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Abstract

We study in this paper the continuity of the objective function for variable program-
ming. In particular, we study the second-order optimality conditions for unconstrained
and constrained variable programming. Some new second-order sufficient and necessary
conditions are obtained.
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1. Introduction

Consider the unconstrained variable programming problem (VPI)

gﬁg&ﬂ% (1.1)

where
I(z) = {j € Klg;(z) = q(x)}, (1.2a)
Q(I) :%%?{{Ql(x)}v K= {1527"' 7k7}' (1'2b)

We also consider the constrained variable programming problem (VPII)

min max f;(x) (1.3)
x iel(x)
s.t CJ(I) SO) .7:1527 » Dy (14)
where
I(z) = {j € Klg;(z) = maxq(2)}, K={1,2,---,k} (1.5)

In [8], Wang and Xu gave some theoretical results for the optimality conditions. In [3,4], Jiao

et al. presented some useful theories and algorithms for (1.1)-(1.2) and (1.3)-(1.5). However,

these theoretical results are only first-order optimality conditions. In this paper, we focus on the

second-order optimality conditions for unconstrained and constrained variable programming.
Let

wm=g3mw (1.6)
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Fixing x, let us consider the set of indices R(z) defined by

R(x) = {ili € I(z), fi(x) = ¢(z)}. (1.7)

Lemma 1.1 ([3]) Forxzo € R™, suppose that the functions q;(x),i € K, are continuous at point
xo, then there exists a real number § > 0 such that for all x € S(xo,0) := {z|||z — xo|| < §}),

I(x) C I(xo). (18)

Lemma 1.2 ([3]) Forxzg € R", let the functions f;(x),q;(x),i € K, be continuous at point x.
If there exists a real number 6 > 0 such that for all x € S(xg,0),

I(x) N R(xo) #+ (Z), (1'9)
then
p(z) = félf’}%f'(x) = erax fi(x). (1.10)

Theorem 1.1. For xy € R", suppose that the functions f;(x),q;(x),i € K, are continuous at
point xo. Then o(x) is continuous at point xo if and only if there exists a real number § > 0
such that for all x € S(xg,4),

I(x) N R(xo) # 0. (1.11)

Proof. If I(x) N R(x¢) # 0, we obtain from Lemma 1.2 that

li = 1i i(T) = :
zLH:;lO SD(I) azinmlo ie](fnr)l%)lé(azg) f (x) 'LEI%?X f’L (xO) 90(300)

Hence, ¢(x) is continuous at point 2. On the other hand, suppose that ¢(x) is continuous at
point zg. If there exists a sequence z; — xo such that I(z;) N R(zg) = 0, then for Ve satisfying
0<e< %(cp(:co) — fjo(z0)), where

jo € {1f3(w0) = {fi@)}},

G{ llm I(a: )}

there exists an integer Ny such that for i > No,

o) = jgf&){fg‘(%)} < fio(x0) + €.

Thus,
lp(i) = e(zo)| = |fj0(xo ) + € — (o)
> [fio(@o) — @(wo)| — €
1
2 5(90(-%0) - fjo(xo))v
which is a contradiction with the assumption that ¢(x) is continuous at point zo. Hence, the
theorem is proved. O
For zp € R™, and Yh € R™, R/(x0, h) is defined by
R'(xo,h) = lirg+ I(zo + ah) N R(xo), (1.12)
R/(IL'()) = U||hH=1R/(1’0a h). (1.13)

Furthermore, let

L(z) = { Z wi 7 fi(xo)|ui > 0,i € R (x), Z i = 1} (1.14)

i€R/ (z0) i€R/ (z0)
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2. Optimality Conditions for Unconstrained Variable Programming

Suppose K = {1,2,--- /k}, R'(xo) = {é1,42, - ,%}. Let

FK:{u|M:(ui)kth'GK;ﬂiZOaZ#i:l}; (2.1)
i€k
Pri(ao) = {M|ﬂ (Hi)ix1, pi = 0,6 € R (z0), Y i = 1} (2.2)
i1€R/(z0)

The variable programming (1.1)-(1.2) is called regular at point g if R'(z¢) = R(zo).

