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Abstract

We consider a Second Harmonic Generation (SHG) problem of an optical signal wave
with an optical pump in a medium represented by a smooth bounded domain Ω ⊂ IRd,
which is assumed to contain a heterogeneous material: a compactly imbedded subdomain
Br ⊂⊂ Ω in the shape of a small ball contains a nonlinear material, while Ω \ Br is filled
with a linear material. We begin by proving existence and uniqueness of the solution to
the TE approximation of SHG for arbitrary bounded susceptibilities, thus improving the
result obtained by Bao and Dobson ( Eur. J. Appl. Math. 6 (1995), 573-590) under small
enough susceptibilities assuption. We then establish an existence and uniqueness result
of a solution to the TM approximation problem. In both parts we study the asymptotic
behavior of the system as the size of the nonlinear material vanishes: error estimates and
asymptotic expansion of the solution are derived for both TE and TM approximations.

Mathematics subject classification: 35Q60, 35B40, 35C20.
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1. Introduction

Franken et al. [12] in their second harmonic generation experiment developed a process
for generating double frequency laser beams, thus marking the advent of the field of nonlinear
optics. Though revolutionary, the theory that underpins the discovery is quite basic: a given
medium is subjected to an intense beam of optical pump waves, causing the field in the medium
to be polarized nonlinearly. The former and latter process are governed respectively by the
constitutive equations and a linear system of Maxwell’s equations. For further details, we refer
the reader to the very interesting book by Shen [19].

In this paper, we consider a domain Ω which is filled with a heterogeneous material. Inside
the domain, a ball-shaped subdomain Br ⊂⊂ Ω of small size, with center x0 and radius r
contains a nonlinear material, while Ω \Br is filled with a linear material.

We first use the two-dimensional space model introduced in [6] to deal with the TE approx-
imation (i.e the diffracted electric fields are assumed to be directed in the vertical direction):
we improve the existence and uniqueness result stated in [6] under small enough susceptibil-
ities assumption. Then we study the TM approximation (i.e., the diffracted magnetic and
electric fields, with respectively the same and the double frequency as the incident wave, are
assumed to be directed in the vertical direction) in the setting of the model proposed in [8]
in the three-dimensional case, thereby bypassing the two-dimensional case which presents a
technical difficulty for deriving the asymptotic expansion of the solution. More precisely, we
prove existence and uniqueness of the solution, and furthermore establish the well-posedness of
the problem.

∗ Received January 4, 2006; accepted February 14, 2006.



50 N. AÏSSA

In both the TE and TM approximations, the behavior of the solution is considered as the
size of the nonlinear material vanishes. Moreover, error estimates and asymptotic expansion
are derived.

2. The TE Approximation

2.1. Model Problem

Consider the model set in [6]. Throughout the paper, we assume that the medium is non-
magnetic and has constant magnetic permeability. For the sake of convenience, the magnetic
permeability parameter is set to 1. In addition, we also assume that no external charges nor
current are present in the field.

The time-harmonic Maxwell equations which govern second harmonic generation (SHG)
take the form { ∇× E = − iω

c H, ∇ ·H = 0,

∇× H = iω
c D, ∇ ·D = 0,

(1)

along with the constitutive equation

D = ε (E + 4πP), (2)

where E is the electric field, H the magnetic field, D the electric displacement, P the polarization
field, ε the electric permittivity of the medium, c the speed of light and ω the angular frequency.
The physics of SHG may be described as follows: when a plane wave with frequency ω = ω1 is
projected onto a nonlinear medium, it generates two diffracted waves with respective angular
frequencies ω = ω1 and ω = ω2 = 2ω1 because of the interaction between the incident wave
and the nonlinear medium. The presence of new frequency components is the most striking
difference between nonlinear and linear optics. For most media however, the nonlinear optical
effects are so negligible that they may be ignored. To observe nonlinear phenomena in the
optical region, one needs high-intensity beams like high-intensity laser ones.

Let us consider the two wave fields E(x, ω1) and E(x, ω2 = ω1 + ω1). To simplify our
notation, we denote E(x, ωi) = E(ωi).

Since second harmonic generation can be considered as a special case of optical mixing [19],
the polarization field at frequencies ω1 and ω2 respectively are given by [19, p. 68]⎧⎨

⎩
P(w1) = χ(1)(ω1).E(ω1) + χ(2)(x, ω1) : E�(ω1)E(ω2),

P(w2) = χ(1)(ω2).E(ω2) + χ(2)(x, ω2) : E(ω1)E(ω1),

where χ(1) is the linear susceptibility tensor of the medium, χ(2) is the second-order nonlinear
susceptibility tensor of third rank, that means that, χ(2) : EE is a vector whose jth component
is

∑3
k,l=1 χ

(2)
jklEkEl, and E� is the complex conjugate of E. Then the Maxwell equations (1)-(2)

yield the following coupled system⎧⎪⎨
⎪⎩

[
∇× (∇×) − ω2

1d1
c2

]
E(ω1) = 4πω2

1ε
c2 χ(2)(ω1 = −ω1 + ω2) : E�(ω1)E(ω2),[

∇× (∇×) − ω2
2d2
c2

]
E(ω2) = 4πω2

2ε
c2 χ(2)(ω2 = ω1 + ω1) : E(ω1)E(ω1),

where di = ε(1 + 4πχ(1)(ωi)). The medium is said to be linear if D = ε(1 + χ(1)(ω))E, i.e.,
χ(2) vanishes. We assume that all the fields are invariant in the vertical direction. Then the
problem can be formulated in two dimensions. We shall also assume that the electric fields at
ω1 and ω2 are TE polarized, which means that

E(ωi) = e(ωi)u3, i = 1, 2,
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where (u1,u2,u3) is the canonical basis of IR3.
Let Ω be a smooth domain in IR2. We assume that Ω is occupied heterogeneously: a small

ball Br ⊂⊂ Ω is filled with a nonlinear material whereas Ωr = Ω\Br contains a linear material.
In the present case, the nonlinear material is represented by the ball Br of center x0 and radius
r. The susceptibilities χ1(ω1) and χ2(ω2) are with support Br so they depend on r likewise
e(ω1) and e(ω2) also depend on r. In addition, as the material is assumed heterogeneous, the
permittivity of the medium is a function ε of the space variable x.

Define ⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ur = e(ω1), vr = e(ω2),

χr
1 = − 4πω2

1
c2 ε(x)χ(2)

333(ω1 = −ω1 + ω2),

χr
2 = − 4πω2

2
c2 ε(x)χ(2)

333(ω2 = ω1 + ω1).

