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Abstract

Approximations using the generalized Laguerre polynomials are investigated in this
paper. Error estimates for various orthogonal projections are established. These estimates
generalize and improve previously published results on the Laguerre approximations. As
an example of applications, a mixed Laguerre-Fourier spectral method for the Helmholtz
equation in an exterior domain is analyzed and implemented. The proposed method enjoys
optimal error estimates, and with suitable basis functions, leads to a sparse and symmetric
linear system.
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1. Introduction

Many practical problems in science and engineering require solving partial differential equa-
tions in exterior domains. Considerable progress has been made recently in using spectral
methods for solving partial differential equations in unbounded domains. The first approach
is based on the classical orthogonal systems in the unbounded domains, namely, the Hermite
(cf. [7, 12, 10]) and Laguerre (cf. [16, 6, 17, 14, 18, 19, 20]) polynomials/functions. The second
approach is to map the original problem in a unbounded domain to a singular problem in a
bounded domain (cf. [8, 11, 13]). The third approach is based on rational approximations (cf.
[3, 2, 5, 15, 9]). However, none of the methods mentioned above has yet been analyzed for
multidimensional exterior problems.

In this paper, we investigate the spectral approximation using generalized Laguerre poly-
nomials which form a mutually orthogonal system in the weighted Sobolev space Lia (0, 00)
with we(p) = p®exp(—p). The orthogonal projection in L2, (0,00) has been analyzed in [6].
Other projection and interpolation operators for the special case « = 0 have been studied in
[16, 17, 14, 20]. However, the usual weighted Sobolev spaces used in these papers are not the
most appropriate. Here, we study the generalized Laguerre approximations in non-uniformly
weighted spaces, i.e., with different weights for derivatives of different orders, and we obtain
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optimal results for several projection operators for all & > —1. These new results enable us to
study numerical approximations of a large class of problems in unbounded domains.

As an example of applications, we consider the Helmholtz equation in the two dimensional
exterior domain Q = {(p,0) : p > 1, 6 € [0,2w)}. We propose a mixed Laguerre-Fourier
spectral method using Laguerre polynomials for the radial direction and Fourier series for the
azimuthal direction. Thanks to the new results on generalized Laguerre approximations, we
are able to prove optimal error estimates for the mixed Laguerre-Fourier method applied to the
transformed equation. Furthermore, by choosing a set of suitable basis functions, we are also
able to construct an efficient numerical algorithm in which the linear system is symmetric and
sparse, and hence can be efficiently solved.

The paper is organized as follows. In the next section, we present several basic approxi-
mation results using generalized Laguerre polynomials. Then, we study the mixed Laguerre-
Fourier approximation outside a disk in Section 3. We construct the mixed Laguerre-Fourier
spectral scheme for a model problem, and prove its convergence in Section 4. In Section 5, we
present implementation details and an illustrative numerical result. Some concluding remarks
are presented in the final section.

2. Generalized Laguerre Approximation

2.1 Notations and preliminaries
Let us first introduce some notations. Let A = {p | 0 < p < oo} and x(p) be a certain
weight function in the usual sense. We define

Li(A) ={ v | v is measurable on A and ”v”Li,A < o0 }

with the following inner product and norm,
(u,v)x.A :/A u(p)v(p)x(p)dp, — lvllxa = (v,0)3 -

For simplicity, we denote by 851} the k-th derivative of v(p) with respect to p. For any non-
negative integer m, we define the weighted Sobolev space

HP(A) = {v | 851) €Li(A), 0 <k <m}

equipped with the following inner product, semi-norm and norm

1
(U Vmyr = Y (050,050)n,  [0lmas = 1070]a,  [Wlmxa = ©,0)2 4.
0<k<m

For any real 7 > 0, the space HJ(A) and its norm [[v||,,y A are defined by space interpolation
as in Adams [1]. In particular, we denote

oHy(A) = {v | v e H\(A) and v(0) = 0}.

