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Abstract

We estimate error bounds between ternary subdivision curves/surfaces and their control
polygons after k-fold subdivision in terms of the maximal differences of the initial control
point sequences and constants that depend on the subdivision mask. The bound is inde-
pendent of the process of subdivision and can be evaluated without recursive subdivision.
Our technique is independent of parametrization therefore it can be easily and efficiently
implemented. This is useful and important for pre-computing the error bounds of subdivi-
sion curves/surfaces in advance in many engineering applications such as surface/surface
intersection, mesh generation, NC machining, surface rendering and so on.

Mathematics subject classification: 65D17, 65D07, 65D05.
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1. Introduction

Subdivision is an important method for generating smooth curves and surfaces, see, e.g.,
[1, 2, 8]. Efficiency of subdivision algorithms, their flexibility and simplicity have found their
way into wide applications in Computer Graphics and Computer Aided Geometric Design
(CAGD). A widely used, efficient and intuitive way to specify, represent and reason about
curved, surfaces, nonlinear geometry for design and modeling is the control polygon paradigm.
For many applications, e.g., rendering, intersection testing or design, this raises the question
just how well the control polygon approximates the exact curved and surface geometry. Several
researchers give several answers to this question. Nairn et al. [7] show that the maximal distance
between a Bézier segment and its control polygon is bounded in terms of the differences of the
control point sequence and a constant that depends only on the degree of the polynomial.
Lutterkort and Peters [6] derived a sharp bound on the distance between a spline and its B-
spline control polygon. Their bound yields a piecewise linear envelope enclosing the spline
and the control polygon. Recently, Karavelas et al. [5] derived sharp bounds for the distance
between a planar parametric Bézier curve and parameterizations of its control polygon based
on the Greville abscissae. In [1], Cheng gave an algorithm to estimate subdivision depths for
rational curves and surfaces. The subdivision depth is not estimated for the given curve/surface
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directly. Their algorithm computes a subdivision depth for the polynomial curve/surface of
which the given rational curve/surface is the image under the standard perspective projection.
The existing methods for computing the bounds on the approximation of polynomials and
splines by their control structures are all based on the parameterizations, so that it is very
difficult for them to be generalized to the subdivision surfaces.

In this paper, we estimate error bounds for ternary subdivision curves/surfaces in terms of
the maximal differences of the initial control point sequence and constants that depend on the
subdivision mask. Our technique is independent of parameterizations and therefore it can be
easily and efficiently implemented. The paper is organized as follows.

In Section 2 we prove the first main result of the paper about the estimation of error bounds
between ternary subdivision curves and their control polygon after k-fold subdivision. Then as
an application of our result we find error bounds for 3-point ternary approximating [3], 3-point
ternary interpolatory [3] and 4-point ternary interpolatory [4] subdivision schemes. In Section
3 we generalize the main result of Section 2 to estimate the error bounds between subdivision
surfaces and their control polygons. In Section 4, we summarize the results obtained and make
some comments for future research directions.

2. The Error Bounds for Ternary Subdivision Curves

Let pf € R, i € Z, denote a sequence of points in RV, N > 2, where k is a nonnegative
integer. A ternary subdivision process [3] is defined by

m
P =D agpby, s=0,1,2, (2.1)
§=0
where m > 0 and
m
Zas,j=1, 5=0,1,2. (2.2)
§=0

The coefficients {a;;}72g, 0 < s < 2, are called subdivision mask. Given initial values ) €
RY.i € Z. Then in the limit & — oo, the process defines an infinite set of points in R,
The sequence of control points {pf} is related, in a natural way, with the diadic mesh points

tf = i/3k, i € Z. The process (2.1) then defines a scheme whereby pgjl replaces the value

pf at the mesh point t’;j b= tf and péfjjrll and pgi‘trlg are inserted at the new mesh points
tgjfl = 3(2tF +¢F ) and tg;'fQ = 3(tF + 2tF ) respectively.

We now establish our first main result for error bounds between subdivision curves and their
control polygons.

