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Abstract
In this paper, the theoretical analysis for the Rayleigh quotient matrix is studied, some
results of the Rayleigh quotient (matrix) of Hermitian matrices are extended to those for
arbitrary matrix on one hand. On the other hand, some unitarily invariant norm bounds
for singular values are presented for Rayleigh quotient matrices. Our results improve the
existing bounds.
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1. Introduction

Let C™*™ be the set of all m x n complex matrices, and let C™ = C™*!. Without loss of
generality we always assume that m > n in this paper. By || - || we denote a unitarily invariant
norm. Especially, by || - |2 and || - || we denote the spectral norm and the Frobenius norm,
respectively. A* stands for the conjugate transpose of a matrix A. Let o(A) be the set of the
singular values of A, I} be the identity matrix of order k. For the column vectors x and y, the
angle 0(z,y) € [0, 5] between x and y is defined by

="y
Ve - yty
More generally, the canonical angle matrix ©(X ,)Z' ) between two subspaces spanned by the
columns of X € C™**¥ and X € C"*¥ is defined as [1]

O(x,y) = arccos

G(Xv)?) = diag(ela ceey 9k)7

where X and X have orthonormal columns, 7/2 > 61 > ... > 0 > 0 and {cos Hi}le are the
singular values of X*X.
Let A € C™*" be a Hermitian matrix. The Rayleigh quotient of A with respect to x € C"
is defined by
¥ Ax
p(z) = , 0Fzel™

xr*r

More generally, let U, € C™*k (1<k<n)and U,jUk = I.. Then the matrix
N = U; AU,

is called the Rayleigh quotient matrix of the Hermitian matrix A with respect to U.

The Rayleigh quotient (matrix) plays an important role in computing eigenvalues and eigen-
vectors. In particular, it can be applied to the eigenvector computations in Principal Component
Analysis in image processing [8]. It has been studied by many authors (see, e.g., [2,4-8,14,15]).
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Theorem 1.1. [1] Let A € C™*™ be a Hermitian matriz, and let A be the eigenvalue of A and
u be the eigenvector corresponding to X. If a vector @ satisfies sin@(u,w) = O(g), then
- u* At
p(a) = —— = A+ O0().

u*u

Theorem 1.1 shows that the precision of the Rayleigh quotient p(@) as an approximate
eigenvalue of a Hermitian matrix A is higher than that of @ as its approximate eigenvector.
The converse of Theorem 1.1 was considered by Li [8] who obtained the following theorem.

Theorem 1.2. [8] Let A € C™*™ be a Hermitian matriz with eigenvalues

AL > A > 2N, (1.1)
and corresponding orthonormal eigenvectors uy,us, -+ , Un. If
ui At
}*—~1 Z )\1 - 52;
Uquy
where € > 0, then .

sin@(ul,al) S

VA= A2

Furthermore, Li [8] extended Theorem 1.2 to a more general case.

Theorem 1.3. [8] Let A € C™*™ be a Hermitian matriz with eigenvalues (1.1) and correspond-
ing eigenvectors (1.2). Let Uy, = (u1, ..., ux), and let Uy, be nx k and have orthonormal columns.
If

trace(U,:AUk) > A AF o4 A — 2

where € > 0, then -

VA = Mep1

The following theorem provides a bound on the eigenvalues of U;;Af]k as an approximation
to those of A (see [5,11]).

|| sin@(Uk, Uk)HQ §

Theorem 1.4. [5,11] Let A € C™ " be a Hermitian matriz with eigenvalues (1.1) and Uy, €
C™k have orthonormal columns. Let N= UpAU, and R = AUy — UpN. If the eigenvalues of
N are vy > vy > -+ > vy, then there is a permutation T of {1,2,--- ,n} such that

k

> Wi = Ar,)? < IRl

i=1

The Rayleigh quotient of Hermitian matrices for eigenvalue problems can be extended to
the Rayleigh quotient (matrix) of an arbitrary matrix for singular value problems. Let

X={r[zelCzla=1} YV={ylyelyl=1}.