Let wq(p) = p®e~P. We denote in particular w(p) = wo(p) = e ?. The generalized Laguerre
polynomials of degree [ are defined by

o 1
‘Cl( )(p) = ﬁpiaepa/é(pH»aeip)? 1:051727"' , > -1
They are eigenfunctions of the Sturm-Liouville problem

Op(wa+1(p)0pv(p)) + Awalp)v(p) =0,  0<p<oo, (2.1)



Generalized Laguerre Approximation 115

with corresponding eigenvalues A\; = [, and satisfy the recurrence relations

L (p) = L (p) — LTV (p) = 8,£8 (p) — 0,LL7 (p), (2.2)

0,L (p) = —L* TV (p) = %(lcl(“) (p) — (L + Q)L (p)). (2.3)

The set of generalized Laguerre polynomials forms an orthogonal system in Lf)a (A), namely,

(a) _
() p(a) _J v for l=m 9.4
(‘cl 7‘Cm )WQ1A { 07 fOr l%m ) ( . )

where

o I'l+a+1
yo 2 Dot ) : ), (2.5)

Hence, for any v € L2_(A), we can write

= A& o . ~l 1 (03
v(p) :Z vl( )El( )(p) with Uz( ) = T)(’U,El( ))wa,A- (2.6)
1=0 M

In order to describe our approximation results, for any integer » > 0, we define the non-
uniformly weighted spaces A7, (A) as follows:

AL(A) = { v | v is measurable on A and |[v][ar A < 00}

equipped with the following semi-norm and norm

2

T
[vag.a = [10p0]lwasras [vllag,a = <Z |U|,24§,A>
k=0

For any r > 0, we define the space A’ (A) and its norm by space interpolation.
Let N be any positive integer and Py (A) be the set of all algebraic polynomials of degree
at most N. We define the orthogonal projection Py o : L2, (A) — Pn(A) by

(PN,aU -, ¢)wa,A =0, Vo € PN(A)

In the sequel, we denote by ¢ a generic positive constant independent of any function and N.
The following simple, but important, result generalizes and improves previously published

results on the Laguerre approximations.

Theorem 2.1. Let r be an integer and 0 < s < r. Then,

1Py.av = vllag.a < eNTF [olaga, Yo € AL(A).

Proof. We first consider the integer case. Since

o0

Pyov(p) —v(p) =~ > VL (p),
I=N+1
we derive from (2.3) that for N > r — 1,
O5(Prav(p) = v(p) = = Y (=15 L") (p).

I=N+1
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Thus by (2.4),

105(Py.av = 0)l5 o a = D (0P (2.7)
I=N+1
By the same argument,
r ~(a a+r
1050120 = D). (2.8)
l=r
A direct calculation gives
(o+s)
[ —r)!
Vi—s ( T’) < eN5—T (2 9)

,yl(a;i-T) (l—s)!~

The combination of (2.7)-(2.9) leads to

105 (Pr,av = 0)llwaror < N ZN050]lwr

Finally, the result for the non-integer s is proved by space interpolation.

Remark 2.1. Funaro [6] obtained the same result as Theorem 2.1 for integer r > 0 and s = 0.
Maday, Pernaud-Thomas and Vandeven [16] derived another upper bound for || Py a0 — v|w, A
with a = 0. In fact, they defined the space

T T g T
HS, 5(N) = {v € BL,(A) | pFv e BL, (V)
equipped with the norm ||v]|y.w,.8,4 = [[v(1 + p)g |l7.wo,A, and proved that for any real r > 0,

1Px,00 = vlwo.a < ENTE[[0]lrwp .4,
where 3 is the largest integer for which 8 < r+ 1. Since ||v]|rw,,3,4 1S DOt a semi-norm and the
weights for all derivatives of v are the same, i.e., (1+p) 3 e~ P, its application is cumbersome and
1
may not lead to optimal error estimates for certain functions, e.g., those behaving like O(— ) as
P

p — oo0. However, the result in Theorem 2.1 is sharper and allow us to obtain optimal estimates
for a large class of problems, in particular, for the exterior problems considered in Sections 3
and 4 of this paper.

Remark 2.2. Mastroianni and Monegato [17] also studied the generalized Laguerre approxi-
mation. They defined the space

na={velZ ()bl <o}
with the norm
oo
1
olla;, = Qo0+ @),
1=0
and proved that for any 0 < s <,
IPn,av —vlBs , < eNZ vy, (2.10)

By Lemma 2.3 of [17], for any integer r > 0, the norm |[jv|[pr is equivalent to the norm
[[v]lar - So Theorem 2.1 improves the result (2.10) in the sense that the approximation error
only depends on the semi-norm [|9)v||, -

2.2 Other projection operators
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To carry out numerical analyses of the Laguerre spectral method for PDEs in unbounded do-
mains, we need to consider other projection operators related to the PDEs under consideration.
Let us denote

H}umwﬁ(A) = { v | v is measurable on A and ||v]|1,u, w54 < 00},

equipped with the norm

1
2
ol wawan = (105012, 2+ 1012, .4) "

In particular, we set

oHL. ., (A) = { ve L, (A) | v(0) = o} .