Theorem 2.1. Given initial control polygon p? = p;, i € Z, and let the values pf, k>0 be
defined recursively by subdivision process (2.1) together with (2.2). Suppose P* be the piecewise
linear interpolant to the values p¥ and P> be the limit curve of the process (2.1). If

§=max{ > |d;[, Y e[, Y Ifilp <1, (2.3)
§=0 j=0 j=0
where ' '
J J
dj = Z(aovt —aig), €= Z(au —azt), [fi=ao;—(dj +ej), (2.4)

t=0 t=0
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then the error bounds between limit curve and its control polygon after k-fold subdivision is

5k
k
1P = P, <8 (ﬁ) ! (2:5)
where
m—1 m—1 m—1 m
7 = max o, Y langl, > lassl oo Gsyj= Y, asy, 0<s<2,
j=0 j=0 j=0

=g+l (2.6)

- 1 - 2
~ ~ 0 0
aio = E al,t*g, azo0 = E az,tfgv ﬂ:miaXHPiH*PiH-
t=1 t=1

Proof. Let ||.| ., denote the maximum norm. Since the maximum difference between P*+1
and P* is attained at a point on the (k 4+ 1)-th mesh, we have

[P — P¥|| < max{N, Nj, N7}, (2.7)
where
E+1 k+1
Np = max Hpsj —pfl|, W= max Hp3{:1 - %(227? +pf+1)H ; 2.8)
k .
Nj = max [|p5 — 3(0F + 2084) -
From (2.1) and (2.2) we obtain
m—1
k k ~ ok k
pglﬂ —Dbi = Z ao,j(pi+j+1 *pzurj)a (2.9)
§=0
1 m—1
k -
pgiﬁ - g( pf +pf+1) = al,j(pfﬂﬂ *pi'cﬂ')a (2.10)
§=0
1 m—1
k ~
pg;ﬂrlQ - g(pf + 2pf+1) = a2,j(Pf+j+1 *pﬁrj)a (2.11)
§=0

where a5 7,0 < s < 2 is defined by (2.6). From (2.1), (2.2) and induction on m we can get

m
k k k—1 k—1
P3i+1 — P3i = Zdj(pi+j+1 —Piyy ), (2.12)
=0
m
k k k—1 k—1
P3iv2 — P3it1 = Zej (pi_l,_j.l,_l —Pitj ), (2-13)
j=0
m
k k k—1 k—1
P3it3 = P3it2 = Z i (pi+j+1 —Pitj )s (2.14)
j=0

where dj, e; and f; are defined by (2.4). It follows from (2.8)—(2.11) that

m—1
Ny < | D sl | max|pf, o], s=0,1,2 (2.15)
=0
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Using (2.12)—(2.14) recursively gives

k
m
max [[pfy, —p7 | < ;Idjl max [y, —pf[ (2.16a)
. k
max [pfy — pff| < FZOIejI max [pf1 — 27 (2.16b)
. k
max [|pyy — ;|| < z; £l | max||pfys - p?|- (2.16¢)
§=
If 0 is defined by (2.3), then from (2.16) we have
max [|pfyy — pf|| < (6)" max [[pfy, — 7] (2.17)
If v and 8 are defined by (2.6), then it follows from (2.7), (2.15) and (2.17) that
[P — P¥||_ < ~B6". (2.18)

Using the triangle inequality yields (2.5). This completes the proof. O

Remark 2.1. We point out that the famous binary subdivision schemes satisfy condition (2.3).
Our claim is supported by the following corollaries.

Corollary 2.1. Given p? = p;,i € Z, let the values pf,k > 0 be defined recursively by the
3-point interpolating ternary subdivision scheme [3]. Suppose P* be the piecewise linear inter-
polant to the values p¥ and P> be the limit curve of the subdivision process. Then
k "
oo
7= el <0 (155).

where

1 1
y=max 1,3+ faa — 1+ g = g1z = 1]+ faal}.

1 1
6= max{|a2 — §| + |azl, 2|ae — §| + 200 — 1|}, 8= m?pr?H fng.