Theorem 2.1. Let the functions f;(x),i € K be continuously differentiable, and g;(x),i € K be
continuous. Assume the variable programming (1.1)-(1.2) is regular at point z*. Then 0 € L(x*)
if and only if there exists a multiplier vector u € U'x such that

D v fil@) =0, (2.3a)
€K
> milp(@) = fiz™)) =0, (2.3b)
€K
Z wi(q —qi(2")) =0. (2.3¢)
€K

Proof. From (2.3a), (2.3b) and (2.3c), we have
w; >0, i€ R(z"),
wi =0, ¢ R(z").
Hence, we obtain this theorem from the regularity of (1.1)-(1.2). O

Theorem 2.2. Let the functions f;(x),i € K be twice continuously differentiable, and ¢;(x),i €

K be continuous. Assume that ©* is a local minimizer of p(x). Let the critical cone H(z*) be
defined by
H(") = {h € R", (2", h) = 0}, (2.4)
and for any h € R"
R'(x*,h) = {j € R'(z*,h)|dp(z*, h) = 7 f;(x*) " h}. (2.5)
Then
max h' 2 f;(z*)h >0, Vh € H(z"). (2.6)

JER (x*,h)
Proof. Since x* is a local minimizer of p(z), it is a stationary point for the problem (VPI).
Furthermore, for any h € R™, there exists a t > 0, such that
0 < @(a* +th) —p(x™)
= max {fi(z" +th)— fi(z")}

i€ER/(z*,h)

t2
T T 2 p(ok o o
Zeg{l(ath){tvfz( ' h+ 2h V° filx® + sith)h},

where s; = s;(t,h) € [0,1]. Now suppose h € H(x*). Then i € R"(z*, h),
Vfi(z*)Th =0.

The above two results yield (2.6), which completes the proof of this theorem. O
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Theorem 2.3. Let the functions f;(x),i € K be twice continuously differentiable, and ¢;(x),i €
K be continuous. Assume that x* is a stationary point of the problem (VPI). If there exist a
w* € Lpigz+y and an € > 0 such that for all h € H(x*)

L DTl A =10 (2.7)
iC R/ (z*,h)
Then z* is a strict local minimizer of the problem (VPI).

Proof. Observe that

T+ th) — (") = th) — ;
p(a” +th) — p(z7) ieuzﬁgﬁ%3<ﬂf(m +th) Zggﬁ)f( )
= max {fl(:c +th) — fi(z*)}
i€ER' (z*,h
= max {tv fi(z* +sith)Th}, 0<s; <1.
iE€R! (z*,h)

If h & H(x*), then dp(z*,h) > 0. Hence, there exists a § > 0, such that « € S(z*, ),

(2)Th > 0. 2.8
iegggyh)vf () (2.8)

Let 0 <t < ﬁ and z* + th € S(z*,d). We have
o™ +th) — p(z") > 0.
We know from (2.7) that there exists a § > 0, such that for x € S(z*, ),
nT @%h)u:vmm h> <[kl
On the other hand, if h € H(x*), then

o(z* + th) — (z*)
= max {fi(a"+th)— fi(z")}

i€R/(x*,h)

> Y wilfile” +th) - fi(@")]
iE€R! (z*,h)

. / WhT G2 (e (L= Ohdt+ S tul v fi(e) h
i€R/ (z*,h) 1€R/ (z*,h)

1
/hT S° wr P fiet +th)(1—t) | hat
0

i€ER'(x*,h)
%HhH/ (1= t)dt = <|lh]|* > 0.

This completes the proof of the theorem. O
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Theorem 2.4. Let the functions f;(x),i € K be twice continuously differentiable, and ¢;(x),i €
K be continuous. Assume that x* is a stationary point of the problem (VPI). If there exist
w* € Tpiz+y and positive constants o, 6, €, such that for all x € S(z*,6) and for all h € Hy(z*),

LY wi v ful@) | >0,

i€ER/(x*,h)

and for all h € Hy(z*)
max h §72 fi(z*)h > €||h 2,
ieR”?;c*,h) (=7) clinl

where

Ho(z") = {h € Ho(a")|W"( D wi v° filz)h =0},
iE€R! (z*,h)
Ho(2%) = {h € R"|dp(z, h) < of| ]}
Then x* is a strict local minimizer of the problem (VPI).

