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Abstract

In this paper, finite volume method on unstructured meshes is studied for a parabolic
convection-diffusion problem on an open bounded set of R

d (d = 2 or 3) with Robin
boundary condition. Upwinding approximations are adapted to treat both the convection
term and Robin boundary condition. By directly getting start from the formulation of
the finite volume scheme, numerical analysis is done. By using several discrete functional
analysis techniques such as summation by parts, discrete norm inequality, et al, the stability
and error estimates on the approximate solution are established, existence and uniqueness
of the approximate solution and the 1st order temporal norm and L

2 and H
1 spacial norm

convergence properties are obtained.

Mathematics subject classification: 65M12, 76M12.
Key words: Finite volume, Parabolic convection diffusion equations, Numerical analysis.

1. Introduction

Finite Volume Methods are known to be well applicable to the numerical simulation of many
problems, particularly in the presence of convection terms, with irregular geometry domain or
unstructed meshes partition. Many works have been done on their construction and applica-
tion, as well as some theoretical studies [1]-[3]. Two main directions are usually followed to
obtain their convergence properties. One is to write the finite volume as a finite element or
mixed finite element method by some numerical integration, and follow the general finite ele-
ment framework to prove the convergence (see, for instance, [3], where they come forward as
generalized difference methods, and the citations of [1]). The second (see, for example, [1][2][4])
is to establish the convergence by using the direct formulation of the finite volume scheme
together with appropriate discrete functional analysis techniques; following which, for elliptic
equation, general boundary condition problems are studied in [1][2]; for parabolic equation, L2

and H1 error estimate only for Dirichlet boundary problem is considered respectively in [1][2]
and [4].

In this paper, the finite volume discrete method on unstructured meshes including Voronoı̈
or triangular meshes for parabolic convection-diffusion problem with a general Robin boundary
condition is studied. The second approach, which is natural and direct to the original problem,
is applied for numerical analysis. An “s” points (where s is the number of sides of each cell)
finite volume scheme and an upstream scheme is adapted for the diffusion and the convection
term respectively. An artificial upwinding is introduced in the treatment of the Robin boundary
condition in order for the scheme to be well defined with no additional restriction on the mesh.
But it brings difficulties and requires additional work for numerical analysis compared to that
of the Dirichlet or Neumann case, which appears more evident for time involved parabolic
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problem compared with stationary elliptic problem. To solve this question, several discrete
functional analysis techniques including summation-by-parts formula, discrete norm inequality,
et al, are used. The stability and error estimates on the approximate solution are established.
The existence and uniqueness of the approximate solution are shown. If the exact solution is
at least in L∞(0, T ;H2(Ω)), then the 1st order L∞(0, T ;L2(Ω)) and L∞(0, T ;H1(Ω)) norm
convergence of the scheme are obtained.

Consider the parabolic problem with a Robin boundary condition:

ut + ∇ · (a∇u) + div(vu) + bu = f, x ∈ Ω, t ∈ J,

a∇u · η + λu = g, x ∈ ∂Ω, t ∈ J,

u(x, 0) = u0(x), x ∈ Ω, (1.1)

where Ω is an open bounded subset of Rd (d = 2, or 3) which is a polygonal for d = 2 and
polyhedral for d = 3 with ∂Ω its boundary, η is the unit normal to ∂Ω outward to Ω. J = [0, T ],
with T a positive constant. v = v(x, t) is a given vector function, a = a(x, t), b = b(x, t), f =
f(x, t), λ = λ(x, t), g = g(x, t) are given functions. Herein we study problem (1.1) with the
following assumptions.

Assumption 1. For t ∈ J , f(·, t) ∈ L2(Ω), b(·, t) ∈ L∞(Ω) and v(·, t) ∈ C1(Ω̄) such that
div(v)/2 + b ≥ 0 almost everywhere (a.e.) on Ω.

Assumption 2. For t ∈ J , g(·, t) ∈ H
1
2 (∂Ω), λ(·, t) ∈ L∞(∂Ω) such that v · η/2 + λ ≥

0 a.e. on ∂Ω. Furthermore, if v · η/2+λ = 0 a.e. on ∂Ω, then one assumes the existence of O⊂ Ω̄
such that its d-dimensional measure m(O) 6= 0 and such that div(v)/2 + b 6= 0 a.e. onO.

Assumption 3. For t ∈ J , a(·, t) is a piecewise C1 function from Ω̄ to R, and there exists
positive constant a∗ such that a(x, t) ≥ a∗ for a.e. (x, t) ∈ Ω × J .

Assumption 4. The functions a, b, λ, v and div(v) are Lipschitz continuous with respect to
t.