We define the orthogonal projection Py, 5: Hj . (A) — Pn(A) by

Wa,Wwg

(8P(P]{,,aﬂv—v),3p¢)wm[x+ (PI{ﬂa,ﬁviv’d))wB,A =0, Vo € Pn(A). (2.11)

We set oPn(A) = {v € Pn(A) | v(0) =0} and define the orthogonal projection oPy ,(A):
o, (A) — oPn(A) by

(9 (0 Py v — v),ap¢)wQ1A =0, Vo € oPn(A). (2.12)

In order to derive approximation results for these projections, we need several embedding
inequalities.
Lemma 2.1. Let -1 < f < a < 4 2. We assume that there exists pg such that v(pg) = 0,
po >0 for B <1 and po > 2+/B(8 —1) for 8 > 1. Then, if d,v € Lia(A), we have

[0llwg,a < €llOpv]lia,a-

Proof. Let Ay = (po,0), Az = (0, po) and

2 .
[0llws.a; = (/A WB(P)UQ(P)dP) . j=12

J

For any p € Ay,

=2 /p wa(&)v(§)0:v(§)de + ﬁ/p wﬁ_l(g)v2(€)d§ — /p wg(f)fUQ(g)df.

0 PO PO

Letting p — oo and using the Cauchy-Schwarz inequality, we obtain

1
11500 < SIS A, + 20050015, 4, + BlIVIE, A,

Thus, for any 3,
[0l1Z,.0, < 4100012, A, + 2800112, a,- (2.13)

If 5 <0, (2.13) implies that for 8 < «,

012,40, < 410012, 0, < 405 “NlOp0I[Z, A, - (2.14)
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Otherwise, an integration by parts yields
260|013, _, 4, =45 N P’ e Pu(p)dpu(p)dp + 2688 — D[vlI, .4, - (2.15)
Moreover, by the Cauchy-Schwarz inequality,
0| Pt u(p)B,v(p)dp < 4B110,0112,, A, + BllVIZ, A,

Therefore, for 0 < g <1,
QﬁHUHf)g,l,Al S SﬁHaPU”f)g,l,Al‘

The above inequality together with (2.13) implies that for 0 < 6 < 1 and § < «, we have

912, 00 < 105012, , + 851005012,y <40+ 25050012, 0

2.16
< 4(1+ 2655 Ve~ 0,012, . (219)
For 3 > 1, we have
18 [ o e u(0)0,0(0)dp <~ |02, a, + 2606 — 1))
A1 pU\p)ap >~ 31 pYllwg,A1 wg—2,A1"
This inequality together with (2.15) leads to
2012, a2 |02, a, +48(3 — Dol
v wg_1,A1 = 671 pV wg, A1 v wg_2,A1"
We infer from the above and (2.13) that for 8 > 1,
2(36-2)
o2, a0 < TH@pUHwﬁ A FABB=D]IZ, A,
2(38 - 2) _
< Tllapvﬂwﬁ A 4808 = 1)pg % |l0l2, 4, -
If po > 2/B(8 — 1), then for 1 < 8 < a,
2p3(38 — 2)
v < Opv||Z
H ||w5 Ay ( 4,8(5 ))(/8 )H pU ” 8,1 517
2p2+ﬁ a(3ﬂ 2) Ha || ( . )
= v Wa, N1 "
(pg —48(68-1))(B-1) A
Next, for any p € As,
PO 1 2
P == [ o€ )
P

Po PO
_— /p €51 0(€)Dv(€)de — (5 + 1) / £902(€)de.

p

Letting p — 0 and using the Cauchy-Schwarz inequality, we find that for § > —1,

PO 2 PO 1 PO
G0 [ o odp < 55 [T+ S [T s
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Therefore
PO 5.2 4 PO 812 8 5 deP a
< dp < ———— dp <
ol < [ 00 < s [ 000 P < 1001
Accordingly, for a < 4+ 2 and § > —1,
4ep“p2+ﬂ7a
—_— 2.1
0], .8, < CESIE 10,012, ,- (2.18)
The combination of (2.14), (2.16), (2.17) and (2.18) leads to the desired result.
Lemma 2.2.
(i) For anyv € oH) (A) and o < 1,
[V1%, 4 < calvl o, a

2(2 —

where co, =4 for a <0, and cq = g foro<a<1;
-«
(i) For anyv e oHL (A)NLZ (M),
loll%, 4 < 2(v2+ D)(10f oy a + 1015, )5
(ii) For anyv e H., (A)NLZ _ (A) and a > 1,
2(3a — 2)
[, 4 £ =———F 0wy a +4a(a = DIV]IE, , A

a—1

(w) For any v € AL, (A),
1
lwa a0l ay < max(a+1,2) 0l [ollZ,. 1.4 < 2max(a+1,2)[v]%, -