Corollary 2.2. Given p) = p;,i € Z, and let the values pF,k > 0 be defined recursively by
the 4-point interpolating ternary subdivision scheme [4]. Suppose P¥ be the piecewise linear
interpolant to the values p¥ and P> be the limit curve of the subdivision process. Then
5k
12— ) <28 (155,

where
o o 1 1 1,1
B = max||pty, —pi|, § = maxq 2 (lp— |+ 2lp+2[+[p+ 31), 5 (120 = 1+ 2|u))

1|1 13|+|1 +2|+|1 +1||1 +7|+|1 1|+|1 1|

= max —p— — = = = —,|= — == —pu——] .

7 L T e L T A T L IO T
Remark 2.2. For Corollary 2.1 the range of ay for which condition (2.3) is satisfied is ap-
proximately 0.1679 < a < 0.6666 while for Corollary 2.2 the range of p is approximately

—0.9999 < p < 0.4999.
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3. The Error Bounds for Subdivision Surfaces

In this section, first we define basic concepts and settle some notations required for fair
reading and better understanding. Then we will present our main result to estimate error
bounds for ternary subdivision surfaces.

3.1. Definition and notations

Let pi-f]- € RN, i € Z, denote a sequence of points in RN, N > 2, where k is a nonnegative
integer. A tensor product of ternary subdivision process (2.1) is defined by

mm

k+1 k —
p31+a 3J+ﬁ Zzaa,7‘aﬁ,spi+r7j+sa aaﬁ - 0) 1725 (31)
r=0 s=0

where a4, satisfies (2.2). Given initial values p?,j € RN,i,j € Z. Then as k — oo, the process
defines an infinite set of points in RY. The sequence of values {pi€ j} is related, in a natural way,

with the diadic mesh points (;k, 3k) i,j € Z. The process (3. 1) then defines a scheme whereby
k1l k41
D3 ,377 p31+3 337 p&z 3j+3 and p31+3 3743 replaces the values p’bj’ p'LJrl ,J0 pz ,J+1 and szrl j+1 at

1 g i J+1 1 j+1
the mesh pomtS (3k, 3k) (’L;;g ;?;7_k) (375 ]3—k) and (13%, =) respectlvely The values p31+1 350
k+1 k+1
DP3it2,35> p3z 3]-’1—1’ p3z+1 3]+17p3l+2 3j+1° p31+3 35417 p3z 3]-’1—2’ p3z+1 35429 p31+2 3j+20 P3i+3,3j+2>
k+1 i+1 2
Pt 3j4s, and phil oo o are inserted at the new mesh points (G, 7). (453, 37),

(3&173]:111) (5, 457), (385, 4), (G 4%), (gers 4050), (5, 4e), (ﬁkﬁaﬁﬂ)

3 42 i+1  j+3 15 j+3 -
(F2, 45%), (35, 457) and (4%, 455), respectively. The sequence of values {pZ 11 can

be inserted into the new mesh at the mesh point (#, 3 +1) by bilinear interpolation. For

example, the value pgitrlmj 41 can be inserted at the mesh point (4, Z£5) as
. i+1 j+1Y\ i+1 1\ i+l 1\
P3i+1,35+1 (W’ A 1- 3EHL 1= 31 ) Pij + Sht1 1= g1 ) Piv1g
+ 172'—1-1 J+1 4 i+15+1 4
3R+ ) 3hF1 Pig+l T 3EFT gkt ikl

Let us suppose

m m m m m m
6(1:max{z|aa,s|z|dr|;z|aa,s|Z'e'r";Z'aa,SlZ'f’r"}7 a=0,1,2, (32)
s=0 r=0 s=0 r=0 s=0 r=0

where d,., e, and f, are defined by (2.4). Suppose

m m—1 m m—1 m m—1
M= laoel+ Y laosls 12 =Y lave + D larsl, i =) lass| + Y ldasl,  (3:3)
t=1 s=1 t=1 s=1 t=1 s=1

and let
_ _ 1 B 2
m = laooln, 12 = |aoolne + 3 = lao,o|ns + 3 (3.4a)
_ _ B 2
N4 = laiolN1, 15 = lazolfi, 76 = laiolfe + 3 (3.4b)
B 4 B 1 B 2
7= laiolMs + <, ms8 = lazolh2 + 5, Mo = lazolfs + 2, (3.4c)