Writing the transmission conditions on the boundary ∂Br and the Neumann boundary condi-
tions on ∂Ω, we get the following system⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(
∆ + ω2

1(1 + 4πχ(1)(ω1))
ε(x)
c2

)
ur = χr

1(ω1, x)u�
rvr in Ω,(

∆ + ω2
2(1 + 4πχ(1)(ω2)

ε(x)
c2

)
vr = χr

2(ω2, x)u2
r in Ω,

[ur]|∂Br = [vr]|∂Br = [∂nur]|∂Br = [∂nvr]|∂Br = 0,

∂nur = f, ∂nvr = g in ∂Ω,

(3)

where

ε(x) =

{
ε1 > 0 in Br,

ε2 > 0 in Ωr = Ω \Br.
(4)

Here ε1, ε2 are the permittivity of the medium occupied by Br and Ωr respectively. In the
sequel, we set

kj(x, ωj) =

⎧⎨
⎩

ε1(1+4πχ(1)(ωj))
c2 in Br

ε2(1+4πχ(1)(ωj))
c2 in Ωr = Ω \Br

=

{
kj,1 in Br,

kj,2 in Ωr = Ω \Br,
(5)

to rewrite (3) as follows⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
∆ + ω2

1k1(x, ω1)
)
ur = χr

1(ω1, x)u�
rvr in Ω,(

∆ + ω2
2k2(x, ω2)

)
vr = χr

2(ω2, x)u2
r in Ω,

∂nur = f, ∂nvr = g on ∂Ω.

(6)

2.2. Existence and Uniqueness of the Solution and Uniform Estimates

Denote for s > 0, Hs(Ω) the classical Sobolev spaces of C| -values functions, L2(Ω) the
Lebesgue space of square integrable functions on Ω. In the sequel, the norm in H1(Ω) will be
denoted by ||.||, while the norm in L2(Ω) will be denoted by |.|.
Definition 2.1. A weak solution to (6) is a pair (ur, vr) ∈ H1(Ω) × H1(Ω) that satisfies the
weak formulation⎧⎪⎪⎨

⎪⎪⎩

∫
Ω

∇ur · ∇φ� dx− ω2
1

∫
Ω

k1urφ
� dx =

∫
∂Ω

fφ� dσ −
∫

Br

χr
1u

�
rvrφ

� dx,∫
Ω

∇vr · ∇ψ� dx− ω2
2

∫
Ω

k2vrψ
� dx =

∫
∂Ω

gψ� dσ −
∫

Br

χr
2u

2
rψ

� dx,

(7)
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for any test function (φ, ψ) ∈ H1(Ω) ×H1(Ω). Here ψ� denotes the complex conjugate of ψ.

Recall that as Ω ⊂ IR2, if ur ∈ H1(Ω) then ur ∈ Lp(Ω) for any 1 ≤ p < ∞. Proof of existence
of solutions to (6) is given in [6] and [8] for χr

j small enough. We extend this result to arbitrary
bounded susceptibilities χr

j by using the Schauder fixed point theorem. In order to prove the
existence of solutions to the nonlinear problem, we first establish the following lemmas dealing
with the linear problem.

Lemma 2.1. Let ω ∈ IR and k(x, ω) be defined by (5), where ωj is replaced by ω. Then, for all
but a discrete set of frequencies ω, for any F ∈ L2(Ω) and f ∈ L2(∂Ω), there exists a unique
weak solution u ∈ H1(Ω) to the linear problem⎧⎨

⎩
(
∆ + ω2k(x, ω)

)
u = F in Ω,

∂nu = f on ∂Ω.
(8)

In particular, if f ∈ H
1
2 (∂Ω) then u ∈ H2(Ω) is a strong solution to (8).

Proof. We summarize the proof given in [6] or [8] as follows. The weak formulation of (8)
writes ∫

Ω

∇u · ∇φ� dx− ω2

∫
Ω

k(x, ω)uφ� dx =
∫

∂Ω

fφ� dσ −
∫

Ω

Fφ� dx, ∀φ ∈ H1(Ω). (9)

It can be written in the form B(u, φ) = L(φ) where B and L are respectively the bilinear form
and the linear form in H1(Ω) given by the left-hand and the right-hand side of (9). We can
write B = B1 + ω2B2 where⎧⎪⎪⎨

⎪⎪⎩
B1(u, φ) =

∫
Ω

∇u · ∇φ� dx+ ω2

∫
Ω

uφ� dx,

B2(u, φ) = −
∫

Ω

k(x, ω)uφ� dx−
∫

Ω

uφ� dx.

Next, consider the operators A(ω, ω) : H1(Ω) → (H1(Ω))′, Ai(ω) : H1(Ω) → (H1(Ω))′, i = 1, 2
defined by (A(ω, ω)u, φ) = B(u, φ), (Ai(ω)u, φ) = Bi(u, φ). It is clear that A(ω, ω) = A1(ω) +
ω2A2(ω). Our aim is to prove that the operator A(ω, ω) is invertible for all but a discrete set
of values of ω. By virtue of the Lax-Milgram theorem, the operator A1(ω) is invertible and
has bounded inverse. Moreover, the operator A2(ω) is compact. Holding ω1 fixed, consider the
operator A(ω1, ω) = A1(ω1) + ω2A2(ω1). We see that A(ω1, ω)−1 exists by Fredholm’s theory
for all ω /∈ E(ω1), where E(ω1) is some discrete set. Since

||A(ω, ω) −A(ω1, ω)|| → 0 as ω → ω1,

it follows from the stability of the bounded invertibility that A(ω, ω)−1 exists and is bounded
for |ω − ω1| sufficiently small, ω /∈ E(ω1). Since ω1 is an arbitrary real number, we have shown
that A(ω, ω)−1 exists for all but a discrete set of points and hence the equation B(u, φ) = L(φ)
admits a unique solution u ∈ H1(Ω).

In the sequel, ω will denote a frequency for which the system (8) admits a unique solution
u. Next, we will establish uniform estimates for the solution to the linear equation given by
Lemma 2.1.

Lemma 2.2. Assume that f ∈ L2(∂Ω) and F ∈ L2(Ω). The solution u to (8) given by
proposition 2.1 satisfies

|u|2 ≤ C(|f |2 + |F |2), (10)

|∇u|2 ≤ C(f |2 + |F |2), (11)

for some constant C independent of r and u.
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Proof. The proof of (10) is classical and can be obtained easily by a contradiction argument
(see, e.g., [11, p. 306]). Next it stems from (9) that

|∇u|2 − w2|k 1
2u|2 =

∫
∂Ω

fu� dσ −
∫

Ω

Fu� dx.

Using the following inequality for α small enough [14, p. 41]∫
∂Ω

|u|2 dσ ≤ α|∇u|2 + Cα|u|2,

we get the estimate |∇u|2 ≤ C1|u|2 + |f |2 + |F |2. Hence estimate (11) is fulfilled thanks to (10).
The proof of the lemma is then complete.

Next, in order to prove the existence of solutions to the nonlinear problem, consider (U, V ) ∈
H1(Ω)×H1(Ω) and set F = U�V and G = U2. Then F,G ∈ L2(Ω). Consequently, by Lemma
2.1, it follows that for all but a discrete set of frequencies ω1, ω2, there exists a unique weak
solution (u, v) ∈ H1(Ω) ×H1(Ω) to the linear problem⎧⎪⎪⎪⎨

⎪⎪⎪⎩
(∆ + ω2

1k1(x, ω1))u = χr
1(ω1, x)F in Ω,

(∆ + ω2
2k2(x, ω2))v = χr

2(ω2, x)G in Ω,

∂nu = f, ∂nv = g on ∂Ω.

