﬂgﬁﬂ) forall 0 <i < Land 0 <n < N. Similarly, Q(TZH) > gﬁ? for

3

all 0 < i< L and 0 <n < N. So the conclusion of the lemma follows from the induction. O

In view of the monotone property (5.5), there exist limits

By the monotone property of Mi(f;) and

_Mi,n < Mz’(rnn) < ]\41_((:37
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the sequences {Mi(f;)} is also convergent as m — co. Letting m — oo in (5.1), we deduce that

(Qi + %Rz> Vi = (Qi - %Rz) uj g+ %Qi (f @i tn, v} ,) + fl@istno1,uy 1),
1SiSL—1; 1SHSN, (58)

V. = go(tn)s VL, = g1(tn), 1<n<N,

vy o = uo (i), 0<i<L,

* =%k
where v}, =u;

in or uj,. This leads to the following conclusion.

Theorem 5.1. Let the conditions in Lemma 5.1 hold. Then the sequences {ﬂi”;)} and {QETZ)}
given by (5.1) with ﬂgog = Uy, and gioi = u; ,, converge monotonically from above and below,

respectively, to the unique solution uj, of (2.7) in (u; ,,Win), and

w, < uly) <ulnY <up, <an Y <Al <w,

2i,n — = ,Mm ,m 7,1
0<i<L; 0<n<N; m>0. (5.9)
Proof. Let uj,, and w;, be the limits in (5.7). To complete the proof of the theorem we
only need to show u;, = u;, =u;, forall0 <i<Land 0 <n < N. Let w},, = v/, —u;,

where v, is either u; ,, or ;. Subtracting (2.7) from (5.8) and using the mean-value theorem
lead to

(Qi + %Rz) w; , — %Qi (fu(xivtmgi*,n)wzn) =0,

where £, is an intermediate value between v}, and u},,. Since

_Mi,n < _fu(xzatna€:n) < M(O)

> Myns

the condition (2.8) holds for M;, = —fu(%i,tn,&;,,). Hence by Lemma 2.3, wf,, = 0 which
implies w; ,, =uj, =u;, forall0<i<Land 0 <n<N. 0O

When f,(-,u) is monotone nondecreasing or monotone nonincreasing in u the iteration
(5.1) is reduced to the Newton’s iteration (5.4). As a consequences of Theorem 5.1 we have the
following result.

Corollary 5.1. Let the conditions in Lemma 5.1 hold, and assume that f(-,u) is a C*-function

of u. Then the sequence {UE?} given by (5.4) with ﬂgorz = W, converges monotonically
from above to the unique solution uj, of (2.7) in (W > Tin) i fuu(Tistn, &) < 0 for all
$im € (W, Uin). Similarly, the sequence {QEZ)} given by (5.4) with ggorz = u,, converges

monotonically from below to uy,, if fuu(Ti,tn,&in) >0 for all & n € (U; ), Win)-

Remark 5.1. The procedure of creating the sequence {ug?} by the iteration (5.1) is described
as follows: Starting from ugol) , which is either u; ; or w,;,, we compute ugll) from (5.1) where
uy g = ug(w;) and Mi(,ol) is given by (5.2). Repeating this process leads to the sequence {UET)}
Using u;; = vj; where v, is the limit of the sequence {ugnf)} (this is ensured by Theorem
5.1), the same process gives the sequence {ugng)} Continuing this process yields the sequence

{ug:)}forallOSiSL,OSnSNandle.
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5.2. Convergence rate

In this subsection we show that the sequences given by (5.1) and (5.4) possess either a
quadratic or a nearly quadratic convergence rate.