The outline of the paper is as follows. Section 2 introduces the restricted admissible meshes
needed for the discretization, formulates the finite volume approximation and gives the def-
inition of related spacial norms. Section 3 demonstrates corresponding numerical analysis,
which includes the statement of stability and convergence properties and necessary reasoning
procedure.

2. Finite Volume Discretization

2.1 Mesh Partition
Define the restricted admissible meshes as in [1], which includes meshes made with triangles

and rectangles in two space dimensions, and Voronoı̈ meshes.
Definition 1 (Restricted Admissible Meshes). A finite volume mesh of Ω, denoted by T ,
is given by a family of “control volumes”, which are open polygonal (if d = 2) or polyhedral
(if d = 3) convex subsets of Ω (with positive measure), a family of subsets of Ω̄ contained in
hyperplanes of Rd, denoted by ε (these are the edges (if d = 2) or sides (if d = 3) of the control
volumes), with strictly positive (d−1)-dimensional measure and a family of points of Ω̄ denoted
by P . The finite volume mesh is called to be restricted admissible, if the properties (i) to (v)
are satisfied.

(i) The closure of the union of all the control volume is Ω̄.
(ii) For any K ∈ T , there exists a subset εK of ε such that ∂K = K̄/K = ∪σ∈εK

σ̄. Let
ε = ∪K∈T εK .

(iii) For any (K,L) ∈ T 2 with K 6= L, either the (d− 1)-dimensional Lebesgue measure of
K̄ ∩ L̄ is 0 or K̄ ∩ L̄ = σ̄ for some σ ∈ ε, which will then be denoted by K|L.

(iv) The family P = (xK)K∈T is such that xK ∈ K̄ ( for all K ∈ T ) and, if σ = K|L, it is
assumed that xK 6= xL, and that the straight line DK,L going through xK and xL is orthogonal
to K|L.
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(v) For any σ ∈ ε such that σ ⊂ ∂Ω, let K be the control volume such that σ ∈ εK . If
xK 6∈ σ (let DK,σ be the straight line going through xK and orthogonal to σ), then the condition
DK,σ ∩ σ 6= ∅ is assumed; let yσ = DK,σ ∩ σ.

Define the mesh size by h = size(T ) = sup{diam(K),K ∈ T }, where diam(K) is the
diameter of K ∈ T . For any K ∈ T and σ ∈ ε, m(K) is the d-dimensional Lebesgue measure
of K (i.e. area if d = 2 , volume if d = 3), m(σ) is the (d − 1)-dimensional measure of σ, and
ηK,σ denotes the unit normal vector to σ outward to K.

Denote εint = {σ ∈ ε;σ 6⊂ ∂Ω}, εext = {σ ∈ ε;σ ⊂ ∂Ω}. For K ∈ T , let VK,σ =
{αxK + (1 − α)x, x ∈ σ, α ∈ [0, 1]}. For σ ∈ εint, let Vσ = VK,σ ∩ VL,σ , where K and L are the
control volumes such that σ = K|L. For σ ∈ ε ∩ εext, let Vσ = VK,σ . Denote

ζ = min
K∈T

min
σ∈εK

dK,σ

diam(K) .

Denote by dK|L the Euclidean distance between xK and xL (which is positive) and by dK,σ

the distance from xK to σ. If σ = K|L ∈ εint, let dσ = dK|L = dK,σ + dL,σ ; if σ ∈ εK ∩ εext,
let dσ = dK,σ.

For any σ ∈ ε, the “transmissibility” through σ is defined by τσ = m(σ)
dσ

if dσ 6= 0 and τσ = 0
if dσ = 0. In the results and proofs given below, σ 6= 0 for all σ ∈ ε is assumed for simplicity.

Let T be an restricted admissible mesh in the sense of Definition 1. Let k ∈ (0, T ), be a
constant time step, Nk = max{n ∈ N , nk < T}, e.g., divide [0, T ] into Nk + 1 interval. Denote

tn = nk for n ∈ {0, 1, · · · , Nk + 1}. Denote φn = φ(tn), dtφ
n = φn+1−φn

k
.