(12)

Therefore, applying Lemma 2.2, we obtain⎧⎪⎪⎨
⎪⎪⎩

|∇u|2 ≤ C
(
|f |2 + |χr

1|∞
∫

Br

|F |2 dx
)
,

|∇v|2 ≤ C
(
|g|2 + |χr

2|∞
∫

Br

|G|2 dx
)
.

As H1(Ω) is continuously imbedded in Lr(Ω) for any 1 ≤ r < ∞, we have for all q > 1 and
p > 1 satisfying 1

p + 1
q = 1⎧⎪⎪⎨

⎪⎪⎩

∫
Br

|F |2dx ≤ |Br| 1q
(∫

Ω

|U |2p|V |2p
) 1

p ≤ C|Br| 1q ||U ||2||V ||2,∫
Br

|G|2 dx ≤ |Br| 1q
(∫

Ω

|U |4p
) 1

p ≤ C|Br| 1q ||U ||4,
(13)

for some positive constant C independent of r. Then for all q > 1⎧⎨
⎩

|∇u|2 ≤ C (|f |2 + |χr
1|∞|Br| 1q ||U ||2||V ||2),

|∇v|2 ≤ C (|v|2 + |g|2 + C |χr
2|∞|Br| 1q ||U ||4).

(14)

Hence letting q → 1 we get the following lemma.

Lemma 2.3. Let (U, V ) ∈ H1(Ω)×H1(Ω) and let (u, v) be the solution to (12) associated with
F = U�V and G = U2. Then, there exists a constant C > 0 independent of r, (u, v) and the
data F and g such that⎧⎪⎪⎪⎨

⎪⎪⎪⎩
|u|2 ≤ C(|f |2 + |χr

1|∞|Br|||U ||2||V ||2), |v|2 ≤ C(|g|2 + |χr
2|∞|Br|||U ||4),

|∇u|2 + |∆u|2 ≤ C(|f |2 + |χr
1|∞|Br|||U ||2||V ||2),

|∇v|2 + |∆v|2 ≤ C(|g|2 + |χr
2|∞|Br|||U ||4).

Let R > 0 be a fixed positive number and denote by QR = {u ∈ H1(Ω), ||u|| ≤ R}. We are
now in the position to prove the following result.
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Theorem 2.1. Assume that χr
j is uniformly bounded in L∞(Ω) and that (f, g) ∈ L2(∂Ω) ×

L2(∂Ω). Then for all but a discrete set of frequencies ω1, ω2, there exists a constant C indepen-
dent of r such that for all R > Cmax{|f |2, |g|2} and r > 0 small enough, (6) admits a unique
weak solution (ur, vr) ∈ QR ×QR.

Moreover, if (f, g) ∈ H
1
2 (∂Ω)×H

1
2 (∂Ω) then (ur, vr) ∈ (QR ×QR)∩ (H2(Ω)×H2(Ω)) and

satisfies ⎧⎪⎨
⎪⎩

|ur|2H2(Ω) ≤ C
(
|f |2

H
1
2 (∂Ω)

+ |χr
1|∞|Br|R4

)
,

|vr|2H2(Ω) ≤ C
(|g|2

H
1
2 (∂Ω)

+ |χr
2|∞|Br|R4

)
,

(15)

for some positive constant C which is independent of r, ur, vr and the data.

Proof. We will apply Schauder’s fixed point theorem to prove existence of solutions for
appropriate R. In what follows, C denotes a generic positive constant which is independent of
r. Let X = L4(Ω) × L4(Ω) and define the operator R: X → X by R(U, V ) = (u, v) where
(u, v) ∈ H1(Ω × H1(Ω) is the solution to (12) associated with F = U�V and G = U2. For
R > 0, set KR = QR×QR. It is clear that KR is a convex and a compact subspace of X . Next,
we prove that there exists R > 0 such that R maps KR into itself. Indeed, let (U, V ) ∈ KR,
then thanks to Lemma 2.3, we get

||u||2 ≤ C(|f |2 + |χr
1|∞|Br|R4), ||v||2 ≤ C(|g|2 + |χr

2|∞|Br|R4).

Assuming that |χr
j |∞ ≤ Cj with Cj independent of r, it is enough to choose R > 0 such that

C(|f |2 + C1|Br|R4) ≤ R2, C(|g|2 + C2|Br|R4) ≤ R2.

We have 1 − 4C2C1|Br||f |2 > 0 and 1 − 4C2C1|Br||g|2 > 0 for r small enough then set

Ar
1 =

1 +
√

1 − 4C2C1|Br||f |2
2CC1|Br| , Ar

2 =
1 +

√
1 − 4C2C2|Br||g|2
2CC2|Br| ,

Dr
1 =

1 − √
1 − 4C2C1|Br||f |2
2CC1|Br| , Dr

2 =
1 − √

1 − 4C2C2|Br||g|2
2CC2|Br| .

Since Ar
j → ∞ as r → 0, for all arbitrary fixed R > 0 we have R ≤ Ar

j for r small enough.
Moreover, Dr

1 → C|f |2 and Dr
2 → C|g|2. Then assuming R > Cmax{|f |2, |g|2} we get Dr

j ≤ R

for r small enough. Consequently, if R > Cmax{|f |2, |g|2} and r is small enough we have
(u, v) ∈ QR ×QR for all (U, V ) ∈ QR ×QR and R maps KR into itself. We complete the proof
by proving that R is a contraction on KR. Let (uj , vj) ∈ KR be two solutions to (12) associated
with (Uj , Vj) ∈ KR, j = 1, 2. Set (u, v) = (u1 − u2, v1 − v2) and (U, V ) = (U1 − U2, V1 − V2).
Then {

(∆ + ω2
1k1(x, ω1))u = χr

1(U
�
1V + U�V2), ∂nu = 0,

(∆ + ω2
2k2(x, ω2))v = χr

2(U1 + U2)U, ∂nv = 0.

Using Lemma 2.2, we get

||u||2 ≤ C|χr
1|2∞

∫
Br

|U�
1V + U�V2|2 dx, ||v||2 ≤ C|χr

2|2∞
∫

Br

|(U1 + U2)U |2 dx.

Next, using the same arguments as in (13) we get for all q > 1⎧⎨
⎩

||u||2 ≤ C|χr
1|2∞|Br| 1q (||U1||2||V ||2 + ||V2||2||U ||2),

||v||2 ≤ C|χr
2|2∞|Br| 1q (||U1||2 + ||U2||2)||U ||2.