The Rayleigh quotient of an arbitrary matrix A € C™*™ for the singular value problem is
defined by
plz,y) =x"Ay, zeX,yel. (1.2)
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Similarly, the Rayleigh quotient matrix of an arbitrary matrix A € C™>*" for the singular values
is defined by
M = U; AV, (1.3)

where Uy, € C™*k Vi € C"%k U, Uy = ViVi = I (see, e.g., [3]).

A natural question is whether or not Theorems 1.1-1.4 can be extended to the Rayleigh
quotient of an arbitrary matrix A for the singular value problem. In this paper, we will consider
this question.

The rest of this paper is organized as follows. In Section 2, we show that Theorems 1.1-1.3
are true for the Rayleigh quotient of an arbitrary matrix A for the singular value problem. In
Section 3, the singular values of the Rayleigh quotient matrices will be discussed. We construct
a result corresponding to Theorem 1.4, which improves the one by Liu in [3]. Moreover, some
bounds are obtained in some unitarily invariant norm.

2. Approximate Subspace Variations for the Rayleigh Quotient

In this section we consider approximate subspace variations of the Rayleigh quotient for the
singular value problems. Some corresponding results for the Rayleigh quotient of a Hermitian
matrix are given. The following theorem corresponds to Theorem 1.1.

Theorem 2.1. Let A € C"™*™, and let uy and vy be the left and right singular vectors corre-
sponding to the singular value oy, respectively. If v € X and y € Y satisfy

sinf(z,u1) = O(e) and sinf(y,v1) = Oe), (2.1)

then
| plz,y) | —o1 = O(?). (2.2)

Proof. Tf sinf(x,u;) = 0 and sinf(y,v;) = 0, then it is obvious that (2.2) holds. We only
consider the case that sinf(z,u;) # 0 and sinf(y,v;) # 0. The result (2.2) can be proved by
the analogous approach for the case that siné(x,u;) # 0 and sin6(y,v1) = 0 or sinf(z,u1) =0
and sin 0(y,v1) # 0.

Without loss of generality, we may assume that |lui]l2 = |Jvi]l2 = 1. The singular value

decomposition of A is given by
by
U*AV =
(v)

where U = (uq,ua, - ,up) € C"™™ and V = (v1,v9,- - ,v,) € C™*™ are unitary, ¥ =
diag(al7027 e ,O'n). Putw=U"z = (771)7727 e 777m)T and z = V*y = (715727 e 7’771)T' Then

r=Uw=mui+nuz+ -+ mupm and y=Ve=y01+7202+ " Ynln.
Similar to the proof of [1, Theorem 7.1], it follows from (2.1) that

771:1+O(5)a 771':(9(5)7 1=2,---,m

2.
71:1+O(5)7 PYj:O(E)a j:2a"'7n~ ( 3)

Since
p(r,y) =" Ay = w*" (U AV)e = 17101 + Nay202 + -+ + 1, Yn0n,
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where @ is a conjugate complex of a complex number a, it follows from (2.3) that

m n
Ip(@,y)| = Mllnlo + OE%) = | 1= ml2| 1= [il?o1 + O@E).
=2 =2

Using v1—z=1-— %x — %xQ + --- and the above result yields
|p(z,y)| = o1+ O(?).

This completes the proof. (I
The following theorem is the converse of Theorem 2.1, which corresponds to Theorem 1.2.

Theorem 2.2. Assume that A € C™*" with singular values
01>09> > 0p, (2.4)
corresponding left and right singular orthonormal vectors
UL, Uy Uy GRA V1,V9, ¢+, Up, (2.5)

respectively. If
| z*Ay |[> 01 — €2, z€X,yc),

where € > 0, then

2

01— 02

\/sin2 0(z,uy) + sin? O(y,v1) < €.

Proof. Write x = ayui+F1u and y = agvy+ 20, where |lulla = 1,u L ug, |[v]2=1and v L
v1. Then from [8] we have

| a1 |= cosO(z,u1), |F1]|=sinb(z,uy);

| ag [=cosf(y,v1), | B2 |=sinf(y,v1).