2.2 Finite Volume Approximation
Integrating (1.1) on each cell of the mesh at time t = tn+1 yields

∫

K
un+1

t (x)dx −
∫

∂K
[an+1(x)∇un+1(x) − vn+1(x)un+1(x)] · ηK(x)dγ(x)

+
∫

K
bn+1(x)un+1(x)dx =

∫

K
fn+1(x)dx, (2.1)

∫

σ
an+1(x)∇un+1(x) · ηK,σ(x)dγ(x) +

∫

σ
λn+1(x)un+1(x)dγ(x) =

∫

σ
gn+1(x)dγ(x). (2.2)

Using an “s-points” finite volume scheme for the diffusion terms and an upstream scheme
for the convection terms, using an implicit time discretization, one gets, a discretization of (1.1),
with unknowns (Un+1

K )K∈T ∪ (Un+1
σ )σ∈εext

, n = 0, 1, · · · , Nk, such that

m(K)dtU
n
K +

∑

σ∈εK

(Fn+1
K,σ + vn+1

K,σ U
n+1
σ,+ ) + bn+1

K m(K)Un+1
K = m(K)fn+1

K ,

∀K ∈ T , (2.3)

−Fn+1
K,σ + [m(σ)λn+1

σ + vn+1
K,σ ]Un+1

σ − vn+1
K,σ U

n+1
σ,+ = m(σ)gn+1

σ ,

∀σ ∈ εK ∩ εext, (2.4)

where, for n = 0, 1, · · · , Nk + 1,

Fn
K,σ = −m(K|L)an

σ
Un

L−Un
K

dK,L
, if σ = K|L,

Fn
K,σdK,σ = −m(σ)an

σ(Un
σ − Un

K), if σ ∈ εK ∩ εext,
vn

K,σ =
∫

σ
v(x, tn) · ηK,σ(x)dγ(x),

φn
σ = 1

m(σ)

∫

σ
φ(x, tn)dγ(x), for φ = a, λ, g;

φn
K = 1

m(K)

∫

K
φ(x, tn)dx, for φ = b, f ;

(2.5)

and for φ = U ,

φn
σ,+ =

{

φn
K , if vn

K,σ ≥ 0,
φn

L, otherwise,
if σ = K|L;
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φn
σ,+ =

{

φn
K , if vn

K,σ ≥ 0,
φn

σ , otherwise,
if σ ∈ εK ∩ εext. (2.6)

The upstream value Un+1
σ,+ is involved in the discretization (2.4) of the Robin boundary

relation in order for the scheme to be well defined with no additional condition on the mesh [1].
Using (2.6) and (2.4), one can eliminate Un+1

σ for all σ ∈ εK ∩ εext in (2.4) and obtain

Un+1
σ =

[max{vn+1
K,σ , 0}dK,σ +m(σ)an+1

σ ]Un+1
K + dK,σm(σ)gn+1

σ

m(σ)an+1
σ + [m(σ)λn+1

σ + vn+1
K,σ − min{vn+1

K,σ , 0}]dK,σ

, (2.7)

thus the numerical unknowns in (2.3) are (Un+1
K )K∈T .

2.3 Discrete Norm Definition
Definition 2 (Discrete Norm). Let φT be a function which is a constant on each control
volume of T and on each edge on the boundary with φT (x) = φK if x ∈ K,K ∈ T and
φT (x) = φσ if x ∈ σ, σ ∈ εext. One defines the discrete L2 norm, L2(∂Ω) norm and H1

semi-norm by

‖φT ‖ = ‖φT ‖L2(Ω) = [
∑

K∈T

m(K)(φK)2]
1
2 , ‖φT ‖L2(∂Ω) = [

∑

σ∈εext

m(σ)(φσ)2]
1
2 ,

|φT |1,T = [
∑

σ∈ε

τσ(Dσφ)2]
1
2 ,

where Dσφ = |φK − φL| if σ = K|L ∈ εint and Dσφ = |φK − φσ | if σ ∈ εK ∩ εext,K ∈ T .
Noting this definition, by a similar reasoning procedure as in [1], one has

Lemma 1 (Discrete Norm Inequality). Let φ = φT and its discrete norms be defined as in
Definition 2. Let Γ ⊂ ∂Ω such that its (d − 1)-dimensional measure m(Γ) 6= 0 and O⊂ Ω such
that its d-dimensional measure m(O)6= 0. Then there exists C, only depending on Ω, such that

‖φ‖2
L2(Ω) ≤ C[|φ|21,T + ‖φ‖2

L2(Γ)], ‖φ‖2
L2(∂Ω) ≤ C[|φ|21,T + ‖φ‖2

L2(O)].

Some useful relations are listed here.

a(a− b) =
1

2
a2 −

1

2
b2 +

1

2
(a− b)2, (2.8)

k

N
∑

n=0

φn+1dtψ
n = φN+1ψN+1 − φ0ψ0 − k

N
∑

n=0

(dtφ
n)ψn, (2.9)

k

N
∑

n=0

φn+1ψn+1dtψ
n

=
1

2
[φN+1(ψN+1)2 − φ0(ψ0)2 + k2

N
∑

n=0

φn+1(dtψ
n)2 − k

N
∑

n=0

dtφ
n(ψn)2], (2.10)