Since |χr
j |2∞ ≤ Cj and Uj , Vj belong to QR, we get

||u||2 ≤ CC1|Br| 1qR2(||V ||2 + ||U ||2), ||v||2 ≤ CC2|Br| 1qR2||U ||2.
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Hence, for all q > 1,

||u||2 + ||v||2 ≤ Cmax{C1, C2}|Br| 1q (||U ||2 + ||V ||2).
Since |Br| → 0 as r → 0, for r small enough C max{C1, C2}|Br| 1q < 1 and then the map R is a
contraction on KR. This completes the proof of existence and uniqueness of a weak solution to
(6). Furthermore, if the data f, g ∈ H

1
2 (∂Ω) then the weak solution (u, v) ∈ H2(Ω)×H2(Ω) is

a strong solution and satisfies (15) by virtue of Lemma 2.3.

2.3. Error Estimates and Asymptotic Expansion

We assume in this section that the nonlinear material occupies a ball Br ⊂⊂ Ω with center
x0 and radius r and that the data f, g ∈ H

1
2 (∂Ω). We have

Proposition 2.1. Let (ur, vr) be the solution to (6). Then for subsequences, we have (ur, vr) →
(u, v) in H1(Ω) and (ur, vr) ⇀ (u, v) in H2(Ω). The limit (u, v) satisfies the problem{

(∆ + ω2
1k1,2)u = 0, (∆ + ω2

2k2,2)v = 0 in Ω,

∂nu = f, ∂nv = g on ∂Ω.
(16)

Proof. Thanks to Theorem 2.1, (ur, vr) is uniformly bounded in H2(Ω) so it converges
strongly in H1(Ω) and weakly in H2(Ω) to a limit (u, v). Since χr

j are bounded functions with
compact support in Br, we have χr

j(x) → 0 a.e. x ∈ Ω. Then χr
1u

�
rvr → 0 and χr

2u
2
r → 0 in

L1(Ω). Hence, we get (16) by passing to limit in the weak formulation (9).

Proposition 2.2. Let (ur, vr) be the weak solution to (6) and (u, v) be the solution to (16).
Then there exists C > 0 independent of r, depending only on |f |

H
1
2 (∂Ω)

, |g|
H

1
2 (∂Ω)

, |χr
i |L∞, ωi,

ki,j such that
||ur − u||2 + ||vr − v||2 ≤ Cr2.

Proof. In what follows, C are various constants independent of r. We have⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(∆ + ω2
1k1)(ur − u) = Fr in Ω,

(∆ + ω2
2k2)(vr − v) = Gr in Ω,

∂n(ur − u) = 0, ∂n(vr − v) = 0 on ∂Ω,

(17)

where
Fr = χr

1u
�
rvr + 1Brω2

1(k1,2 − k1,1)u, Gr = χr
2u

2
r + 1Brω2

2(k2,2 − k2,1)v. (18)

Since ur, vr are uniformly bounded in H2(Ω), they are uniformly bounded in C0(Ω). Conse-
quently

|Fr|2 ≤ C|Br|, |Gr|2 ≤ C|Br|.
Then, by virtue of Lemma 2.2, we get

||ur − u||2 + ||vr − v||2 ≤ C|Br |,
and the proof of the proposition is complete.

Corollary 2.1. Let (ur, vr) be the weak solution to (6) and (u, v) be the solution to (16). Then
there exists an C > 0 independent on r such that

||ur − u||2H2(Ω) + ||vr − v||2H2(Ω) ≤ Cr2.
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Proof. Set Wr = ∇(ur −u). Then Wr ∈ L2(Ω), curlWr = 0 ∈ L2(Ω), Wr ·n = 0 ∈ H
1
2 (∂Ω).

Moreover, thanks to (17) , we have divWr = ∆(ur − u) = Fr − ω2
1k1,2(ur − u) ∈ L2(Ω) . It

follows that Wr ∈ H1(Ω) and there exists C depending only on Ω such that [10]

||Wr||H1(Ω) ≤ C(||ur − u||H1(Ω) + |Fr|L2(Br)),

and the corollary follows from the previous proposition.
Next, as H2(Ω) ⊂ C0(Ω), then u, v are both continuous functions. Hence u(x0), v(x0) are

well defined. The following asymptotic expansion holds.

Theorem 2.2. Assume that χr
j(x) = χj,x0+ε

r(x) in L∞(Br) with |εr|L∞(Br) → 0 as r → 0 and
χj,x0 are some constants, j=1,2. Let Ej(x, y) be the Green function to the Neumann problem

(∆x + ω2
jkj,2)Ej(x, y) = δy(x), in Ω, ∂nEj = 0, on ∂Ω j = 1, 2,

where kj,2 are defined by (5). Then for any compact K ⊂ Ω containing x0 such that dist(x0,Ω\
K) > 0, the solution (ur, vr) to (6) has the following pointwise asymptotic expansion for x ∈
Ω \K

�
ur(x) = u(x) + |Br|[ω2

1(k1,1 − k1,2)u(x0) + χ1,x0u(x0)
�v(x0)]E1(x, x0) + o(|Br|)(x),

vr(x) = v(x) + |Br|[ω2
2(k2,1 − k2,2)v(x0) + χ2,x0u(x0)

2]E2(x, x0) + o(|Br|)(x),

where (u, v) is the solution to (16) and the remainder satisfies

|o(|Br |)|L∞(Ω\K) ≤ C |Br|max(r, |εr|L∞(Br)),

for some constant C independent of r, but depending on dist(x0,Ω \K), |f |
H

1
2 (∂Ω)

, |g|
H

1
2 (∂Ω)

,
the diameter of Ω and the constants ωi, ki,j .

Proof. Since ur − u satisfies the following problem{
∆(ur − u) + ω2

1k1,2(ur − u) = Mr, in Ω, ∂n(ur − u) = 0 on ∂Ω,

Mr = χr
1u

�
rvr + ω2

1(k1,1 − k1,2)ur1Br ,

and Mr ∈ L∞(Ω), we use the Green’s representation formula to get [10, p. 727]

ur(x) − u(x) =
∫

Br

E1(x, y)Mr(y)dy.

Set
Ur(x) = ur(x) − u(x) − |Br|[ω2

1(k1,1 − k1,2)u(x0) + χ1,x0u(x0)�v(x0)]E1(x, x0).

We then have

Ur(x)

|Br| =

�
Br

E1(x, y)
Mr(y)

|Br| dy −
�
ω2

1(k1,1 − k1,2)u(x0) + χ1,x0u(x0)
�v(x0)

�
E1(x, x0). (19)

Let K be a compact subset of Ω containing x0 such that dist(x0,Ω \ K) > 0 and assume
r < 1

2dist(x0,Ω \K). Then (Ω \K) ∩Br = ∅. Moreover,

E1(x, y) = − 1
2π log(|x− y|) +H(x, y),

where H(x, y) is a smooth function. Hence, there exists CK,x0 > 0 independent of r, but
depending on the diameter of Ω, dist(x0,Ω \K) and H such that [18, p.227] or [3, p.761]

|E1(x, y)| + |∇yE1(x, y)| ≤ CK,x0 , ∀x ∈ Ω \K, ∀y ∈ Br. (20)
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Moreover, we have for any x ∈ Ω \K
1

|Br|
�

Br

χr
1(y)u�

rvr(y)E1(x, y)dy =
1

|Br|
�

Br

χr
1(y)(u�

r − u�)vr(y)E1(x, y)dy

+
1

|Br|
�

Br

χ1,x0u�(y)v(y)E1(x, y)dy +
1

|Br|
�

Br

[χr
1(y) − χ1,x0 ]u

�(y)v(y)E1(x, y)dy

+
1

|Br|
�

Br

χr
1(y)u�(y)(vr − v)(y)E1(x, y)dy = I1 + I2 + I3 + I4.