Proof. Following the same argument as in the derivation of (2.13), we deduce that if v(0) = 0
or a > 0, then
[Vl1Z, A < 4100113, A+ 20l0]1Z, 4, (2.19)

The result (i) for a < 0 follows (2.19) immediately. On the other hand, similar to (2.15),
we have

a0l 2 = 4o [ 7 u(E)0,0(0)dp -+ 200 = Dl (2.20)

For 0 < a < 1, we derive by using the Cauchy-Schwarz inequality that

a1 — 2
s [ e 00, 0(0)dp < T ol o+ 2000 = ol

Substituting the above and (2.20) into (2.19), we obtain the result (i) for 0 < a < 1.
For a > 1, we have

o 2
la /A o e () u(p)dp <l + 20l = Dl o

Substituting the above and (2.20) into (2.19), we obtain the result (iii).
Now, if v(0) = 0 and o = 1, an integration by parts leads to

2[[v)[Za = 4/Ae””v(0)3pv(p)dp < 2(v2 = 1)[9,0]2, o +2(V2+ DI, 4.
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The above with (2.19) implies the result (ii).
Finally, we derive from

atl, —p, 2 _ P a+l_-—¢,2
P e v (p) e (€2T e %0%(€)) dg

0

that
P

a1 (P)02(p) + / ot (€002 (€)de

L p
= 2/0 wat1(§)v(£)Iv(£)dE + (o + 1)/0 wa (E)02(€)dE
P
< %/ Warr1(§)v*(€)dE + 2/|0p0I3 ., A + (@ + Dv]I2 A
0
from which the result (iv) follows.

The following embedding inequality is also useful.
Lemma 2.3. Ifd,v € L2 (A) and v*(p)p*™ — 0 as p — 0, then for a # —1,

Wa+2

4
[oll2, 4 < mllapvlliw,A-

Proof. By integration by parts and the Cauchy-Schwartz inequality,

2 1 e
2 — _ a+1l_ —p a d a+l_ —p,2 d
[ == [ oo+ = [ e )y
< g0l AN

which implies the desired result.

We now turn to the error estimates for various orthogonal approximations.
Theorem 2.2. Let -1 < f < a < B+ 2 and integer r > 1. Ifv € HL})MW(A) and O,v €
Ar=L(A), then

1—r
2

||PJ{/,Q,BU - U||1,wmwa,1\ <cN - |8P’U|AQ’1,A'

Proof. By the definition (2.11) and the projection theorem, we have

1PN 0,50 = Vlltwawss < N6 = Vll1wawsn, Vo € Pr(A).

We now take ,
o(0) = [ Prsnden(€)ds + A

where \ is chosen in such a way that ¢(pg) = v(pg), and pg is the same as in Lemma 2.1. Then,
by Lemma 2.1 and Theorem 2.1 with s = 0, we assert that for any integer r > 1,

llp — ””mew@,A <clp— U|1,wa,/\ = C”PN*LOLaPU - a/ﬂ)”wa,/\
1—r 1—r
< eN 2 |0pv]lwasrsa =N 2 |apU|Aj;1,A-

Theorem 2.3. Ifve L2 _(A), d,v € ALY (A) and v(0) = 0, then for integer r > 1,
10(0Pr 0t = V)llwnn < €N [0p0] 41 4.
If, in addition, |a| < 1, then

1—r
||0PJ{/,(1U — V[0 < CNT|8PU|A§;1,A-
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Proof. By the definition (2.12), for any ¢ € (Pn(A),

105 (0PN a0 = 0)IZ, 4 = (Dp(0PNa? = ), 0p(¢ = V)
< 10p(0Py 00 = V)llwa.allOp(6 = V)]l .-

P

Taking ¢(p) = / Prn_1,a0:v(€)dE € ¢Pn(A) in the above and using an argument similar to
0

the proof of the last theorem lead to the first desired result.

If in addition |«| < 1, then the second result follows from Lemma 2.2.
3. Mixed Laguerre-Fourier Approximation for Exterior Domains

In this section, we investigate the Laguerre-Fourier approximation for exterior problems. To
this end, we need several results related to the Laplace operator in the polar coordinates. Let
us consider first an auxiliary projection related to the generalized Laguerre approximation with
a=2and 3 =0.

Let w(p) = wo(p) = e7” and n(p) = (p + 1)%¢=*. We define the orthogonal projection
olly © oH,(A) — oPn(A) by

(oTIyv —v,0), =0, Vo€ oPn(A).