‖φN+1‖2 ≤ ‖φ0‖2 + αk

N
∑

n=0

‖dtφ
n‖2 +

1

8α
k

N
∑

n=0

(‖φn‖2 + ‖φn+1‖2), (2.11)

‖φn‖2 ≤ 2‖φ0‖2 + 2Tk
n−1
∑

l=0

‖dtφ
l‖2, (2.12)

ab ≤ εa2 +
1

4ε
b2, (Hölder′s inequality)

|dtφ
n(x)| ≤ C, φ = a, b, λ, v, div(v); x ∈ Ω. (2.13)
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3. Numerical Properties

3.1 Statements of Numerical Properties
Let en

T (x) = en
K = u(xK , tn) − Un

K for x ∈ K,K ∈ T ; en
T (x) = en

σ = u(yσ, tn) − Un
σ for

x ∈ σ, σ ∈ εext. Under Assumptions 1-3, the L2 norm estimates are listed below.
Theorem 1 (L2 Norm Stability). For finite volume scheme (2.3), (2.4), there is

‖UN+1
T ‖2 + k

N
∑

n=0
|Un+1

T |21,T + k
N
∑

n=0
‖Un+1

T ‖2
L2(∂Ω) + k2

N
∑

n=0
‖dtU

n
T ‖

2

≤ C‖U0
T ‖

2 + Ck
N
∑

n=0
‖fn+1

T ‖2 + Ck
N
∑

n=0
‖gn+1

T ‖2
L2(∂Ω),

hence the linear algebraic system (2.3) and (2.4) is uniquely solvable.
Theorem 2 (L2 Norm Error Estimates). For ‖e0T ‖ = O(h+ k), there is

‖eN+1
T ‖ + (k

N
∑

n=0
|en+1

T |21,T )
1
2 + [k

N
∑

n=0
‖en+1

T ‖2
L2(∂Ω)]

1
2 + k(

N
∑

n=0
‖dte

n
T ‖

2)
1
2 = O(h+ k),

where N = 0, 1, · · · , Nk.
Let Condition (A) stand for: vn+1

K,σ ≥ 0 and vn
K,σ ≥ 0; Condition (B) stand for: vn+1

K,σ < 0

and vn
K,σ < 0. Under Assumptions 1-4, and Condition (A) or (B), one has the following H1

semi-norm properties.
Theorem 3 (H1 Semi-Norm Stability). For finite volume scheme (2.3), (2.4), there is

k
N
∑

n=0
‖dtU

n
T ‖

2 + |UN+1
T |21,T + ‖UN+1

T ‖2
L2(∂Ω) + k2

N
∑

n=0
|dtU

n
T |

2
1,T

≤ C[‖U0
T ‖

2 + |U0
T |

2
1,T + ‖U0

T ‖
2
L2(∂Ω)] + Ck

N
∑

n=0
‖fn+1

T ‖2

+Ck
N
∑

n=0
‖dtg

n
T ‖

2
L2(∂Ω) + C‖gN+1

T ‖2
L2(∂Ω) + C‖g0

T ‖
2
L2(∂Ω).

Theorem 4 (H1 Semi-Norm Error Estimates). For ‖e0T ‖+|e0T |1,T +‖e0T ‖L2(∂Ω) = O(h+k),
there is

(k
N
∑

n=0
‖dte

n
T ‖

2)
1
2 + |eN+1

T |1,T + ‖eN+1
T ‖L2(∂Ω) + k(

N
∑

n=0
|dte

n
T |

2
1,T )

1
2 = O(h+ k),

where N = 0, 1, · · · , Nk.
Remark 1. It is easy to choose perfect initial evaluation to satisfy the condition ‖e0

T ‖ =
O(h+ k) in Theorem 2 and ‖e0T ‖+ |e0T |1,T + ‖e0T ‖L2(∂Ω) = O(h+ k) in Theorem 4. A natural

choice is U0
K = 1

m(K)

∫

K
u0(x)dx, U

0
σ = 1

m(σ)

∫

σ
u0(x)dx.

Remark 2. Theorems 1-4 show that Scheme (2.3), (2.4) has unique solution and 1 order
convergence in both temporal norm and spacial L2 norm and H1 semi-norm to the original
problem (1.1).
Remark 3. Multiplying (2.4) with Un+1

σ (or Un+1
σ − Un

σ instead) and summing for all σ ∈
εK ∩ εext, multiplying (2.3) with Un+1

K (or Un+1
K − Un

K), and summing these two equalities for
all K ∈ T , one can prove Theorem 1 (or Theorem 3). Since the proofs of Theorems 1 and 3
are similar to but easier than those of Theorems 2 and 4 respectively, they are omitted in this
paper.
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3.2 Error Equation
Replace φ with e in (2.6) to define en