Proof. Observe that

p(x” + th) — p(a”) = ieg}&}ih){fi(w* +th) — fi(z")}.

If h & Ho(x*),de(x*, h) > aflh| > 0.
Arguing in the same way as in the proof of Theorem 2.3, we obtain

o™ +th) —p(z*) > 0.

(2.9)

(2.10)

(2.11)

(2.12)

Assume that h € Hu(z*), but h ¢ Ha(2*). In this case, due to (2.9) and the fact that the
functions f;,i € K are twice continuously differentiable, there exists a ¢ = o(h) such that for

all t € [0, 0]

hT( S e +th))h >0.
i€R/(x*,h)

Hence, it follows that

p(a” +th) — p(a")
> Y ui(filat +th) - fi@"))

iER! (x*,h)

t2 * * * *
= Z guihT V2 fila* + sith)h + Z tur 7 fi(z*) " h.

i€R/ (z*,h) i€R! (z*,h)

(2.13)

In (2.13), the first term is greater than zero because h € Hy(2*), but h & H,(z*). The second
term is equal to zero, because x* is a stationary point of the problem (VPI). Thus, we obtain

e(x* 4+ th) — p(z*) > 0.
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Ifh e ﬁa(ac*), let i € argmaxe gy (5= p) BT 72 f(z*)h. Then
ol + th) — pla”)
> fi(x" +th) — fi(z")
1
=ty fi(z")"h +/ (1 —t)hT 72 fi(x* + th)hdt
0
1
z/ (1 — )" g2 fi(a* + th)hdt
0

1
€ 2 € 2
> — 1-— = -
> Sl [ = nae=Smi? > o

where the second inequality holds because 57 f;(z*)Th > 0,i € R"(x*, h), and the third inequal-
ity holds because of (2.10). Thus, the proof of the theorem is completed. O

Theorem 2.5. Let the functions f;(x),i € K be twice continuously differentiable, and ¢;(x),i €
K be continuous. Assume that x* is a stationary point of the problem (VPI). If the functions
fi(x),i € K are convex, then x* is a local minimizer of the problem (VPI).

Proof. For the stationary point z* and a neighborhood S(z*, §) of the 2*, let h = sz:—fn:w t=
||z — 2*||. By the same arguments as in the proof of Theorem 2.3, we have

o +th) — p(a”)
> S il th) — fila)]

iE€R! (z*,h)

t2

= > ou [t v fi(z*)Th + ghT V2 fila + Sith)h}

i€R! (z*,h)

t2

- bh%; T2 fiz* + sith)h),

iE€R (z*,h)

where s; = s;(t,h) € [0,1]. Since z* is a stationary point and the functions f;,i € K, are
convex, h1 <72 f;(x* + s;th)h > 0. Hence,

(@) = p(a*) 20, Vo€ S(*,9).
Consequently, x* is a local minimizer of the problem (VPI). g
Example 2.1. Consider

fi(wr,z0) =21 + 23, fo(w1,22) = 23 + 22 + 27,

fa(xr,22) =23 — 20 — 2}, fa(z1,20) = 23 + 27

Let
{1,2,3}, 1+ 22 < 1,
I(x) =< {1,2,3,4}, =z +x2 =1,
{3,4}, 1+ a2 > 1.
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It can be verified that * = (0,0) and pj =0, py = p = 0.5. Moreover,

V11(0,0) = ( 8 ) V £2(0,0) = < (1) ) V£5(0,0) = ( fl > R(0) = {1,2,3},

V2f1(0,0)<(2) 8) V2f2(0,0)<8 g) V2f3(0,0)<8 8)

It can be shown that the necessary condition (2.6) is satisfied. Furthermore,

H,(0,0) = {h = (hy, he)T| max{ha, —ha} < ay/h? + h3}
Vh € H,/(0,0),
WUl YT wVRfi(e) | h= (24 6x2)h3 > 0.
i€R! (x*,h)
Hence, (2.9) is satisfied. Now, H,(0,0) = {h = (hy,0)}, and for h € H,(0,0), R"(0,h) = {1},

hTv2£:(0,0)h = 2h2
ieg}/%é(,h) f( ) ) 1

which shows that the inequality (2.10) is also satisfied. Therefore, «* is a strict local minimizer.
In fact, the set I(z) is very important. If I(x) = {1,2},21 + 22 < 1, then z* = (0,0) is not a
local minimizer.