Using (20), (15 ) and Corollary 2.1, gives

|I1|L∞(Ω\K) ≤ C|ur − u|L∞(Ω) ≤ C|Br| 12 , (21)

|I4|L∞(Ω\K) ≤ C|vr − v|L∞(Ω) ≤ C|Br | 12 , (22)
|I3|L∞(Ω\K) ≤ C |εr|L∞(Br), (23)

for some positive constant independent of r, but depending only on |f |
H

1
2 (∂Ω)

, |g|
H

1
2 (∂Ω)

,

|χr
i |L∞(Ω) and the constant CK,x0 given in (20).
Using the Lebesgue differentiation theorem, we get for any x ∈ Ω \K

I2(x) → χ1,x0u
�(x0)v(x0)E1(x, x0) as r → 0.

Moreover, the convergence is uniform with respect to x ∈ Ω \ K. Indeed, if w = u or w = v
and Br ⊂⊂ K ′ ⊂⊂ Ω then

|w(y) − w(x0)|L∞(Br) ≤ Cr|∇w|L∞(K′) ≤ Cr|w|H3(K′) ≤ Cr||w||H1(Ω), (24)

for some positive constant independent on r. We deduce from this last estimate and (20) that
there exists a positive constant independent of r such that

|I2(x) − χ1,x0u
�(x0)v(x0)E1(x, x0)|L∞(Ω\K) ≤ C r. (25)

Furthermore, using the arguments above and the Lebesgue differentiation theorem, we get∣∣∣ 1
|Br|

∫
Br

ur(y)E1(x, y)dy − u(x0)E1(x, x0)
∣∣∣
L∞(Ω\K)

≤ C r. (26)

Finally, we deduce from (21)-(23) and (25)-(26) that for x ∈ Ω \K
1

|Br|
∫

Br

Mr(y)E1(x, y) dy → [ω2
1(k1,1 − k1,2)u(x0) + χ1,x0u

�(x0)v(x0)]E1(x, x0),

and
|Ur|L∞(Ω\K) ≤ C |Br|max(r, |εr|L∞(Br)),

for some positive constantC independent of r, but depending on |f |
H

1
2 (∂Ω)

, |g|
H

1
2 (∂Ω)

, |χr
i |L∞(Ω),

ωi, ki,j and the constant CK,x0 given in (20). The asymptotic expansion of ur is then proved.
We can proceed similarly to get the asymptotic expansion of vr.

3. The TM Approximation

3.1. The Model Problem

In this section, we will use the same notations as in Subsection 2.1 except that the fields
are not assumed to be independent of the vertical variable. Then we will deal with the three
dimensional case.

Consider a plane wave of frequency ω = ω1 incident on Ω. Because of the presence of the
nonlinear material consisting of a ball Br ⊂⊂ Ω with center x0 and radius r, the nonlinear
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optical interaction gives rise to diffracted waves of frequencies ω = ω1 and ω = ω2 = 2ω1.
This process represents the simplest situation in SHG. Using the well-known undepleted-pump
approximation in the literature (see, e.g., [16] and [17]), Eq (2) for frequencies ω = ω1 and
ω = ω2 respectively may be written as [7, p.324]⎧⎨

⎩
D(x, ω1) = 4πε(1 + χ(1)(ω1))E(x, ω1),

D(x, ω2) = 4πε
(
(1 + χ(1)(ω2))E(x, ω2) + 4πχ(2)(x, ω2) : E(x, ω1)E(x, ω1)

)
,

(27)

where χ(2)(x, ω2) is assumed in this section to be with compact support in the ball Bαr ⊂⊂ Ω
with center x0 and radius αr, 0 < α < 1. We assume further that the electromagnetic fields
are TM polarized at frequency ω1 and TE polarized at frequency ω2. Therefore,

H(x, ω1) = ur(x1, x2, x3, ω1)e3, E(x, ω2) = vr(x1, x2, x3, ω2)e3,

where (e1, e2, e3) is the canonical basis of IR3. Since

E(x, ω1) =
c

iω1ε(1 + χ(1)(ω1))
∇× H(x, ω1),

Eqs. (1) and (27) can be simplified to⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∇ · ( 1
ω2

1k1(x,ω1)
∇ur) + ur = 0,

(∆ + ω2
2k2(x, ω2))vr = −4πω2

2 ε

c2

3∑
j,l=1

χr
jl ∂xju

r∂xl
ur.

Then writing the transmission conditions on ∂Br and the Neumann conditions on ∂Ω we get⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(∆ + ω2
2k2(x, ω2))vr = χr(∇ur) ⊗∇ur in Ω,

∇ · ( 1
k1(x,ω1)

∇ur) + ω2
1u

r = 0 in Ω,

[ur]|∂Br = [ 1
k1
∂nu

r]|∂Br = 0,

∂nv
r = g, 1

k1,2
∂nu

r = f on ∂Ω,

(28)

where
χr(∇ur) ⊗∇ur =

∑
1≤j,l≤3

χr
j,l∂ju

r∂lu
r.

In the sequel, we omit to write the sum for j, l.

3.2. Existence, Uniqueness and Uniform Bounds

Our aim is to establish the following theorem.

Theorem 3.1. Assume that f, g ∈ L2(∂Ω) and that χr ∈ L∞. Then, for all but a discrete set
of frequencies ω1, ω2, (28) admits a unique weak solution (ur, vr) ∈ H1(Ω)×H1(Ω). Moreover,
there exists C > 0 independent of r such that

||ur||2 ≤ C|f |2, |χr(∇ur) ⊗∇ur|2 ≤ Cr|f |2, ||vr||2 ≤ C(r|f |2 + |g|2).
Furthermore, if g ∈ H

1
2 (∂Ω) then vr ∈ H2(Ω) and there exists an C > 0 independent of r such

that
||vr||2H2(Ω) ≤ C(r|f |2 + |g|2

H
1
2 (∂Ω)

).
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Proof. Assume that f, g ∈ L2(∂Ω). We first deal with the following generalized Helmholtz
problem satisfied by ur ⎧⎨

⎩
∇ · ( 1

k1(x,ω1)
∇ur) + ω2

1u
r = 0 in Ω,

1
k1,2

∂nu
r = f on ∂Ω,

(29)

whose weak solution is defined by ur ∈ H1(Ω) satisfying∫
Ω

1
k1(x, ω1)

∇ur · ∇φ� dx− ω2
1

∫
Ω

urφ� dx = −
∫

∂Ω

fφ� dσ, ∀φ ∈ H1(Ω). (30)

Using the arguments of Lemmas 2.1 and 2.2, we get, for all but a discrete set of frequencies
ω1, existence and uniqueness of a weak solution ur ∈ H1(Ω) to (29). Moreover, the following
uniform bounds hold

|ur| ≤ C|f |, |∇ur| ≤ C|f |, (31)

for some constant C independent of r. Next, we set

k2
0 = k1,2ω

2
1 , k2

� = k1,1ω
2
1 . (32)

We deduce from (30) and (31) that the solution ur to (29) satisfies (for a subsequence)

ur → u in L2(Ω), ur ⇀ u in H1(Ω),

where u is the weak solution to

∆u+ k2
0 u = 0 in Ω,

1
k1,2

∂nu = f in ∂Ω. (33)

Next we have the following error estimate.