For simplicity, we denote Aj(A) by A"(A) in the sequel.
Lemma 3.1. For anyv € H. _(A)N A"(A) with v(0) = 0 and integer r > 2,

wa,w

H()H}V’U —vllipa < cN'—3 [v]ar A-

Proof. By the projection theorem,

lollyv — vll1a < ¢ —vllima, Vo €oPn(A).
Let 0
o(p) = / Pl_y .0(0cv(€))de.

Clearly ¢ € ¢Pn(A). Thus, it suffices to estimate ||¢ — v||1,,,a. In other words, we only need to
estimate [|0,(¢ — v)|w,,a and || — v||w,,a for & = 0,2. In fact, a direct calculation reveals that

105(¢ = V) lwir = 1PN 120050 = pvllwy,ns K =0,2. (3.1)
Thanks to Lemma 2.2 with @ = 2 and Theorem 2.2 with = 2 and 8 = 0, we have

10p(& = )2, 8 +H10p(d = V)14 < c(ll05( = V)IIZ, A + 105(¢ = V)12 2)

3.2
= (0 = DIZ s = NP1 20050 = vl nin 32
< N OpullE, 4 = eN? 7ol 4
Next, thanks to Lemma 2.2 with o = 0, we get
6 —vllZa < 4105(¢ = v)[lZa < eN* 7|02 (3.3)
Ullw,A = 2 Ullw,Aa =€ UlAr,A- ‘

Finally, using (3.2), (3.3) and Lemma 2.2 with o = 2 yields

6 —vlld, A < 810p(¢ — V)12, 4 +8ll6 = vllE A < eN* Tl 5.
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The proof is thus complete.

Next, we derive an approximation result in the L°°(A)-norm. To this end, we need the
following embedding inequality.
Lemma 3.2. For any v € H)(A),

_P
(1 + p)e™ 20| Lo (a) < 2[|v]|1,9,a-

Proof. For any p € A, we have from integration by parts that

(p* +2p)e Pv%(p) = /Op e (€2 + 28)e %02 (€))d¢
=92 /P(§2 + 2€)e7§’1)(§)a£’1}(§)d§ + /p(2 _ 52)6‘75@2(5)6[5
o Jo
< / (€2 + 26)eE(Beu(€))2de + / (26 + 2)e03(€)de

< /; (p* +2p)e™"(9,0(p))*dp + //i (20 + 2)e™"v*(p)dp.

(3.4)

By (2.3) of Xu and Guo [20],

o) <2 [ o) + (0p0())dp

Adding the above to (3.4) yields that

(p+1)%e Pv?(p) = / (0* +2p +2)e™"(9,v(p))*dp + / (2p +4)e~ 0% (p)dp

A A
< 4oy A

Combining Lemmas 3.1 and 3.2, we obtain the following result:
Lemma 3.3. For any v € A"(A) and integer r > 2,

1(p + 1)e™ % (oI — v)l|oe(a) < eN' 75 v ar,a.

Since we will expand functions in the azimuthal direction by a Fourier series, we recall a basic
result on the Fourier approximation in one-dimension. Let I = (0,27) and H"(I) be the Sobolev
space with norm || - [/ ; and semi-norm | - |, ;. For any non-negative integer m, H}*(I) denotes
the subspace of H™(I), consisting of all functions whose derivatives of order up to m — 1 are
periodic with the period 27. For any real r > 0, the space H,(I) is defined as in Adams [1]. In

particular, L2(I) = HJ(I). Let M be any positive integer, and Var(I) = span{ e’ | [l| < M} .
We denote by Vas(I) the subset of Vi (I) consisting of all real-valued functions.
As usual, the L2(I)-orthogonal projection Pys : L2(I) — Var(I) is defined by

/(PMU(O) —v(0))p(0)dd = 0, Vo € Vim(I).

I

The next lemma can be found in Canuto, Hussaini, Quarteroni and Zang [4].
Lemma 3.4. Let integer r > 0 and p < r. Then for any v € H,(I),

|1 Prrv — || s < eM* "ol 1.
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We are now in position to study the mixed Laguerre-Fourier approximation.
Let 2 = A x I and Li (©) be the weighted Sobolev space with the following inner product
and norm,

(va)xz/ u(p, 0)0(p, 0)x(p)dpdd, ||o]] = (v,0)3.
Q

The weighted Sobolev spaces H; () and its norm |[[v[,, and semi-norm |v|,, are defined in
the usual manner. In particular, we set

oH, () ={veHLQ) ]| v(p,0+27) =v(p,0) and v(0,0) =0, for 6 € I, pe A}.