Remark 2.1. Theorem 17 in [3] demonstrated that z* is a local minimizer of the problem
(VPI) if ¢(x) is convex. It is also shown in [8] that o(z) is not convex even though the
functions f;(x),i € K are convex. Hence, Theorem 2.5 is sharper than Theorem 17 in [3]. But
the minimizer «* in Theorem 2.5 is a local minimizer.

Example 2.2. Consider fi(z) = 2% and fo(x) = (z — 2)? — 2, and

(2) = (x—0.5)2 x<0.5, (2) = 0 r < 0.5,
“E= 0 2>05 P T @-05)2 z>05.

Then
(2) = z? x < 0.5,
PAT @-22-2 z>05.

Obviously, z = 0 is a local minimizer of ¢(z) even though fi(z), f2(z),q1(z) and g2(z) are
convex in R.
3. Optimality Conditions for Constrained Variable Programming
Let z* be a local minimizer of the problem (VPII). Then we define:
9i(x) = fi(x) = p(z7), i€ K. (3.1)
Next, as before, we define

i i(x), ¢j , 3.2
min_mox_{g:(x).c;(x)} (32)
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where

P:{172a ap}7

= (), ¢ , 3.3
vlz) = nax_ Hi(@),¢i(@)} (3.3)
E(xo): {Z Z sz.fz 550 Z >\ ch(ﬂfo)mu

1€R/ (z0) j€J(z0)
A\ > 0,i € R (z0),j € J(z0), Z i + Z )\—1} (3.5)
iER! (z0) Jj€J(zo)

Theorem 3.1. If z* is a local minimizer of the problem (VPII), then it is a local minimizer

of (3.2).
Proof. Observe that

(" +th) —(a") = P(z* + th)

= (" +th),ci(x* +th)} > 0.
Z_GR,(Iﬁ%JGP{g (2 ),cj(@ )} =

This completes the proof of the theorem. O

Theorem 3.2. z* is a strict local minimizer of the problem (VPII) if and only if it is a strict
local minimizer of (3.2).

Proof. If x* is a strict local minimizer of (3.2), we have 1(2*) = 0. Moreover, there exists
a neighborhood S(z*,0) such that for x # x*,x € S(z*,d),

P(x) > ¢(a7) =0

Hence, if z is feasible, it follows that

p(x) > p(z7).

Consequently, * is a strict local minimizer of the problem (VPII). On the other hand, suppose
x* is a strict local minimizer of the problem (VPII). Then there exists a neighborhood S(z*, §)
such that for z # z*, x € S(z*, ), either z is infeasible, i.e., ¢;(x) > 0 for some j € {1,2,--- ,p},
or z is feasible but ¢(x) > p(z*). In both cases, we have

P(x) > P(a”).
Hence, z* is a strict local minimizer of (3.2). O

Theorem 3.3. Let the functions fi(x),c;(x),i € K,j € P be continuously differentiable, and
qi(x),1 € K be continuous. Suppose that the variable programming (1.3)-(1.4) is reqular. Then,
0e ﬁ(:ﬂ*) holds if and only if there exist u* € I'x, \* € I'p, such that

> o filat +ZA*vcg =0, (3.6)

€K

Yo i (i) = ela")) +Z>\§Cj(fv*) =0. (3.7)

€K
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Proof. The assertions follow by using the same arguments as in the proof of Theorem 2.1.
O

Theorem 3.4. Let the functions f;(x),c;(x),i € K,j € P be twice continuously differentiable,
and ¢;(x),i € K is continuous. Suppose x* is a local minimizer of the problem (VPII). Let the
critical cone for the programming (VPII) at x* be defined by