9’ 9’ 9
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where a5 7,0 < s < 2 is defined by (2.6). Assume further that

m m m—1
Ta = Z lao,¢| + Z laa—1,r| Z |ao,s|, a=1,2,3; (3.5a)
t=1 r=0 s=1

m m m—1
- 1
To =Y lavd + ) laass | Y larsl +3, a=4,6,7; (3.5b)
t=1 r=0 s=1
m m m—1 9
a = a—"T,r as,s o) = 57 8; 97 3.5
T ;|a2,t|+;|a 7,|SZ=:1|G2,|+3 o (3.5¢)

where we have set aq,+ = ag; for @ < 0. We also let

ga - Z |a0,t|ga7 o = 1a273a

=1
m ~ m ~ m ~ 1
G=> lalé, &= laslér, &= larlé+ 9’
=1 =1 =1
i _ 2 - _ 2 - _ 4
— J— — —_ = - 3-6
tz:; la1¢|€3 + 9’ &s tz:; las,¢|&2 + 9’ &9 tz:; lag.¢|€3 + 9’ (3.6)

where

m m—1 m m—1 m m—1
= Z|ao,t| + Z o, & = Z|a1,t| + ) larsl, &= lagel + > lansl.
= s= = s=1 t=1 s=1

We define forward difference operators {A¥ ..} ¢t =1,2,3, along the mesh directions as

7,7,t

k _ k _ k k _ .k k
Aija = pz‘+1,j - pm‘a Aij2= pm‘+1 —Pigs Aija = Dit1jt1 — Pijiie (3.7)

3.2. Main result

In this section, we will present main result. The following result will support to accomplish
the proof of the result.

Lemma 3.1. Given initial control polygon p?,j = pij, %] € Z, and let the values pf,j, k>0 be
defined recursively by subdivision process (3.1) together with (2.2). If

0= max{él, 52, 53} < ]., (38)
where 61, 02 and d3 are defined in (3.2), then
e A%, < (0 max| A2, ] 39)

where {A¥ it t=1,2,3, are defined in (3.7).
Proof. From (3.1), (2.2) and using similar approach as we did for (2.12)—(2.14) we obtain

m m
k k k— k
P3it+1,3j+a — P3i,3j4+a — Zaa,s (Z d, (pi+,.1+17j+é pH_,«l]_,_é)) ) (310&)
m

1
p31+2 3j+a p31+1 3j+a — Z Qs < p1+,«+1,]+5 pz+r,]+6)> , (310b)
s=0

\Mgﬁm

k k k—1
P3i+3,3j+a ~ P3i4+2,3j+a — Z Gq,s < (szrfrJrl’jJrs p1+Tj+5)> s (3106)
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for « =0,1,2, where d,, e, and f, are defined by (2.4). Furthermore,
m m
k k k—1 k—1
P3i+1,3j+3 ~ P3i3j+3 = ZGO,S (Z dy (pi+7-+1,j+s+1 pz+7“,]+5+1)) ’
s=0 r=0

m m
k k _ k—1 k—1
P3i4+2,35+3 — P3i+1,3j4+43 — Z Qo,s (Z Cr (pi+r+1,j+s+1 - pi+r,j+s+1)) )

s=0 r=0
m m
k k _ k-1 k-1
P3i+3,3j+3 ~ P3i+2,3j+3 = E :ao,s § :f?“ (Pirt 4ot — Piprgrs+t) | -
s=0 r=0

m m
k k _ k—1 k—1
P3ita,3j+1 — P3ita,3; = Zaa,s ( E dr (pi+s7j+7-+1 - pi+s,j+,«)) )
s=0 r=0
m m
k k _ k—1 1
P3ita,3j+2 — P3ita,3j+1 — Zaa,s E ey (pzqrs,j”ﬂ pHSJH) ,
s=0 r=0