Theorem 5.2. Let the conditions in Lemma 5.1 hold, and let {HEZ)} and {QEZ)} be the se-

quences given by (5.1) with HE =TU;, and u( ) = U, ,,. Let also uj,, be the unique solution of

(2.7) in (W; ,,,Wi,n). Then there exists a posztwe constant Pn, independent of m, such that for
all0<i<L,0<n<N andm > 2,

max ﬂi,’? —u},| < pmax [z - _5*:: O] maxaln

‘ ‘ ‘ (5.10)
max |ul™ — max [a" Y — )‘ max |ul™ Y —
: —’L n ¢ 3,M —z n S| im0
and
max ‘HE? —u gg? —u;,
2

< pu (max |V —u gﬁ*tu;n) . (5.11)
Proof. Consider the sequence {u( )} and let w _( ) ﬂ(m) . We have w( ™) > 0 for all

0<i<L,0<n<Nandm>1. Subtractlng (2. 7) from (5 1) glves
(oi+ R>§?+ g(zﬂlmgﬁ
D (m—1 —(m—1
= 20 (MO Vw0V ) 4 20 (Flaitas il V) = Fl@ista,ui,)) . (5:12)

-1) (m—1) Zm—1)

Z’ﬂ ’Ln

) and pim=b

i,n

By the mean-value theorem, there exist ‘51(72 in (u in (u; H(jnfl)>

such that

MO = = fulwi b, €00,
f(xi;tnaﬂgzil)) - f(xutfuu’z n) fu(fz,tmm(?z 1))’111,5271).

(m—1)

Agam by the mean-value theorem, there exists an intermediate value 9( D between Nin

and ‘fi,n ) such that

Ju(ziytn, "71(271)) — ful®i, tn, 51'(;,:71)) = fuu(®is tn, ezrz Y )(775271) - gi(;:bil))-
Using the above relations we obtain from (5.12) that
(2 + R)ﬁﬁ+ Q: (M Vain))
= 20 (Fuulsstn, 0 )V = € Vymn ) (5.13)

Let M, = mlax{lfuu(xivtnvgi,n)' : €i,n € <ﬂi7n;ﬂi,n>}- Then

Fuul@ist g(m= 1))( (m 1) 5(m—1))‘ SMnmaX‘ﬂgz_l) WY

sy Yi,n —zn
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It follows from (5.13) that

T m m—1)_(m
< gMnmax S 1>\Qz( o). o
Let the matrices () and R be the same as before, and let Wim) = (@Y":l), e E%m)l n) . Then
for m > 2, (5.14) can be written in the matrix form
(Q+ 5DV + ZR) W, < ZMymax @l — uln | QWY (5.15)

where
DY = diag (MY, mf))).

Since Mi(’ffl) > —M; , we have
T T T — T
Q-+ 5QD;m—” +5R>Q+ QD+ SR,

where
D, = diag(~M 1, ,—Mp_1,n).

Therefore,

(@+ QD+ ZR)W," < ZMymax 7l ) —uln V| QW (5.16)

Since —M,; ,, < M the condition (2.8) holds with M;,, = —M; , and so by Lemma 2.3,

,m’

-1

(Q + %Qﬁn + %R) > 0.

This implies that

(m=1) _ (m— 1)‘ HW(mfl) H
n

[ < pmax a5 il ,
[eS) % ’ )
where .
T T = T\~
o=t (@ + 30D, + 30) | 1l
(o)

Then the first relation in (5.10) is proved. The second relation in (5.10) can be proved similarly.
Putting two results in (5.10) together, we deduce that

)~ i,

< pn max ﬂgﬁfl) 7@52—1)‘ (m?x ﬂngl) —u; |+ max gngl) —uy, ) . (5.17)
Obviously,

max‘ (m—=1) _52 1)‘ < max ggﬁ_l) — Ui, (5.18)

Finally, the relation (5.11) follows from (5.17) and (5.18).