From the fact that v L w; and v L vy, it follows that | u*Av |< o2, and thus we have

| " Ay |=] (cqur + Bru) " Aazvy + B2v) |
| o1@i + B fou* Av |

o |@az |+ 515 || uAv |

o1 | @as | +o2 |B1ﬁ2 |

= o1cos0(x,u)cosb(y,v1) + oo sinb(x,ur)sinb(y, v1)

IAN A

IN

1 1
501 [cos? O(x,uy) + cos® O(y, v1)] + EUQ[SiHQ 0(x,u1) + sin? 0(y, v1)]

o1 — 5(01 — 09)[sin? (z, uy) + sin? O(y, v1)],

which together with the assumption that | z* Ay |> o1 — &2 gives

(01 — o9)[sin? O(z, u1) + sin? O(y, v1)] < 2€2

This implies the result. The proof is complete. O
In order to get the result corresponding to Theorem 1.3, the following lemma is useful.



516 X.S. CHEN AND W. LI

Lemma 2.1. Let A € C™*P, B € CP*1 and C € C™™™. Let k = min{m,p,q} and the
singular values of A, B and C are ordered by 01(A) > - > Ominfmp}(4) >0, 01(B) > --- >
Omin{p,q} (B) > 0 and g1 (C) > > Omin{q,m} (C) > 0. Then

k
| trace(ABC) |< Zai(A)ai(B)ai(C).

i=1

Proof. By augmenting the involved matrices with zero blocks, the rectangular matrices will
be changed to the square matrices. Then the result follows immediately from (3.3.13) and
(3.3.22) of [13]. The proof is complete. a

Theorem 2.3. Assume that A € C™*™ with singular values (2.4) and corresponding left and
right singular orthonormal vectors (2.5). Let Uy = (ug,ug, -+ ,ug), Vi = (v1,v2, -+ ,0x), and

let Uy, and Vi, be m x k and n x k matrices with their orthonormal columns, respectively. If

[trace(U; AVy)| > o1 + 09 + -+ - + 0p — €2, (2.6)

- - 2
VIlsin© Uy, O0)II3 + [[sin©(Vi, Vi)[13 < 4| ——— .
Ok — Ok+1

Proof. Let Upy—, = (Ugg1, Ukt2,** ,Um) and Vi = (Vg41, Vk42, "+ , Un). Thus we have

where € > 0, then

UfAVy =%, and U LAV, p = ( E%*k ) , (2.7)

where ¥, = diag(o1,02,- -+ ,0%) and %, = diag(ok+1,0k+2, -+ ,0n). Obviously, there are
Y, € Ck*k 7, e Cm=k)xk 'y, ¢ Ck¥F and Z, € C("=F)%k guch that

U, =UY14+Upn 2 and Vi, = VYo + V1 2o, (2.8)
which, together with the fact that U; U = Vk*vk = I, give
YVi+2ZiZ1 =1, and Y;Ya+ 237, =1. (2.9)

Let

A

0<ci<ep<---<¢p and s12>282>---25,2>0

be the singular values of Y7 and Z;, respectively. Similarly, let
0<é << <¢ and 351 >82>--282>0
be the singular values of Y2 and Zs, respectively. By (2.9), we have
Z+s?=1 and & +32=1 (2.10)

Since U;@_kﬁk = 71 and V;_kf/k = Zs, from Lemma 7.1 of [1] we get

|| sin@(Uk, ﬁk)llg = HZ1H2 =851 and || sin@(Vk, Vk)||2 = HZ2H2 = 51. (2.11)
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From (2.7) and (2.8) we have
FTE A * * En—k
UkAVk: :Yl 2k}6+21 ( 0 > Z2,

and hence

trace(U; AVy,) = trace(Y{ S, Ys) + trace(Z; ( -k ) Zs).

By (2.10) and Lemma 3.1, we get

trace(Uf AV:)|  <| trace(Y{"SxYa) | + | trace(Zf ( 276716 ) Z3) |

< o1CkC + -+ + OpCLCL + Oy 15151 + -+ 025k Sk
< so1(G +G) 4+ sou(c + &)
+ 1ok (sT+80) 4+ + Loak(si + 53)
=01+t ok —301(si +352) — -+ — Son(s? + 52
+ 301 (51 +87) + -+ goan(si + 57)
<o+t og— %(O'k — oky1) (8% + 52),

A

which together with the assumptions (2.6) and (2.11) gives the desired estimate. The proof is
complete. O

Remark 2.1. It can be noted that when the matrix A is Hermitian positive semidefinite, then
Theorems 2.2, 2.3 and Lemma 2.1 reduce to Theorems 1.1, 1.2 and 1.3, respectively.