Lemma 3.1. Let ur be the solution to (29) and let u be defined by (33). Then there exists an
C > 0 independent of r such that

||ur − u||2 ≤ C |Br|.
Proof. Throughout this proof, C will denote a positive constant independent of r. We have

for all ϕ ∈ H1(Ω),∫
Ω

− 1
k1

∇(ur − u) · ∇ϕ� + ω2
1(u

r − u)ϕ� dx = (
1
k1,1

− 1
k1,2

)
∫

Br

∇u · ∇ϕ� dx. (34)

In particular, for ϕ = ur − u, using the Cauchy’s inequality with a coefficient α, we get

|∇(ur − u)|2 ≤ C(|ur − u|2 + |∇u|2Br). (35)

Moreover, proceeding by contradiction argument as in the previous section, we get

|ur − u|2 ≤ C|∇u|2Br . (36)

Hence
||ur − u||2 ≤ C|∇u|2Br . (37)

Since ∇u ∈ L2(Ω), there exists an C > 0 independent of r such that (cf. Appendix)

|∇u|2L2(Br) ≤ C|Br |.
Consequently,

||ur − u||2 ≤ C |Br|,
and the lemma is proved.
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Next, we study the Helmholtz equation satisfied by vr with a source term{
(∆ + ω2

2k2(x, ω1))vr = Sr in Ω,

∂nv
r = g on ∂Ω,

(38)

where Sr = χr(∇ur) ⊗∇ur. As ur ∈ H1(Br) and satisfies

∆ur + ω2
1k1,1 u

r = 0 in D′(Br), (39)

we have ur ∈ H3(Bαr) ⊂ L∞(Bαr). Consequently, ∇ur ∈ L4(Bαr). So having in mind that
χr is with support Bαr ⊂⊂ Br, we get Sr ∈ L2(Ω). Then, thanks to Lemma 2.1, for all but
a discrete set of frequencies ω2, there exists a unique weak solution vr ∈ H1(Ω) solving (38).
Moreover, by Lemma 2.2

|vr| ≤ C(|g| + |Sr|), |∇vr | ≤ C(|g| + |Sr|), (40)

for some constant C > 0 independent of r. Furthermore, if g ∈ H
1
2 (∂Ω) then vr ∈ H2(Ω) and

||vr||H2(Ω) ≤ C(|g|
H

1
2 (∂Ω)

+ |Sr|). It remains to give uniform estimates on Sr which will be the

consequence of following uniform estimate on |∇ur|L∞(Bαr).

Lemma 3.2. Let ur be the solution to (29). Then there exists C > 0 independent of r such
that

|∇ur|L∞(Bαr) ≤ C

r
|f |L2(∂Ω). (41)

Proof. The proof relies on the integral representation formula of ur. Let us first recall some
notations involving in this latter formula.

For k > 0, φk(x) denotes the fundamental solution to ∆ + k2. In the present case

φk(x) =
eik|x|

4π|x| . (42)

Next, for a bounded regular domain D in IR3, let Sk
D and Dk

D be respectively the single and
double layer potentials defined by φk(x), that is, for a potential η ∈ L2(∂D)

Sk
Dη(x) =

∫
∂D

φk(x− y)η(y)dy, x ∈ IRd,

Dk
Dη(x) =

∫
∂D

∂φk(x− y)
∂ν(y)

η(y)dy, x ∈ IRd \ ∂D.

Moreover, for k0 > 0 given by (32), we define

Hr(x) = Dk0
Ω (ur

|∂Ω) − Sk0
Ω (f), x ∈ IRd \ ∂Ω.

Assume r small enough (r < 1
4dist(x0, ∂Ω) for example). Then using (42), we conclude that

for every n ∈ IN, there exists a positive constant Cn > 0 depending only on n and dist(x0, ∂Ω)
such that (see also [4, Proposition 3.2])

|Hr|Cn(Br) ≤ Cn|f |L2(∂Ω). (43)

Finally, for k0, k� > 0 given by (32), there exists (ϕ, ψ) ∈ L2(∂Br) × L2(∂Br) as the unique
solution to the following integral equation [4, Theorem 2.1]⎧⎪⎨

⎪⎩
Sk�

Brϕ− Sk0
Brψ = Hr,

1
k1,1

∂(Sk�
Br ϕ)

∂ν |− − 1
k1,2

∂(Sk0
Br ϕ)

∂ν |+ = 1
k1,2

∂Hr

∂ν

on ∂Br.

Moreover, there exists r0 such that for any r ≤ r0 we have [4, Proposition 4.1]

|ϕ|L2(∂Br) + |ψ|L2(∂Br) ≤ C(r−1|Hr|L2(∂Br) + |∇Hr|L2(∂Br)), (44)
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where C is a constant independent of r. We finally come to the representation formula of the
solution to (29) [4, Theorem 3.1]

ur(x) = Sk�

Brϕ(x), x ∈ Br,

which implies that

∂iu
r(x) =

∫
∂Br

∂iφk�(x − y)ϕ(y)dy, x ∈ Bαr.

Since there exists an C > 0 depending only on k� such that

|∂iφk�(x− y)| ≤ c

|x− y|2 , x �= y,

there exists some C > 0 depending only on k� and α such that

|∂iu
r(x)| ≤ C

r2

∫
∂Br

|ϕ(y)|dy, x ∈ Bαr.

Hence
supBαr |∂iu

r(x)| ≤ C

r2
|ϕ|L2(∂Br)|∂Br| 12 .

Hence, it stems from (43) and (44) that

supBαr |∂iu
r(x)| ≤ C

r2
|∂Br| 12 |f |L2(∂Ω) ≤ C

r
|f |L2(∂Ω),

for some constant C > 0 independent of r, but depending only on k� and α. The lemma is then
proved. We are now ready to establish uniform estimates on the source term as follows

Corollary 3.1. There exists an C > 0 independent of r such that |Sr|2L2(Ω) ≤ C r |f |2L2(∂Ω).

Proof. According to Lemma 3.2

|Sr|2L2(Ω) =

�
Bαr

(χr
i,j)

2(y)(∂iu
r(y))2(∂ju

r(y))2dy ≤ |χr|2L∞
C

r2
|f |2L2

�
Bαr

(∂ju
r(y))2dy.