H(z*) = {h € R"|dy(z*,h) =0}

={her | max (V)b ve @) h) =0}, (3.8)
€ a6t
and for all h € R™, let
u(z*, h) = {i € R'(a", h)|dy(z*, h) = v fi(z*)" h}, (3.9)
v(z*, k) = {j € J(a*)|dip(z*, h) = ec;(x*) h}. (3.10)
Then for all h € H(z*)
max {RT 72 fi(z*)h, BT 7% ¢j(z*)h} > 0. (3.11)

i€u(x*,h),jEv(x*,h)
Proof. The proof is similar to that used in the proof of Theorem 2.2. O

Theorem 3.5. Let the functions fi(x), ¢ € K, c;j(z), j € P be twice continuously differen-
tiable, and q;(x), 1 € K be continuous. Suppose that x* is a stationary point of the problem
(VPII), and p*,\* are the corresponding Lagrange multipliers. If there exists an & > 0 such
that for all h € H(x*),

UL ST iR+ Y X vPe®) | h=elhl* (3.12)

1€ER! (x*,h) JEJ(x*)
Then x* is a strict local minimizer of the problem (VPII).

Proof. By the same arguments as in the proof of Theorem 2.3, we deduce that x* is a strict
local minimizer of t(x). Thus, we conclude this theorem in view of Theorem 3.2. g

Theorem 3.6. Let the functions f;(x), c;(x),i € K,j € P be twice continuously differentiable,
and ¢;(x),i € K be continuous. Assume that x* is a stationary point of the problem (VPII). If
there exist pi* € I'gr(g=y, A* € I' j(z+), and positive constants a6, € such that for all x € S(x*,9)
and for all h € Hy(x )

Wl Y w P fi@+ DY A ve) | h=o, (3.13)
i€R'(z*,h) JEJ(2*)
where
Ho(z*) = {h € R"|di(z", h) < af[h|[}, (3.14)

and for all h € Hy(z*)

max (BT G2 fi(a)h, BT G2 ¢j(at)h} > AP, (3.15)
J€v(a* h)
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where

H,(z*) = {h € H,(z*)

(O SENTESAC

i€u(x*,h)
+RTC> D NP cj(x*))ho}. (3.16)
jev(z*,h)
Then z* is a strict local minimizer of the problem (VPII).

Proof. By the same arguments as in the proof of Theorem 2.4, we deduce that x* is a strict
local minimizer of t(x). Thus, we conclude this theorem in view of Theorem 3.2. U

Corollary 3.1. Let the functions f;(x), ¢;(x),i € K, j € P be twice continuously differentiable,
and g;(x),i € K be continuous. Suppose that x* is a stationary point of the problem (VPII).
If the functions fi(x), c;(x),i € R(z*),j € J(x*) are strict convex, then x* is a strict local
minimizer of the problem (VPII).

Proof. If fi(x), ¢j(x),i € R(z*),j € J(z*) are strict convex, then (3.13) and (3.15) are
satisfied. Taking Theorems 3.2 and 3.6 into account, we complete the proof. O

Example 3.1. Consider fi(z1,72) = 27 + 22, fo(z1,72) = 23 + 21, f3(21,72) = 23 — 11 — 22,

s.t. f% <x1+x2 <1. Let

{172}a 7% <zt < %7
I(I) = {172a3}7 T1+ 22 = %7
{3,1}, %<$1+$2§1.

It can be verified that z* = (—0.25, —0.25). Then
3 1
vheta=( 7). Vaene = ().
Vei (a7, x3) = ( 1 ), Veo(xy,z5) = ( 1 )

We obtain only one solution: pj = p5 = %, Al = %, A5 = 0. Moreover,
_ 2.0 - 00

vheia = (5 o). Vheia= (g ).
— 00 - 0 0

Ve (a7, 23) = < 0 0 ) , Vies(ai,a3) = < 0 0 ) :

It can be shown that Vh € H (a7, z3),
(X e (X N e )h= 2k i)
i€R! (x* ,h) JEJI(z*)

which implies that (3.12) is satisfied. Therefore, z* is a local strict minimizer.
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