m m
k k _ k—1 k—1
P3ita,3j+3 ~ P3ita,3j+2 — Z Ao, s <Z fr (pi+s,j+7“+1 pz+6,]+7“)) )
s=0 r=0

for « =0, 1,2. Using (3.10) recursively and using the notations defined in (3.7) we get

m m

maXHA j1|| <Z |aa7s|Z|d,«|> maXHA j1||
s=0 r=0
m m

maxHA ]1” (Z |aa75|Z|eT|) maXHA”JH,
s=0 r=0
m m

maXHA”JH < <Z |aa7s|2|f,«|> maXHA
s=0 r=0

for « = 0,1,2. From (3.8) and the above inequalities we get

max A% 1| < (6)" max]| A2, |

Similarly, using (3.14)(3.16) recursively together with (3.7) and (3.8), we can obtain
max [|Af, | < (9" ma || A ]

Moreover, using (3.11)~(3.13) recursively together with (3.7) and (3.8) we have
e 6] < (61 ma 48]

This completes the proof of the lemma. [

We now present our main result to estimate error bounds for subdivision surfaces.

479

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

Theorem 3.2. Given initial control polygon pg’j =Dij, t,J € Z, and let the values pﬁj, k>0
be defined recursively by the subdivision process (3.1) together with (2.2). Suppose P* be the
piecewise linear interpolant to the values pﬁj and P be the limit surface of the subdivision
process (3.1). If (3.8) holds, then the error bounds between the limit surface and its control

polygon after k-fold subdivision satisfy

k
125 ) < ot e+ (125

(3.17)
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where N = maxi<j<g{n;}, T = maxi<;j<o{7;},& = maxi<;<o{&;}, with m, 7,& defined by (3.4)—-
(3.6), 6 = max{d1, 2,03}, with o,t = 1,2,3 defined by (3.2), p = max HA , with {AY 5}

defined by (3.7).

Proof. Let ||.||,, denote the uniform norm. Since the maximum difference between P*+1
and P* is attained at a point on the (k + 1)-th mesh, we have

[| PR — PkH < max{ M}, M2, M2, M}, M, MP, M, M2, M}, (3.18)
where
My = H}%X Hpgjsly *PﬁjH . M= maX Hp31+1 35 %(21’?,]' +pf+1,j)|\ ’

M} = maXHpg#2 5 — 3Py 2 p1+13 -

(223” er”_H H
(pi,j + 2pi,j+1 H

M;cl = mgjbx Hp?n 3j+1 3
My = max 1P5H542 — 3

(3.19)
Mlg = II%E;.X Hp3i+1,3j+1 (4pz N + 2pz+1 N + 2pz ,J+1 +p’b+1,j+1 H ’
My,

M

k1
max Hpsi+2,3j+1 227” +4pf J +ng+1 +2pf 41 |

H}%X Hp'§#173j+2

] )
5( )

5 (2PF; + oy +4pE 0 + 2080 510
1

5 (Pf )

9 __ k+1
M), = max [P3ii2,302 = 508 +2PF 5 + 208 0 + 4PF )| -

From (3.1) and (2.2) we get

m m
k
ps:r?,lj p'ﬁ] = Z ao,r (Z aO,S(p'lichT,jJrs p’ﬁ])) . (320)
r=0 s=0

Since
Z aO,s(pr,-r,j-i-s - pf,j)
s=0
= a0,0(prrr,j - Pf,j) + aO,l(prrr,jJrl - pﬁj) + ao,2(P§+r,j+2 - P§+r,j+1 + prrr,jJrl - Pf,j)
+ao,3(p§+r,j+3 - p§+r,j+2 + pf+r,j+2 - Pf+r,j+1 +pi‘€+r,j+1 - pﬁj) +..
+00,m (Pir jim = -+ Plirjas — Prargie + Phirjrz — Phirjt1 + Pirrjs1 — Piy);
we have