Then we deducte from Lemmas 3.1 and 4.1 that there exists an C > 0 independent of r such
that

|Sr|2L2(Ω) ≤ C
r3

r2
|f |2L2(∂Ω) = C r|f |2L2(∂Ω).

This completes the proof of Theorem 3.1.

3.3. Convergence and Asymptotic Analysis

The following result derives directly from Theorem 3.1.

Proposition 3.1. Let (ur, vr) be the solution to (28) given by Theorem 3.1, associated with
(f, g) ∈ L2(∂Ω) ×H

1
2 (∂Ω). Then

ur → u in L2(Ω), vr → v in H1(Ω),

where u, v are respectively the weak and strong solution to{
∆u+ ω2

1k1,2u = 0 in Ω, 1
k1,2

∂nu = f in ∂Ω,

∆v + ω2
2k2,2v = 0 in Ω, ∂nv = g in ∂Ω.

(45)

Next we have the following error estimates.

Proposition 3.2. Let (ur, vr) be the solution to (28) given by Theorem 3.1, associated with
(f, g) ∈ L2(∂Ω) × H

1
2 (∂Ω), and let u, v be defined by (45). Then there exists an C > 0

independent of r such that

||ur − u||2 ≤ C|Br |, ||vr − v||2 ≤ Cr, ||vr − v||2H2(Ω) ≤ Cr.
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Proof. The estimate on ur − u has already been established in Lemma 3.1. Observe that
vr − v satisfies{

∆(vr − v) + k2ω
2
2(v

r − v) = χr(∇ur) ⊗∇ur + ω2
2(k2,2 − k2,1)v1Br in Ω,

∂n(vr − v) = 0 on ∂Ω.

Then using Lemma 2.2 and Corollary 3.1, we get the desired estimates.
Before giving the asymptotic expansion of ur and vr, we first define the following functions.

We denote G(x, y) the following Green function

∆xG(x, y) + ω2
2k2,2G(x, y) = δy on Ω, ∂nG(x, y) = 0 in ∂Ω. (46)

Let B be the ball with center x0 and radius 1. For k0, k� given by (32), we set

µ0 :≡ 1
k2
0

, µ� :≡ 1
k2

�

, µ(ξ) = µ0 in IR3 \B, µ(ξ) = µ� in B.

Then if Aµ,i and Bµ,i,j are respectively unique solution to the following problems

∇ · ( 1
µ
∇Aµ,i)(ξ) = 0 in IR3, Aµ,i(ξ) − ξi → 0 as |ξ| → +∞, 1 ≤ i ≤ 3, (47)

∇ · ( 1
µ
∇Bµ,i,j)(ξ) =

1
µ0
δi,j in IR3, Bµ,i,j(ξ) − 1

2
ξiξj → 0 as |ξ| → +∞, 1 ≤ i, j ≤ 3, (48)

we define

E1(ξ) =
3∑

i=1

(Aµ,i(ξ) − ξi)∂iu(x0),

E2(ξ) =
∑

1≤i,j≤3

(Bµ,i,j(ξ) − 1
2
ξiξj)∂2

i,ju(x0).
(49)

Finally, we have the following asymptotic expansion.

Theorem 3.2. Let (ur, vr), (u, v) be the solutions to (28) and (45), respectively and Ei be
defined by (49). Then we have

ur(x) = u(x) + rE1(
x− x0

r
) + r2E2(

x− x0

r
) +O(r3)(x) in H1(Ω), (50)

where ||O(r3)||H1(Ω) ≤ Cr3|f | for some positive constant C independent of r. Moreover, if we
assume that the susceptibility tensor writes

χr
i,j(x) = χi,j + εr(x) in L∞(Br), 1 ≤ i, j ≤ 3,

where χi,j ∈ IR and |εr(x)|L∞(Br) → 0 as r → 0, then, for any compact subset K containing x0

such that dist(x0,Ω \K) > 0, we have for x ∈ Ω \K the pointwise asymptotic

vr(x) = v(x) +
(
ω2

2(k2,2 − k2,1)|Br|v(x0) + r3Mµ(∇u) ⊗∇u(x0)
)
G(x, x0) + o(r3)(x), (51)

where G is the Green function defined by (46) and the polarization tensor Mµ is given by

Mµ
i,j =

∑
1≤m,n≤3

χm,n

∫
Bα

∂mA
µ,i(z)∂nA

µ,j(z) dz, 1 ≤ i, j ≤ 3, (52)

with Aµ,i defined by (47). The remainder in (51) satisfies

|o(r3)|L∞(Ω\K) ≤ Cr3 max
(
|εr|L∞(Br), r

1
2

)
,

for some positive constant C independent of r.
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Proof. The asymptotic expansion (50) is due to [3] and the asymptotic formula (51) will be
deduced from (50) as follows. Since

{
∆(vr − v) + ω2

2k2,2(vr − v) = ω2
2(k2,2 − k2,1)vr1Br + χr(∇ur) ⊗∇ur,

∂n(vr − v) = 0,

we have

vr(x) − v(x) = ω2
2(k2,2 − k2,1)

∫
Br

G(x, y)vr(y)dy +
∫

Br

G(x, y)χr(∇ur) ⊗∇ur(y)dy.

The proof follows from the following lemmas.

Lemma 3.3. The following pointwise asymptotic expansion holds for x ∈ Ω \K
∫

Br

G(x, y)vr(y)dy = |Br|G(x, x0)v(x0) + o(r
7
2 )(x),

with |o(r 7
2 )|L∞(Ω\K) ≤ Cr

7
2 for some positive constant C independent of r.

Proof. Indeed∫
Br

G(x, y)vr(y)dy =
∫

Br

G(x, y)(vr − v)(y)dy +
∫

Br

G(x, y)v(y)dy.

Note that there exists a constant C > 0 independent of r, but depending on dist(x0,Ω \ K)
such that

|G|L∞((Ω\K)×Br) + |∇yG|L∞((Ω\K)×Br) ≤ C. (53)

Then, by virtue of Proposition 3.2 and the above estimate, we have

|
∫

Br

G(x, y)(vr − v)(y)dy| ≤ C|vr − v|L∞(Br)|Br|,

≤ C r
1
2 |Br|, ∀x ∈ Ω \K.

Moreover, arguing as in the proof of Theorem 2.2, we get∫
Br

G(x, y)v(y)dy = |Br|G(x, x0)v(x0) +O(r|Br |).

This completes the proof of the lemma.