Next, we define the non-isotropic space

OH;%M(Q) = { v | v is measurable on Q and ||v||1,y,. < oo}
where
L L
W10 = (18,015 + 1060l12)2,  lvllinw = (0lf .0 + [0I5)2.

Let use denote
VNJ\/[(Q) = opN(A) ® VM(I).

We define an orthogonal projector OPJ{/,M: OH;J?M(Q) — Vn,m by

(0o(0Prr asv — v), 8pq§)n + (O (0PN av — ), 09) , =0, Vo € VN ar. (3.5)

In order to describe the approximation results related to this projection operator, we introduce
the non-isotropic space

Br* = AT(A, HA(I)) 0 A2(A, HS(T)) N HY(A, HS~H(D)),

equipped with the norm

N[

vl = (”vH?M(A,Hl(I)) + ||”||?42(A,Hs(1)) + ||v||%I}I(A,HS*1(I)))

where the space A"(A) and its norm are the same as in (3.1).

Theorem 3.1. For any v € B"*NoH, , ,(Q) and integers r > 2,5 > 1, we have

lv = 0Px prvllime < (N2 + M) 0] 5re.

Proof. By the projection theorem,
[v— 0Py pm0limew <0 —Blinw, Vo€ VNu(Q). (3.6)
Let ¢ = oI} (Ppv). We use Lemmas 3.1 and 3.4 to deduce that
10p(v = oIy (Prrv))lly - < 10,0 = Par(9,0)lly + 10,(Prrv — oIy (Parv))lly
< CMI—SHap’UHL%(AJ{s—l([)) + N2 || Pagol| ar(a,2(1))
< M2yl 2 (a o1 (1)) + N2 [|vllara, L2y

S C(Ml_s + Nl_%>||v||8ns.
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Using Lemmas 3.1 and 3.4 again, we obtain that
106(v — oIy (Prv))lls < [loIyOpv — Opvlls + [loITy (Op (Prrv — Do)l

< [l 0v — Bgolly + [T} (06 (Parv — v))lly
< eN'"2[|0pv] ar(a,2(1)) + €O (Parv — v)[| a2 (a,2(1)) (3.8)
< eN'2|0pv]| ar(a, L2 (1)) + M0l az(a, 1o (1)
< (N2 + MY=9)||v||prs.

The combination of (3.6)-(3.8) leads to

[0 = 0Py a0l < (NP5 + M) o] 5.
Finally, by Lemma 2.2 with @ = 0,

lv = 0Py avlle < ell@p(v = 0Py a0)llw < €l0p(v = 0Py pr0)lln
< cjv = oPy pvligew < e(NTTE + MI0)|u] e,

4. Mixed Laguerre-Fourier Spectral Method for Exterior Problems

In this section, we take a model problem as an example to show how to construct and
analyze the mixed Laguerre-Fourier schemes for exterior problems.
Let z = (21, 22),|z| = /22 + 23 and Q = { = | |z| > 1}. We consider the following model
problem ~
—AU + U = F, in Q,
Uz)|gg =9, lim U(x)=0, (4.1)
|| —o0
where (3 is a positive constant, and F' and g are given functions. For simplicity, we assume that
g=0.
Under the following polar transformation:

r1 = (p+1)cos, zo = (p+1)sind, U(p,0) = U(z1,12), F(p,0) = F(x1,22),

the problem (4.1) becomes

9,((p+1)9,U) — 03U + BU = F, in Q,

1
U(0,0) =0, U(p,0+2r)=U(p,0), lim U(p,d) =0, Ocl. '
p—00

Since Problem (4.1) is well-posed in the standard functional space, it is not appropriate to
consider (4.2) in a weighted Sobolev space with the Laguerre weight w(p). Hence, we use the
following change of variables

u(p,0) = (p+1)"2e2°TU(p,0), f(p,0) = (p+1)2e2*F(p,0),
to transform (4.2) to

—(p+1)2Pu+ (p* = 1)pu — Gu + (B(p+ 1) + 5+ 3p— 3p)u=f, in Q,

- (4.3)

u(0,0) =0, u(p,0+2m) =u(p,0), lim (p+1)2e” > u(p,0) =0, el
p—00
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We now consider the existence and regularity of solutions for the problem (4.3). For this
purpose, let us denote

A(u,v) = /Q(p +1)%e79,ud,vdpdf + | e POgudevdpdd

1 1 1
+/ e ? (B(p + 12— =p* 4+ -p+ —) uvdpdb.
0 4P TPy

A weighted (with w(p) = e and n(p) = (p + 1)%e~ ")) weak formulation of (4.3) is to find
we oH!, ,(Q) such that

p,n,w

Au,v) = (f,0)w, Y e oH), (). (4.4)