Z aOaS(pf+r,j+s - pﬁj)

s=0
m—1
= ao 0(pz+m pl] +Za0t pz+m+1 pm + Zaoé pz+m+s+1 pz+m+s)
t=1 s=1

where ag s is defined in (2.6). Taking sum on both side of above equation we get

m m m

k k _ k k
E ap,r E ao,s(pi+r,j+s _pi,j) = Q0,0 E :C‘O#(pz‘Jrr,j - pi,j)
r=0 s=0

r=0

m m m m—1
+Za0,t (Z aO,"“(p']err,jJrl _pij)> + ZGO,T (Z d07$(p']£€+r,j+s+1 _p']err,jJrs)) -(3.21)
t=1 r=0

r=0 s=1
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Since
m
k oy _ k k k k k k
Z ao,r (Piyr; = Pij) = a01(Pit1; — Pij) +002(Piya; — Piy1y + Piyi; — Pij)
r=0
k k k k k k
+a’073(pi+3,j — Diy2,j TPito; — Piy1j T Pig1,j — pi,j) +..
k k k k k k k
+a0,m(Piymj = -+ Pivsj — Piya; T Pivej — Pit1,j T Pix1,; — Pij)s
we have
m m m—1
k E oy _ k k ~ k k
Z a0, (Pitrj — Pij) = Z a0t (Piy1; — Pij) + Z G0,s(Piyst1,5 — Pitsi)-
r=0 t=1 s=1
Similarly,
m
k k
Z ao,r (pi—',-r,j—i-l - pi,j)
r=0
m m—1
_ k k k k ~ k k
= a0,0(Pi j41 — Pij) + Zao,t(pi+1,j+1 —pi;)+ Z 0,5 (Pitst1,j41 — Pits,jt1)-
t=1 s=1

Substituting these sums into (3.21), we obtain from (3.20) that

m m 2
k41 ko_ k k k k
P3;35 —Pij = aO,OZGO,t (pi+1,j _pi,j) + ZGO,t (pi+1,j+1 —pi,j+1)

t=1 t=1
m m—1
k k ~ k k

+ E aO,t(pz',jJrl - pi,j) +ao,0 E a078(pi+5+1,j - piJrs,j)

t=1 s=1

m m—1

~ k k

+ E Qo,t E aO,S(piJrerl,jJrl _pi+s,j+1)

t=1 s=1

m m—1

~ k k

+ E Qo,r E a’078(pi+r,j+s+1 _piJrr,jJrs) .

r=0 s=1

Similarly from (3.1) and (2.2) we obtain

1
k1 k k
P3iva,3j+8 — §<2pi,j + Pitajis)

m m m
6!
= <aﬁ70 Z Qo — g) (prrl,j - pﬁj) + <Z ag,t Z aa,t> (pf+1,j+1 _pijJrl)
t=1 t=1 t=1

m m=1
BN, & k 7 k K
' (Z ag.0 = 5 | (Plyan = Phy) + 80 D Ges(Pivsiny — Plray)
=1 s=1
m —1
~ k k
+ (Z agﬂ:) Z aa,s(piJrerl,jJrl - pi+5,j+1)
t=1 s=1

m m—1
~ k k
+§ :aom“ E aﬁ,s(pi+r,j+s+1 _piJrr,jJrs) )
r s=1

=0

481

(3.22)

(3.23)
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for (a, 3) = (1,0) or (0,1). Similarly, for (a, 5) = (2,0) or (0,2), we have

1
k+1 k k
Psitasis ~ 3Phg t 2itasarp/2)

m m
!
= <aﬁ70 Z Gat — g) (prrl,j - pﬁj) + <Z Qat Zaﬁ,t> (pf+1,j+1 _pijJrl)
t=1 t=1 t=1

-1
g k — - k k
(Z ag,t — 3 pz,j+1 - pi,j) +ago Z aa,s(pi+s+1,j _pi+s,j)

s=1
(Z ag, t) Z aa,s p1+5+1 ,j+1 pz+s j+1)
t=1
m—1
+ Z a’a r (Z aﬁ S p'LJrT J+s+1 szrr j+s)> . (324)
r=0 s=1