Theorem 5.2 gives a nearly quadratic convergence for the sequences {u } and {u(m)}, and
a quadratic convergence for the sum of these two sequences. Moreover, When f(-,u) possesses a
concavity or convexity property in (u W s U n), then one of the two sequences has the quadratic
convergence. This is shown in the following theorem.
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Theorem 5.3. Let the conditions in Theorem 5.2 hold. Then there exists a positive constant
Pn, independent of m, such that for all 0 <i< L, 0<n <N andm > 2,
(m)

ui,n - ui,n

ma MY
X i,m i,n

%

Zf fuu(xhtnvgi,n) S 0 fO?” gi,n S <Qi,naﬂi,n>7 and

)2, (5.19)

< pn (max
T

(m)
gi,n —u

u,n — U,

)2, (5.20)

(max

max
i

if fuu(xiatnafi,n) >0 for & € <Hi,n;ﬂi,n>'

Proof. Consider the case fyy(zi,tn,&n) < 0. By (5.3),

Mz‘(;%l) _fu(xwtmugz 1))-
This implies that 51%_1 appearing in (5.13) is given by §(m D - U(m Y Since n(m D
(5.13) is in <u;“n,ﬂ§2_1)> we have that
e N |

In this case, the relation (5.14) becomes
__(m—1
-1 Q; ( 572 ))

a; _
By the above and an argument as in the proof of Theorem 5.2, we arrive at (5.19). The proof
of (5.20) is similar. O

< Mmax

ZTL

Remark 5.2. Since the initial iteration in the accelerated monotone iteration (5.1) is either
an upper or a lower solution, which can be constructed directly from the equation without any
knowledge of the solution, this method avoids the search for the initial iteration as is often
needed in the Newton’s method. This feature is one of the great advantages of this approach.

Remark 5.3. Following the same line as in the derivation of (5.10) and (5.11), we can also
prove the quadratic convergence of the sequence for the corresponding steady-state problems

(ct. [29)).

6. Numerical Results

In this section, we present some numerical results. They demonstrate the monotonicity
of the sequences given by (5.1) and the rapid convergence rate. They also indicate the high
accuracy of the scheme (2.7).

Example 1: The chemical reactor model. We first consider a chemical reactor model from
chemical engineering (see [1,19]). This model is given by

ou 0 (0
ot O or
u(0,t) = u(l,t) =0, 0<t<T,

u(z,0) = up(x), 0<z<1,

70(1,u)efv/(1+w’ O<z<l, 0<t<T,
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where ¢ and  are given positive constants. For this example, the values J;, E;, G; and F; in
the scheme (2.7) are, for 1 <i < L —1,

oih 1 1 (h 5h
i = B =— — el el
fi= o h+e’l—1<12+126 e)’
2 2h  eh41 1 1 5h  h
Fi=—2+2 450 Gi=g - (14504 ).
pts taor T eh—1<+12+126>

It is easy to see that w;, = 2 and u,,, = 0 are a pair of ordered upper and lower solutions of
(2.7) whenever 0 < ug(z) < 2 for all 0 < z < 1. Let the initial function ug(z) = sin(rz), and
take the mesh sizes h = 7 = 0.01 and the physical parameters ¢ = 5, v = 1. Using ﬂioi = 2 and
u”) = 0 in the iteration (5.1) we compute the corresponding sequences {HEZ)} and {gyz)} In

—i,n

numerical computations, the basic feature of the monotone convergence of the sequences {HYZ)}
and {QETZ)} were observed for all ¢ and n, see Fig. 6.1, in which we plot the numerical results
of these sequences for n = 50 and all :.

iterations—axis

1—axis m-axis

. . 0 1 .
I—axis 0 m-axis

Fig. 6.1. The monotone properties of {ﬂi’?& (top) and {gi’?& (bottom).

To demonstrate the monotone convergence of the sequences, the numerical results of these
sequences at (i,n) = (50,50) are sketched in Fig. 6.2, in which the solid line and dash-dot line
represent the sequences {ﬂéﬁ%o} and {gézléo}, respectively. They coincide with the monotone
convergence as described in Theorem 5.1.

We next compare the convergence rate of the accelerated iteration (5.1) with that of the
Picard iteration (3.4) in terms of the number of iterations. To compute the number of iterations
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iterations—axis

0.5f

0.1341351426

0
0
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m-axis

7

9
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Fig. 6.2. The monotone convergence of {ﬂég%o} and {yéﬁ%o}.

we take the tolerance in the iterations as
mzaxmgz) — gg:m <1019

It is known from the chemical engineering literature that the value of ¢ ranges from 1 up to
107 (cf. [1]). With the initial function and the mesh sizes as before we compute the number
of iterations for 7y = 4 and various values of 0. In the iteration (3.4) we take M, , = 0. Our
numerical computations show that the number of iterations of the Picard iteration (3.4) is
much larger than that of the accelerated iteration (5.1), especially for large 0. The number of

iterations for the cases o = 102,10° and 10* are listed in Table 6.1.