σ,+, and define xn
σ,+ as

xn
σ,+ =

{

xK , if vn
K,σ ≥ 0,

xL, otherwise,
if σ = K|L;

xn
σ,+ =

{

xK , if vn
K,σ ≥ 0,

yσ, otherwise,
if σ ∈ εK ∩ εext. (3.1)

Then en
σ,+ = u(xn

σ,+, tn) − Un
σ,+ for σ ∈ εK ,K ∈ T . Denote

m(σ)Rn
K,σ = τσa

n
σ [u(xL, tn) − u(xK , tn)] −

∫

σ
a(x, tn)∇u(x, tn) · ηK,σdγ(x),

σ = K|L ∈ εint,
m(σ)Rn

K,σ = τσa
n
σ [u(yσ , tn) − u(xK , tn)] −

∫

σ
a(x, tn)∇u(x, tn) · ηK,σdγ(x),

σ ∈ εK ∩ εext,
m(σ)rn

K,σ =
∫

σ
v(x, tn) · ηK,σ [u(x, tn) − u(xn

σ,+, tn)]dγ(x),

m(σ)R̃n
K,σ =

∫

σ
[λ(x, tn) + v(x, tn) · ηK,σ ][u(x, tn) − u(yσ, tn)]dγ(x),

ρn
K = 1

m(K)

∫

K
b(x, tn)[u(x, tn) − u(xK , tn)]dx,

Sn+1
K = 1

m(K)

∫

K
[un+1

t (x) − dtu
n(xK)]dx.

(3.2)

For t ∈ J , if ut(·, t) is a piecewise C1 function from Ω̄ to R, then one has |Sn+1
K | ≤ C1(h+k).

Similarly as in [1], one may prove the following estimates are satisfied.
Lemma 2 (Discrete Coefficient Estimates). Under Assumptions 1, 2 and 3, assume that
u is the unique variational solution to (1.1).

(1) If u(·, t) ∈ C2(Ω), t ∈ J , then there exists a positive constant C only depending on
u, a, b and v such that for any K ∈ T and σ ∈ εK ,

|Rn
K,σ | + |R̃n

K,σ | + |rn
K,σ | + |ρn

K | ≤ Ch;

moreover, if ut(·, t) ∈ C2(Ω), t ∈ J , then

|dtR
n
K,σ| + |dtR̃

n
K,σ | + |dtr

n
K,σ | ≤ Ch.

(2) If u(·, t) ∈ H2(Ω), t ∈ J , then there exist C1 only depending on d, a and ζ, C2 only
depending on d, v, ζ and p, and C3 only depending on d, λ, v, ζ and p such that for any K ∈ T
and σ ∈ εK ,

|Rn
K,σ| ≤ C1h[m(σ)dσ ]−

1
2 ‖u(·, tn)‖H2(Vσ),

|rn
K,σ | ≤ C2h[m(σ)dσ ]−

1
p ‖u(·, tn)‖W 1,p(Vσ),

|R̃n
K,σ| ≤ C3h[m(σ)dσ ]−

1
p ‖u(·, tn)‖W 1,p(Vσ),

|ρn
K | ≤ ‖bn‖∞h[m(K)]−

1
p ‖u(·, tn)‖W 1,p(K);

moreover, if ut(·, t) ∈ H2(Ω), t ∈ J , then

|dtR
n
K,σ | ≤ C1h[m(σ)dσ ]−

1
2 ‖

∫ 1

0 ut(·, βtn+1 + (1 − β)tn)dβ‖H2(Vσ),

|dtr
n
K,σ | ≤ C2h[m(σ)dσ ]−

1
p ‖

∫ 1

0
ut(·, βtn+1 + (1 − β)tn)dβ‖W 1,p(Vσ),

|dtR̃
n
K,σ | ≤ C3h[m(σ)dσ ]−

1
p ‖

∫ 1

0
ut(·, βtn+1 + (1 − β)tn)dβ‖W 1,p(Vσ),

for all p > d and such that p < +∞ if d = 2 and p ≤ 6 if d = 3.
Denote

Gn
K,σ = −τσan

σ(en
L − en

K), ∀K ∈ T , σ = K|L ∈ εK∩εint,
Gn

K,σ = −τσan
σ(en

σ − en
K), ∀K ∈ T , σ ∈ εK∩εext.
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Subtracting (2.3) and (2.4) from (2.1) and (2.2) respectively, one obtains

m(K)dte
n
K +

∑

σ∈εK

Gn+1
K,σ +

∑

σ∈εK

vn+1
K,σ e

n+1
σ,+ +m(K)bn+1

K en+1
K

= −
∑

σ∈εK

m(σ)(Rn+1
K,σ + rn+1

K,σ ) −m(K)(ρn+1
K − Sn+1

K ), ∀K ∈ T , (3.3)