Similarly, we have, for a = 1,2,

1
k+1 k k k k
P3itrasi+1 9 (203 — )i + 2apiyy j + (3 = )pij 1 + APy j4a)

m m m
2« o
= <a1,0 Aot — 9 ) (p§+1,j *pﬁj) + ( E ait g Aot — 5) (pf+1,j+1 7pf,j+1)

t=1

m m _
1
+ (Z a1e— §> (pfaj-i-l B pm + <Z a1 t) 75(p§+s+17j+1 *pi‘c+s7j+1)
t=1

—1
m—1 m —1
~ k k
+aio E o,s(Piyst1,; — Piysy) T E Aoy,

s=1 r=0

3 @

l,s(pi‘c+r,j+s+1 pf+r,j+s)> , (3.25)

Il
_

S
and

k+1
pSz—i—a 3542

1
9 (8= a)pl; + apiyr; + 23 — a)pf 1 +20pF 1 j11)

m m
« 2a
= (az,o Zaa,t - 5) (pf+1,j - pf,j) + <Z Qo t Z@,t - 3) (pf+1,j+1 - pf,j+1)
t=1
m 2 m m—

s=1
m—1 m—1
k k
t+az,0 Z da,s pz+5+1,] pz—i—a,] + Zaa T (Z 2,s(pi+r,j+s+1 —pi+r,j+s)> . (3.26)
s=1 r=0 s=1

From (3.9), (3.19) and (3.22)—(3.26) we have, for a =0, 1,2,
m m—1 a
M < (5)k{ <|a0,0| ; |aa,t| + |ao,ol Sz:; |Ga,s| + g) IE%XHA?JJH
m m m—1
- (Z lao,el + Y laar| Y |d0,s|> max [|A7; |
t=1 r=0 s=1 ’

m

m m—1
D SN D SIESD DY) PR E (32)
t=1 t=1 s=1 ’
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fora=1,2,
m m—1
M < ()4 {Jaal (Z e |ao,s|> max | A7
t=1 =1 ’
m m jn—l o
(St 3 3 45 et

m
+Z|aat| <Z lao.t| + Z lao, s ) maXHA il } (3.28)
m—1
Mk5+oz < ( k{ <|a1 O|Z |aa t| + |a1 0| Z |aa é| + —> maXHA 7J,1H
t=1 s=1

+

m m—1 1
<Z |are| + Z Jacrl D lass| + g) max 142
t=1 r=0 s=1
m m m m—1 o
+ <Z |y, Z |aat| + Z a4 Z |aa,s| + 5) max HA?J,3H }’ (3:29)
t=1 t=1 t=1 s=1 ’

and
m m—1 o
M;Z—m < (5)k{ <|(12,0| Z |aa,t] + [az,0 Z |G, s| + 5) H}E}X HA?,J‘,1H
t=1 ’
m m m—
(St 3 5 4 )
- 'n: m—1
(2|am|2|am|+2|au|z|aas|+—)maquJgu} (3.0)
If n = maxi<j<o{7n;}, 7 = maxi<;j<o{7;}, and £ = maxi<j<o{;}, where n, 7%,&,t =1,---,9
are defined by (3.4)—(3.6), then from (3.18) and (3.27)—(3.30) we have
[P — PkH < By + 762 + £B3) 6", (3.31)
where 3; = max HAz i t” t =1,2,3. Using triangle inequality we get
5k
|[P* = Pl < (1 + 702 + €53) ( 5) . (3.32)

This completes the proof of this theorem. [

4. Concluding Remarks

We have estimated error bounds for ternary subdivision curves/surfaces in terms of the
maximal differences of the initial control point sequences and constants that depend on the
subdivision mask. The bounds are independent of the process of subdivision and can be eval-
uated without recursive subdivision. Since our technique is independent of parameterizations,
it can be easily and efficiently implemented. Estimation of error bounds for binary subdivision
curves/surfaces is our forthcoming work. It is yet to be investigated whether we can use above
technique for estimating error bounds for ternary subdivision surfaces on arbitrary topological
meshes.
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