Table 6.1: The number of iterations for various values of o.

o = 10? o =10° o =10*
n Acceler. Picard Acceler. Picard Acceler. Picard
1 4 24 6 99 8 165
2 4 24 6 97 9 254
3 4 25 6 97 8 176
4 4 25 6 97 9 218
5 4 26 6 97 8 183
6 4 26 6 96 8 204
7 4 26 6 97 8 187
8 4 27 6 97 8 198
9 4 27 6 96 8 190
10 4 26 6 97 8 195
11 4 27 6 97 8 191
12 4 27 6 96 8 193
13 4 27 6 97 8 191
14 4 27 6 97 8 192
15 4 27 6 96 8 191
> 16 4 27 or 28 6 97 or 96 8 192

Example 2: The logistic equation. To show the high accuracy of numerical solution we

consider the following logistic equation (see [18]):

ou 0%u

i Dw =ou(l —u) + q(z, ),
u(0,t) = u(l,t) =0, 0<t<T,
u(z,0) = ug(x), 0<x<1,

O<z<l,

0<t

<T,
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where D and o are positive constants, and ¢(x,t) is a given function. The introduction of a
source term ¢ in (6.3) is to construct an analytical solution which is used to compare with
numerical solution. For this example, the values J;, E;, G; and F; in the scheme (2.7) are given
by
D h 5h h
Ji_ﬁ7 E’i_ﬁ7 Fi_ga Gl_ﬁ7
Take the physical parameters D = 5 and o = 1. Let the initial function be ug(xz) = 0. It is

1<i<L—-1.

easy to check that when
q(z,t) = (57 — 2)w(z,t) + w?(x,t) + sin(rx), w(z,t) = (1 — e ) sin(mx),

the solution of (6.3) is given by u(z,t) = w(z,t). Since 0 < g(z,t) < 572, the pair U; , = 8 and
(0) )
=0

u ,mn T,

u; , = 0 form a pair of ordered upper and lower solutions of (2.7). Taking ;,, = 8 and u

in the iteration (5.1) we compute the corresponding sequences {EETZ)} and {girz)} Numerical
experiments show that these sequences possess the same monotone convergence as described
in Theorem 5.1. To demonstrate the accuracy of scheme (2.7), we calculate the maximum
numerical error errory (t,) and the convergence order ordery,(t,) of the computed solution w; ,,
which are defined by

_errorp(tn) ) . (64)

th) = ivtn) — U; d tn) =1
errory, (ty,) mlax|u(:cz, n) — Uinls ordery (t,) = logy (errorh/g(tn)

where u(x;,t,) denotes the value of the analytical solution at (z;,t,). In Tables 6.2 and 6.3,
we list errorp,(¢,,) and ordery(t,) for ¢, = 0.125 and ¢, = 0.25 respectively, where the computed
solution w; ., is given by the iteration (5.1) with the tolerance ¢ = 107'2 and the calculation
is carried out with 7 = h2. We see that the computed solution has the fourth-order accuracy.
This is in good agreement with the theoretical prediction.

Table 6.2: The comparison between the schemes (2.7) and (6.5) at ¢, = 0.125.

Scheme (2.7) Scheme (6.5)

h |error,(0.125) order,(0.125) CPU time (s) | errory(0.125) order,(0.125) CPU time (s)
1/8 1.041e-05 4.0062 0.1400 1.155e-03 2.0063 0.0320
1/16 | 6.479e-07 4.0016 0.2970 2.875e-04 2.0012 0.1720
1/32 | 4.045e-08 4.0004 1.8590 7.182e-05 2.0003 1.2660
1/64 | 2.527e-09 4.0001 18.0780 1.795e-05 2.0000 12.4690
1/128| 1.579e-10 4.0000 263.1100 4.488e-06 2.0000 161.8130
1/256| 9.871e-12 5965.9060 1.122e-06 2965.7970

Table 6.3: The comparison between the schemes (2.7) and (6.5) at ¢, = 0.25.