−Gn+1
K,σ − vn+1

K,σ e
n+1
σ,+ + [m(σ)λn+1

σ + vn+1
K,σ ]en+1

σ

= m(σ)(Rn+1
K,σ − R̃n+1

K,σ + rn+1
K,σ ), ∀σ ∈ εK ∩ εext. (3.4)

3.3 L2 Norm Error Estimate - Proof of Theorem 2

Multiplying (3.4) with en+1
σ and summing for all σ ∈ εK ∩ εext, multiplying (3.3) with en+1

K ,
and summing these two equalities for all K ∈ T , one knows

5
∑

i=1

An
i =:

∑

K∈T

m(K)(dte
n
K)en+1

K

+[
∑

K∈T

∑

σ∈εK∩εint

Gn+1
K,σ e

n+1
K +

∑

K∈T

∑

σ∈εK∩εext

(Gn+1
K,σ e

n+1
K −Gn+1

K,σ e
n+1
σ )]

+[
∑

K∈T

∑

σ∈εK

vn+1
K,σ e

n+1
σ,+ e

n+1
K +

∑

K∈T

∑

σ∈εK∩εext

( 1
2v

n+1
K,σ e

n+1
σ − vn+1

K,σ e
n+1
σ,+ )en+1

σ ]

+
∑

K∈T

m(K)bn+1
K (en+1

K )2 +
∑

K∈T

∑

σ∈εK∩εext

[m(σ)λn+1
σ + 1

2v
n+1
K,σ ](en+1

σ )2

= [−
∑

K∈T

∑

σ∈εK∩εint

m(K)(Rn+1
K,σ + rn+1

K,σ )en+1
K

−
∑

K∈T

∑

σ∈εK∩εext

m(σ)(Rn+1
K,σ + rn+1

K,σ )(en+1
K − en+1

σ )]

−
∑

K∈T

∑

σ∈εK∩εext

m(σ)R̃n+1
K,σ e

n+1
σ −

∑

K∈T

m(K)(ρn+1
K − Sn+1

K )en+1
K

=:
3
∑

i=1

Bn
i .

(3.5)

Now estimate relation (3.5) term by term. From (2.8), one deduces

An
1 =

1

2k
‖en+1

T ‖2 −
1

2k
‖en

T ‖
2 +

k

2
‖dte

n
T ‖

2, (3.6)

An
2 =

∑

σ∈ε

an+1
σ τσ(Dσe

n+1)2 ≥ a∗|e
n+1
T |21,T . (3.7)

Note that vn
K,σ = −vn

L,σ, K ∈ T , K ∩ L = σ, let vn
σ = |vn

K,σ | = |vn
L,σ|,

en
σ,− =

{

en
K , if vn

K,σ < 0,
en

L, otherwise,
if σ = K|L;

en
σ,− =

{

en
K , if vn

K,σ < 0,
en

σ , otherwise,
if σ ∈ εK ∩ εext; (3.8)
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and notice (2.8), one derives

An
3 =

∑

σ∈εK∩εint

vn+1
σ en+1

σ,+ (en+1
σ,+ − en+1

σ,− )

+
∑

K∈T

∑

σ∈εK∩εext

[vn+1
K,σ e

n+1
σ,+ e

n+1
K + ( 1

2v
n+1
K,σ e

n+1
σ − vn+1

K,σ e
n+1
σ,+ )en+1

σ ]

= 1
2

∑

σ∈εint

vn+1
σ (en+1

σ,+ − en+1
σ,− )2 + 1

2

∑

K∈T

∑

σ∈εK

vn+1
K,σ (en+1

K )2

+
∑

K∈T

∑

σ∈εK∩εext

vn+1
K,σ [en+1

σ,+ e
n+1
K − 1

2 (en+1
K )2 − en+1

σ,+ e
n+1
σ + 1

2 (en+1
σ )2]

= 1
2

∑

σ∈εint

vn+1
σ (en+1

σ,+ − en+1
σ,− )2 + 1

2

∫

Ω
div(v(x, tn+1))[e

n+1
T (x)]2dx

+ 1
2

∑

σ∈εext

vn+1
σ (en+1

σ,+ − en+1
σ,− )2

= 1
2

∑

σ∈ε

vn+1
σ (en+1

σ,+ − en+1
σ,− )2 + 1

2

∫

Ω
div(v(x, tn+1))[e

n+1
T (x)]2dx.