3. The singular value variations for the Rayleigh quotient

In this section, we study the singular value variations for the Rayleigh quotient matrix.
Firstly, we provide a result corresponding to Theorem 1.4. The following lemma can be found
in Li [9].

Lemma 3.1. ([9]) Let Z = (z;5) be an n x n doubly stochastic matriz and let M = (6;;) €

C™*"™. Then there exists a permutation T of {1,2,--- ,n} such that
n n
PRI ETED DA
i,j=1 i=1

Theorem 3.1. Assume that A € C™*" and Uy € cmxk, Vi, € C"%F with U,jUk = Vk*Vk =1I.
Let
RZAf/k—UkT, SZA*ﬁk—VkT*, TGCka.

Suppose y1,72, -+ , Yk are the singular values of a matriz T and 01,09, ,0, are the singular
values of a matrix A . Then there exists a permutation 7 of {1,2,--- ,m} such that
& 5 IRIZ + 1IS1%
Sl o, <y P (3.1)
j=1

where o7, =0, if 7(5) > n.
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Proof. Let

AU<§)V* and T =WTQ*

be the singular value decompositions of A and T, respectively. Here, U € C™*™ V €
C™n W, Q € Ck*k are unitary, and ¥ = diag(oy, 09, - ,0,), = diag(y1,72,- -+ , V). Since
the Frobenius norm is unitarily invariant, we get

N N .
IRle =10 RQle = § ) (VTiQ) - @ T

and

ISIe = IV*SWI[r = ||, 0)(U*T:W) — (VVaQ)T || .

by
Without loss of generality, we may suppose A = ( 0 ) , 7 =T. Then

M ~ - - ~
R:(O )Vk—UkF and SZ(E,O)Uk—VkF.

Hence
k n k m
IRIZ =D oy —vus P+ Y | vu P (3:2)
j=1i=1 j=1i=n+1
and
k n
I1S1F =YD | aiui; — yyvi5 1%, (3.3)
j=1i=1

where w;; is the (4, j) element of a matrix Uy and v;; is the (4, j) element of a matrix V. Since

M=

OiVij — VjUij | + Z Z | oiwij — vjvi |2
j=1li=

<
I
A
-
I
A

I
M1
M=

<
Il
N
o
Il
N

(| oivig — vjug |* + | osuig — v0i |?)

[(U +’7_])(| Uqj |2 + | Vij |2) — 40i’ije(uijUij)] (34)

I
M-
M=

<
Il
N
.
Il
N

Y4
M-
M=

<
Il
N
.
Il
N

[(0F +’Y])(| wij 1%+ | vij %) = 20095 (| wij 1% + | vij 1?)]

koo wij|? v.;,-2
= 222(01-*%-)2(%),

j=1i=1
where Re(a) stands for real part of a complex a, it follows from (3.2)-(3.4) that
2L P+ 1oy Py L~y i |
IRI% + [IS1IF > 2 ZZ u Z Z (0= ;) ” - (39)
j=11i=1 j=1li=n+

Let U = (ﬁk,ﬁm_k) = (uy5) € cmxm Y = (f/k,f/n_k) = (v;5) € C™™ be unitary. Define a
matrix Z = (z;;) € C™*™ by

lwij|*+vij | -

4,7 =12,---,n

Zij = 2, J e (3.6)
| wij | . otherwise.
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Then it is easy to see that Z is an m x m doubly stochastic matrix. Now an m x m matrix
M = (0;;) is defined by

(i —7)? + i=1,2,---,nj=1,2--k
0;; = (0_%,)2 Ci=nA41,,m,j=1,2,--k (3.7)
0 s i=1,2,--- ,m,j=k+1,---,m.

In terms of (3.6) and (3.7), the inequality (3.5) can be rewritten as

IRIF+IS1F 22> 632 (3.8)

j=11i=1

Applying Lemma 3.1 to (3.8), we know that there exists a permutation 7 of {1,2,---,m} such
that

m k
IRIF + 1S5 =2 005 =2 0r5 = 22 | oryy =5 P
j=1 i=1

This implies the inequality (3.1). The proof is complete. O

Remark 3.1. Under the conditions of Theorem 3.1, Liu [4] showed that there is a permutation
7of {1,2,--- ,m} such that

k
D1 —on, P<\JIRIE + 15113
j=1

It is obvious that Theorem 3.1 improves Liu’s bound by a factor %

Remark 3.2. When A is Hermitian positive semidefinite, Theorem 3.1 reduces to Theorem
1.4.