Lemma 4.1. For any u,v € oH,, ,(Q),

A(v,v)> /Q(p—&- 1)2e™?(9,v(p, 9))2dpd9—i-/Q e P (0pv(p, 0))*dpdd

+(B-1) / (p-+ 1702 (. 6)dpd6 + / e~P0%(p, 0)dpdo),
Q Q
and

[A(u, v)| < ellufinwllvlimge

Proof. Obviously

which leads to the first result. The second result follows from Lemma 2.2 with a = 2.
Theorem 4.1. If 3 > 1 and (p+ 1)1 f € L2(Q), then, (4.4) admits a unique solution u(p,0)
with [[ull 1.0 < ell(p+ 1)L

Proof. Due to 8 > ; and Lemma 4.1, A(u,v) is coercive on oH,, () x oH,, ,(Q).
Moreover, by the result (

=

ii) of Lemma 2.2,

—

|(f,v)ul < clvllinwll(o+1) 7" flo-

Thus, the conclusion follows from the Lax-Milgram Lemma.
Remark 4.1. The condition on f in Theorem 4.1 means (p+ 1)z F € L2 (1), and equivalently
F e LX(Q).
Next, we consider the mixed Laguerre-Fourier approximation for (4.4): find un m € Va,m
such that
A(un,n, 8) = (f, ¢)w, Vo € Vi, u.- (4.5)

The following result is a direct consequence of Lemmas 2.1 and 4.1, and the Lax-Milgram
Lemma.
Theorem 4.2. For 3 > i, the problem (4.5) admits a unique solution un nr. Moreover,

1 1 _
10 arlly + 100w arllS + (8 = Plluwarlly + llunarlls < o+ DTS- (4.6)

We now turn our attention to the error analysis.
Theorem 4.3. Let 8 > i and integers r > 2,8 > 1. For u € B™*(Q), we have

1 s s
190 (= wnan)l5 + (8 = Pl = un ez + [100(w = un w)lIE < o(NT77 + M%) [[ul 5.
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Proof. Let wy 5y = oPy pu. We obtain from (3.5) and (4.4) that

/ (p+1)%e™Pd,uly 2 0ppdpdd +/ e POguly prOppdpdl
Q

Q
+/Q e P (B(p +1)2— i/ﬂ + %p + %) ugdpdd = /Q e~Pfodpdd, Vo € Viy.ur. 7
Now setting n, v = un,m — U}y, and subtracting (4.7) from (4.5), we obtain
A(tun, v, @) = Gu, uy a5 9), Vo € Vom (4.8)
where
Glusuiari ) = [ e (Blo+17 = 37+ 30+ 3 ) (u i),

By Lemma 2.2 with a = 2,
lan mlly < c(l8pan mlly + lan all2)-
Therefore, we deduce that for any § > 0,

|G (us uiy ags Gnvoan)l < O(10ptn mllf + Naar v 112) + § (10, (u = iy w5 + llw = uiv all2)-
(4.9)
Taking ¢ = Gy, in (4.8), we use (4.9), Lemma 4.1 and Theorem 3.1 to obtain that

- 1o~ _ _r s
10pt a5+ (B = Pllaw,ally + 190t w e, < o(NT7% 4+ M) ul 5.

which completes the proof.
Remark 4.2. The numerical solution of the original problem (4.1) is

—_P
2

Unr = (1 +p)%e UN, M-

)

Thanks to Theorem 4.3 and the fact that U = (1 + p)%e*%pu, we can obtain the following
estimate:

U = Unaa gy < (N2 + MP72) (14 p) 22U [ 5re

Remark 4.3. It can be shown, by using a suitable transformation, that the results of Theorems
4.1-4.3 are also valid for any 8 > 0. However, how to extend the convergence result to the more
interesting case, 8 < 0, is still an open question. Nevertheless, the algorithm developed here
can still be used to approximate the solution of (4.1) in the case of 8 < 0.

5. Implementation Details and Numerical Results

Let us first describe in some details an efficient implementation for scheme (4.5). For
simplicity, we denote El(o) (p) by Li(p) and set

Yi(p) = Li—1(p) — Li(p), 1<I<N,
and
Bl (p, 0) = 1(p) cosmd, 1<I< N, 0<m<M.
G (p,0) = Y1 (p) sinm), 1<I<N, 1<m< M.
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Since ¥;(1) = 0, ¢im can be used as basis functions for Vaas. Hence, we can expand un ps as

M M
- z (z ub b (0 8) + S b e)) |
m=0 m=1

On the other hand, we write

n-3

=0

Mg

fl m‘Cl
0

3
]

p) cosmb + f7,, Li(p) sinmb).