(3.9)

It is obvious that
An

4 =
∫

Ωb(x, tn+1)[e
n+1
T (x)]2dx, (3.10)

An
5 =

∫

∂Ω[λ(x, tn+1) + 1
2v(x, tn+1) · η(x)][e

n+1
T (x)]2dx. (3.11)

Recall that Rn+1
K,σ = −Rn+1

L,σ , r
n+1
K,σ = −rn+1

L,σ for K ∈ εint,K ∩ L = σ, hence from Hölder’s
inequality and Lemma 2,

3
∑

i=1

Bn
i ≤ C(1 + 1

δ
+ 1

ε
)(h2 + k2) + δ|en+1

T |21,T + ε‖en+1
T ‖2

L2(∂Ω) + C‖en+1
T ‖2. (3.12)

Combining (3.5)-(3.12) leads to

1
2k
‖en+1

T ‖2 − 1
2k
‖en

T ‖
2 + k

2‖dte
n
T ‖

2 + (a∗ − δ)|en+1
T |21,T

+
∫

Ω
[ 12div(v(x, tn+1)) + b(x, tn+1)][e

n+1
T (x)]2dx + 1

2

∑

σ∈ε

vn+1
σ (en+1

σ,+ − en+1
σ,− )2

+
∫

∂Ω
[λ(x, tn+1) + 1

2v(x, tn+1) · η(x)][e
n+1
T (x)]2dx

≤ C(1 + 1
δ

+ 1
ε
)(h2 + k2) + C‖en+1

T ‖2 + ε‖en+1
T ‖2

L2(∂Ω).

(3.13)

Obviously the last term on the left hand of (3.13) is nonnegative. Multiplying (3.13) with
2k and summing for n = 0, 1, 2, · · · , N leads to

‖eN+1
T ‖2 + 2(a∗ − δ)k

N
∑

n=0
|en+1

T |21,T + k2
N
∑

n=0
‖dte

n
T ‖

2 +EN
1 +EN

2

≤ C‖e0T ‖
2 + C(1 + 1

δ
+ 1

ε
)(h2 + k2) + Ck

N
∑

n=0
‖en+1

T ‖2 + εk
N
∑

n=0
‖en+1

T ‖2
L2(∂Ω),

where

EN
1 = 2k

N
∑

n=0

∫

Ω
[ 12div(v(x, tn+1)) + b(x, tn+1)][e

n+1
T (x)]2dx,

EN
2 = 2k

N
∑

n=0

∫

∂Ω
[λ(x, tn+1) + 1

2v(x, tn+1) · η(x)][e
n+1
T (x)]2dx.

For v ·η/2+λ > 0 a.e. on ∂Ω, one sees EN
1 ≥ 0, EN

2 ≥ εk
N
∑

n=0
‖en+1

T ‖2
L2(∂Ω); for v ·η/2+λ = 0

a.e. on ∂Ω, one sees EN
2 = 0 and div(v)/2+ b > 0 a.e. on O, hence EN

1 ≥ Cεk
N
∑

n=0
‖en+1

T ‖2
L2(O),

with Lemma 1, εk
N
∑

n=0
‖en+1

T ‖2
L2(∂Ω) ≤ EN

1 +Cεk
N
∑

n=0
|en+1

T |21,T , hence with properly chosen ε, δ,
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under Assumptions 1 and 2, there is

‖eN+1
T ‖2 + k

N
∑

n=0
|en+1

T |21,T + k2
N
∑

n=0
‖dte

n
T ‖

2 ≤ C(‖e0T ‖
2 + h2 + k2) + Ck

N
∑

n=0
‖en+1

T ‖2,

using Gronwall’s inequality to the above inequality, one gets for ‖e0T ‖ = O(h+k), the left hand
of the above relation can be bounded by C(h2 + k2), N = 0, 1, · · · , Nk; another use of Lemma
1 shows Theorem 2 is valid.

3.4 H1 Semi-norm Error Estimate - Proof of Theorem 4
Multiplying (3.4) with en+1

σ − en
σ and summing for all σ ∈ εK ∩ εext, multiplying (3.3) with

en+1
K − en

K , and summing these two relations for all K ∈ T and n = 0, 1, · · · , N , rewriting the
deduced relation as

4
∑

i=1

DN
i =: DN

1 +DN
2 + (IN

0 +QN
0 + PN

0 ) +DN
4

=:
N
∑

n=0

∑

K∈T

[m(K)dte
n
K(en+1

K − en
K)]

+
N
∑

n=0
[

∑

K∈T

∑

σ∈εK

Gn+1
K,σ (en+1

K − en
K) −

∑

K∈T

∑

σ∈εK∩εext

Gn+1
K,σ (en+1

σ − en
σ)]

+{
N
∑

n=0

∑

K∈T

∑

σ∈εK∩εint

vn+1
K,σ e

n+1
σ,+ (en+1

K − en
K)