Lemma 3.4. The following pointwise asymptotic expansion holds for x ∈ Ω \K
∫

Br

G(x, y)χr(∇ur) ⊗∇ur(y)dy = r3G(x, x0)Mµ(∇u) ⊗∇u(x0) + o(r3)(x),

where the remainder satisfies |o(r3)|L∞(Ω\K) ≤ C r3 max(|εr|L∞(Br), r) for some positive con-
stant C independent of r. The polarization tensor is given by (52).
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Proof. By virtue of (50), we have∫
Br

G(x, y)χr(∇ur) ⊗∇ur(y)dy

=
∑
i,j

∑
m,n

( ∫
Bαr

χr
i,j(y)G(x, y)∂iA

µ,m(
y − x0

r
)∂jA

µ,n(
y − x0

r
)dy

)
∂mu(x0)∂nu(x0)

+
∑
i,j

∫
Bαr

χr
i,j(y)G(x, y)[∂iu(y)(∂ju(y) − ∂ju(x0)) + ∂iu(x0)(∂ju(x0) − ∂ju(y))]dy

+
∑
i,j

∫
Bαr

χr
i,j(y)G(x, y)[

∑
m

∂jA
µ,m(

y − x0

r
)∂mu(x0)](∂iu(y) − ∂iu(x0))dy

+
∑
i,j

∫
Bαr

χr
i,j(y)G(x, y)[

∑
m

∂iA
µ,m(

y − x0

r
)∂mu(x0)](∂ju(y) − ∂ju(x0))dy

+r
∑
i,j

∫
Bαr

χr
i,j(y)G(x, y)

∑
l,m,n

∂iB
µ,l,n(

y − x0

r
))∂jA

µ,m(
y − x0

r
))∂2

l,nu(x0)∂mu(x0)dy

+r
∑
i,j

∫
Bαr

χr
i,j(y)G(x, y)

∑
l,m,n

∂jB
µ,l,n(

y − x0

r
))∂iA

µ,m(
y − x0

r
))∂2

l,nu(x0)∂mu(x0)dy

+r
∑
i,j

∫
Bαr

χr
i,j(y)G(x, y)

∑
m,n

∂jB
µ,m,n(

y − x0

r
)∂2

m,nu(x0)(∂iu(y) − ∂iu(x0))dy

+r
∑
i,j

∫
Bαr

χr
i,j(y)G(x, y)

∑
n,l

∂iB
µ,n,l(

y − x0

r
)∂2

n,lu(x0)(∂ju(y) − ∂ju(x0)) dy

+r
∑
i,j

∫
Bαr

χr
i,j(y)G(x, y)

∑
l

yl − x0,l

r
∂2

j,lu(x0)(∂iu(x0) − ∂iu(y))dy

+r
∑
i,j

∫
Bαr

χr
i,j(y)G(x, y)

∑
l

yl − x0,l

r
∂2

i,lu(x0)(∂ju(x0) − ∂ju(y))dy

−2r
∑
i,j

∑
l,m

( ∫
Bαr

χr
i,j(y)G(x, y)∂iA

µ,l(
y − x0

r
)
ym − x0,m

r
dy

)
∂2

j,mu(x0)∂lu(x0)

+r2
∑
i,j

∫
Bαr

χr
i,j(y)G(x, y)

∑
l,m,n,p

∂iB
µ,l,p(

y − x0

r
)∂jB

µ,m,n(
y − x0

r
)∂2

l,pu(x0)∂2
m,nu(x0)dy

−r2
∑
i,j

∫
Bαr

χr
i,j(y)G(x, y)

∑
m,n,p

∂jB
µ,m,n(

y − x0

r
)(
yp − x0,p

r
)∂2

m,nu(x0)∂2
i,pu(x0)dy

−r2
∑
i,j

∫
Bαr

χr
i,j(y)G(x, y)

∑
m,n,p

∂iB
µ,m,n(

y − x0

r
)(
yp − x0,p

r
)∂2

m,nu(x0)∂2
j,pu(x0)dy

+r2
∑
i,j

∫
Bαr

χr
i,j(y)G(x, y)

∑
l,p

(
yl − x0,l

r
)(
yp − x0,p

r
)∂2

i,lu(x0)∂2
j,pu(x0)dy + o(r3).

Making a change of variables in the above expansion, writing a Taylor formula and using (53)
and (24), we check that all the terms on the right-hand side of the above expansion, except the
first one, are O(r4). Then, the last equality becomes∫

Bαr

G(x, y)χr(∇ur) ⊗∇ur(y)dy

=
∑
i,j

∑
m,n

(∫
Bαr

χr
i,j(y)G(x, y)∂iA

µ,m(
y − x0

r
)∂jA

µ,n(
y − x0

r
)dy

)
∂mu(x0)∂nu(x0) + o(r3)(x).

Using again the change of variables y = x0 + rz and writing the Taylor’s formula, we obtain
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that ∑
i,j

∑
m,n

( ∫
Bαr

χr
i,j(y)G(x, y)∂iA

µ,m(
y − x0

r
)∂jA

µ,n(
y − x0

r
)dy

)
∂mu(x0)∂nu(x0)

= r3
∑
i,j

∑
m,n

(∫
Bα

χi,jG(x, x0)∂iA
µ,m(z)∂jA

µ,n(z)dz
)
∂mu(x0)∂nu(x0)

+r3
∑
i,j

∑
m,n

(∫
Bα

εr(x0 + rz)G(x, x0 + rz)∂iA
µ,m(z)∂jA

µ,n(z)dz
)
∂mu(x0)∂nu(x0)

+r4
∑
i,j

∑
m,n

(∫
Bα

z∇yG(x, x0 + rz)∂iA
µ,m(z)∂jA

µ,n(z)dz
)
∂mu(x0)∂nu(x0).

Consequently, using (53) we get∫
Bαr

G(x, y)χr(∇ur) ⊗∇ur(y)dy = r3Mµ(∇u) ⊗∇u(x0)G(x, x0) +O(r3|εr|∞) +O(r4),

where Mµ is the polarization tensor given by (52). This completes the proof of the lemma and
Theorem 3.2 is then proved.

4. Appendix

Lemma 4.1. Let f ∈ L2(IRn), x0 ∈ IRn, r > 0 and B(x0, r) be the ball of center x0 and radius
r. Then there exists a positive constant C independent of r, but depending on f, x0 such that∫

B(x0,r)

f2(x)dx ≤ Crn. (54)

Proof. By virtue of [11, p.649] , for a.e. y0 ∈ IRn,

1
|B(y0, r)|

∫
B(y0,r)

f2(x) dx→ f2(y0) as r → 0.

A point y0 of IRn for which the above convergence holds is called a Lebesgue’s point of f2. If
x0 is a Lebesgue’s point of f2, it is clear that the estimate (54) holds for some positive constant
C independent of r, but depending on x0 and f . If x0 is not a Lebesgue’s point of f2 then
B(x0, r) containts at least a Lebesgue’s point x1 of f2 and the estimate∫

B(x1,2r)

f2(x)dx ≤ Crn

holds with C a positive constant independent of r, but depending on x1, f . As B(x0, r) ⊂
B(x1, 2r), then (54) holds. Consequently the lemma is proved.

Remark 4.1. We can find also in [3] an asymptotic expansion of ur in the two-dimensional
case. However, it is not exploitable to deduce the asymptotic expansion of vr because the
products of the functions involving in this asymptotic formula are not integrable.
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