Scheme (2.7) Scheme (6.5)

h |error,(0.25) order,(0.25) CPU time (s) | error,(0.25) order,(0.25) CPU time (s)
1/8 | 2.103e-05 4.0065 0.1720 2.554e-03 2.0059 0.0790
1/16 | 1.308e-06 4.0016 0.6880 6.359e-04 2.0015 0.4210
1/32 | 8.167e-08 4.0004 4.5630 1.588e-04 2.0004 2.7500
1/64 | 5.103e-09 4.0001 49.6410 3.969e-05 2.0001 24.6410
1/128 | 3.189e-10 4.0000 740.9540 9.922e-06 2.0000 364.6090
1/256 | 1.993e-11 19172.8430 2.480e-06 7107.2030
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For comparison, we also use the following standard finite difference scheme to solve (6.3)
(see [17,18,20,21]):

7)\D’U,i,1’n + (]. —+ 2)\D)uz,n — )\DUiJan

= U1+ 7 (Ui (1 —uin) + gz, 1)), 1<i<L-1, 1<n<N, 6.5)
uO,n:UI,nZO; 1<n<N, .
ui,0 = uo(x;), 0<i<L,

where A = 7/h?. Let all the parameters be the same as before, and the solution u; ,, of (6.5) is
computed by a similar iteration as that in (5.1). The corresponding maximum numerical error
errory (t, ), the convergence order ordery,(¢,) and CPU times for ¢, = 0.125 and ¢, = 0.25 are
given in Tables 6.2 and 6.3, respectively. We see that the standard method possesses only the
second-order accuracy.

To compare time consumption, CPU times for scheme (2.7) and (6.5) at ¢, = 0.125 and
t, = 0.25 are also listed in Tables 6.2 and 6.3. We see that with the same mesh size, scheme (2.7)
costs more computational time than scheme (6.5). This is reasonable, since more arithmetic
operations are involved in scheme (2.7). However, we see from Table 6.2 that for obtaining
numerical solution of scheme (6.5) at ¢, = 0.125, with the maximum numerical error around
1.122 x 1075, we need to take h = 1/256, which costs 2965.7970 CPU seconds. On the other
hand, a more accurate numerical solution is provided by scheme (2.7) with h = 1/16. In this
case, the maximum numerical error is 6.479 x 10~7. But the corresponding cost is only 0.2970
CPU seconds. Similar comparison results at ¢, = 0.25 are also observed from Table 6.3.

The above comparisons clearly indicate that the present scheme (2.7) is much more efficient
than the standard finite difference method.

7. Concluding Remarks

In this paper, a monotone compact implicit (MCI) finite difference scheme is introduced
for a class of nonlinear reaction-diffusion equations, and an accelerated monotone iteration is
proposed for solving the resulting discrete problem. This new approach has superiority over
the usual approaches. This is demonstrated by the numerical evidence. For simplicity, the
coefficient k(x) in (1.2) is independent of time ¢ in our discussions. In the general case, the
coefficient & may depend on both z and t. Accordingly, the operators R; and Q; in (2.7)
becomes

Rintin = —Jinti—1n + (Jin + Jit1,0)Win — Jit1nlit1n,
Qinlin = Einti—1 n + Fintin + Ginlitin,

where

k3

-1
T 1 T 1
Jip = / —ds| , U :/ — s,
’ ( e, K(s,tn) ) (%) . k(s tn)

and F; , and G;, can be evaluated in the same manner. The analysis is similar to that in this
paper.

Tit1 Ti
Ein= i+1,n/ $i1(2)¥i41 n(z)de — Ji,n/ ¢i1(2) Vi1 0 (7)d,
x Ti—1
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