Obviously, Theorem 3.1 also holds if T= M= U i AVj,. Next we provide some other bounds
on the singular values of M = U i AV}, as an approximation to those of A under some unitarily
invariant norms. First we introduce the definition of @Q-norms. A unitarily invariant norm || - ||
is called a @Q-norm (e. g. see [12]) if there exists another unitarily invariant norm || - ||" such
that ||Y|| = (|[Y*Y]|")2, which is denoted by || - ||q. It is noted that the Ky-Fan p-k norm is a
@-norm for p > 2; in fact,

k
1
1V |l = O o)P = VY12,
=1

for p > 2 and k = 1,...,n. It is easy to prove that both the spectral norm and the Frobenius
norm are also (-norms.

Lemma 3.2. ([10]) Let A have the block form
A Are )
A =
( Ao Ago

Then for a Q-norm || - ||q, we have

1Al < 1Al + A2l + 142115 + (| Az2][?,-
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Theorem 3.2. In Theorem 3.1, let T be replaced by M = U,:Af/k. Then there is a permutation
7 of {1,2,--- ,n} such that

”dw’g(’yl T O0rayy V2 T 07yt s Ve O-T(k))HQ < \ HRH?Q + HSH%Q (39)
k
> (i =02 <V IRIG + 115113 (3.10)

i=1

In particular

Proof. We take Up,_j, € C™*(m=kK) and V,,_;, € C"*(n=k) guch that U = (Uk,f]m,k) and
V = (Vi, Vsu_i) are unitary matrices. Then we get

AT UiAVi  UpAV,_y
UrAV = Zk M.
( Ur _ AV U _ AV > (3.11)
(M 0 n 0 U AV, i '
S\ 0 Ul AV, AV 0 '
For any unitarily invariant norm || - || we have
IRl = ([T (AVi = U M)|| = || Uy, AVl (3.12)
and
IS =V (A"Uy = Ve M) || = [V, A"Uk || = U AVi e |- (3.13)
From (3.11) and perturbation theory [1, Theorem 3.10] of the singular values, there is a per-
mutation 7 of {1,2,--- ,n} such that for any unitarily invariant norm || - ||,
||diag(,u'1 T 01y H2 = Orgys " 5 Mk — UT(k))||
0 Up AV, _y, >H
< - - k ) 3.14
B H( U1 AV 0 (319
If the unitarily invariant norm || - || is assumed to be a @-norm, then it follows from Lemma 3.2
and (3.14) that
||diag(u1 T Orayy M2 T Orays "0t s Mk — O—T(k))H?Q
< NUEAVa-i gy + 10— AV (3.15)

Now the result follows from (3.12), (3.13) and (3.15). Since the Frobenius norm is a Q—norm,
(3.10) holds. The proof is complete. O

From the above proof, it is easy to deduce the following bound under any unitarily invariant
norm.

Corollary 3.1. Under the assumption of Theorem 3.2, there is a permutation T of {1,2,--- ,n}
such that for any unitarily invariant norm || - ||,

| diagin — ory s 72 = Ty 15 = vy )l < RN+ 1S

Remark 3.3. Tt is noted that the two permutations in (3.1) and (3.10) are different. One is
for {1,2,---,m} and the other is for {1,2,--- ,n}. However, the following example shows that
Theorem 3.1 is not true for the permutation of {1,2,--- n}.
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Example 3.1. Let

o1 0 0 0
- -~ 1
I S LR )
0 0 0 1
where o1 > 0,09 > 0. Taking
r=giavi=( g ¢ ).

then
R=AVo —U,T=A and S =AUy —VoT*=T.

Hence for any permutation 7 of {1, 2}, the left-hand side of (3.1) is equal to \/o? + 02 = ||A| F
and the right-hand side of (3.1) is ||A||#/v/2. This example also illustrates that the bound in
(3.10) is sharp.
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