We note that in actual computation, the Fourier-Laguerre Gauss-Radau quadrature should be

used to approximate the values of {f/ 1.
Let us denote

ZM:{(Qan):q:L ’fl:O,l,"',

Taking ¢(p, 0) = 67,,(p.6) in

M;q=2,n=1,2,---

M.

(4.5) for (g,n) € Zpr, we derive by using the orthogonality of the

trigonometric functions that (4.5) is equivalent to the following 2M + 1 linear systems:

Z </ p+1)% papwzc’?pwkdp+/ PBlp+1)°+n

:gk7na 1Sk§N7

1 1
4/) +t5rtg )wzwkdp) uf,

(5.1)
Where glz,n = flgfl,n - f}ina 1 S k S N.
Let us denote
f% - (U({’n’ U2,ns ’u?\/,n>T7 g% = (g%nagg,nv e ag?\[,n)Ta
Qi = /(P+ ) e papwl(p)apwk(p)dp7 A= (akl)k,l:1,27...71\/,
bk = /e p"/)l( )wk( )dp, = (bkl)kﬁlzlyg’..”N,
A
g = / pe” PP (p)r(p)dp, C = (ckl)ki=12. N,
dip, = f /)2e—9¢1(P)wk(p)dp7 D = (dw)ri12. N
A
Then, (5.1) becomes
1
(A+(B+n*+ = 5B+ 20+ )C+ (8- —) )2l = g%, (q,n) € Zar (5:2)

Using the orthogonality relations of Laguerre polynomials, one can easily derive that

6k% — 2k + 1,
) —AK? 2k — 14 (1 - 4k),
=N K2 — k414 (2k— 1),
07
2, 1=k,
bu=1< -1, Il=k=1,
0, otherwise,

l=k,

l=k+1,
l=k+2,
otherwise,
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6 7
sqrt(N)
Figure 5.1. Convergence rate for N = M?

6k, 1=k,

) —202k+1), I=k+1,

H=Y k1, l=Fk=+2,

0, otherwise,

4(5k% + 1), I =k,
—(15k2 £ 15k +6), [=k+1,
dr =< 6(k+1)2%, l=k=+2,
—(k+1)(k+2), l=Fk=+3,
0, otherwise.

Thus, the matrices in the linear system (5.2) are symmetric with five or seven non-zero diagonals.
Hence, the system (5.2) can be efficiently solved. Note that an efficient algorithm based on the
Laguerre functions was proposed in [18]. However, the corresponding linear system there,
although sparse, was not symmetric. Hence, the algorithm presented here is advantageous in
this regard.

We now present an illustrative numerical result. We take the exact solution of (4.3) to be

2

1% —p .
0) = Psin @
u(p, d) p—i—l.Oe sin
and use the scheme (4.5) to obtain the numerical solution uny . We set En oy = |Ju —

un MmllL2 (). It can be easily checked that |[ul/g-s is finite for any r,s > 0. Hence, Theo-
rem 4.3 indicates that En as converges to zero faster than any algebraic power.

Note that Theorem 4.3 indicates that at least for smooth functions, a proper relation between
N and M is: N ~ M?2. In Figure 1, we plot the convergence rates of the scheme (4.5) with
N = M?. The straight line in Figure 1 indicates that the error En, s behaves like exp(—cv/N),
i.e., it converges sub-geometrically.
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6. Concluding Remarks

In the first part of this paper, we studied the generalized Laguerre approximations and
established error estimates in the non-uniformly weighted spaces for various orthogonal projec-
tions. These estimates improve previously published results for the special case @ = 0 and are
valid for the generalized Laguerre approximations with o > —1.

In the second part, we proposed a mixed Laguerre-Fourier spectral method for the Helmholtz
equation in a two dimensional exterior domain. We obtained sharp error estimates for the
proposed method by transforming the original system, which is not well-posed in the desired
weighted Sobolev spaces, to a system which is well-posed in a suitable functional space. We
have also constructed an efficient numerical algorithm and presented an illustrative numerical
result.

Note that in terms of numerical algorithm, the effect of the change of variable is equivalent to
using an approximation by Laguerre functions as in [18]. However, to carry out the analysis for
the approximation using Laguerre functions, one needs to develop corresponding approximation
results which are beyond the scope of this paper.

Although we only considered a simple model problem in this paper, but the results developed
here will be useful for the numerical analysis of more complicated equations in fluid dynamics
and electromagnetics.
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