+
N
∑

n=0

∑

K∈T

∑

σ∈εK∩εext

vn+1
K,σ e

n+1
σ,+ [(en+1

K − en+1
σ ) − (en

K − en
σ)]

+ 1
2

N
∑

n=0

∑

K∈T

∑

σ∈εK∩εext

vn+1
K,σ e

n+1
σ (en+1

σ − en
σ)}

+{
N
∑

n=0

∑

K∈T

m(K)bn+1
K en+1

K (en+1
K − en

K)

+
N
∑

n=0

∑

K∈T

∑

σ∈εK∩εext

[m(σ)λn+1
σ + 1

2v
n+1
K,σ ]en+1

σ (en+1
σ − en

σ)}

= −
N
∑

n=0

∑

σ∈εK

[m(σ)(Rn+1
K,σ + rn+1

K,σ ) +m(K)(ρn+1
K − Sn+1

K )](en+1
K − en

K)

+
N
∑

n=0

∑

K∈T

∑

σ∈εK∩εext

m(σ)(Rn+1
K,σ − R̃n+1

K,σ + rn+1
K,σ )(en+1

σ − en
σ) =:

2
∑

i=1

ON
i .

(3.14)

Estimating its terms one by one, one derives

DN
1 = k

N
∑

n=0
‖dte

n
T ‖

2, (3.15)

DN
2 =

N
∑

n=0
{

∑

σ∈εint

τσa
n+1
σ (en+1

K − en+1
L )[(en+1

K − en+1
L ) − (en

K − en
L)]

+
∑

K∈T

∑

σ∈εK∩εext

τσa
n+1
σ (en+1

K − en+1
σ )[(en+1

K − en+1
σ ) − (en

K − en
σ)]}

= 1
2

∑

σ∈ε

τσa
N+1
σ (Dσe

N+1)2 − 1
2

∑

σ∈ε

τσa
0
σ(Dσe

0)2

+ 1
2k

2
N
∑

n=0

∑

σ∈ε

τσa
n+1
σ (Dσdte

n)2 − 1
2k

N
∑

n=0

∑

σ∈ε

τσdta
n
σ(Dσe

n)2

≥ 1
2a∗|e

N+1
T |21,T − C|e0T |

2
1,T + 1

2a∗k
2

N
∑

n=0
|dte

n
T |

2
1,T − Ck

N
∑

n=0
|en

T |
2
1,T ,

(3.16)

where (2.8) has been used for the second equality in (3.16).



174 X. CUI

Now pay attention to the estimate of DN
3 . First, let sign(φ) stand for the function sign(φ) =

1 for φ > 0, sign(φ) = 0 for φ = 0, sign(φ) = −1 for φ < 0; for vn
K,σ = 0, take supplemental

definition sign(
v

n+1

K,σ

vn
K,σ

) = sign(vn+1
K,σ ). Using the summation-by-parts formula (2.9), one obtains

IN
0 =

∑

K∈T

∑

σ∈εK∩εint

vN+1
K,σ eN+1

σ,+ eN+1
K −

∑

K∈T

∑

σ∈εK∩εint

v0
K,σe

0
σ,+e

0
K

−k
N
∑

n=0

∑

K∈T

∑

σ∈εK∩εint

(dtv
n
K,σ)en

σ,+e
n
K

−
N
∑

n=0

∑

K∈T

∑

σ∈εK∩εint

vn+1
K,σ (en+1

σ,+ − en
σ,+)en+1

K

+
N
∑

n=0

∑

σ∈εint

vn+1
σ (en+1

σ,+ − en
σ,+)[(en+1

σ,+ − en+1
σ,− ) − sign(

v
n+1

K,σ

vn
K,σ

)(en
σ,+ − en

σ,−)]

=
4
∑

i=1

IN
i +

N
∑

n=0

∑

σ∈εint

vn+1
σ (en+1

σ,+ − en
σ,+)[(en+1

σ,+ − en
σ,+) − (en+1

σ,− − en
σ,−)]

=
4
∑

i=1

IN
i + 1

2k
2

N
∑

n=0

∑

σ∈εint

vn+1
σ (dte

n
σ,+ − dte

n
σ,−)2

+ 1
2k

2
N
∑

n=0

∫

Ω div(v(x, tn+1))[dte
n
T (x)]2dx

− 1
2

N
∑

n=0

∑

K∈T

∑

σ∈εK∩εext

vn+1
K,σ (en+1

K − en
K)2 =:

7
∑

i=1

IN
i ,

(3.17)

QN
0 =

∑

K∈T

∑

σ∈εK∩εext

vN+1
K,σ eN+1

σ,+ (eN+1
K − eN+1

σ ) −
∑

K∈T

∑

σ∈εK∩εext

v0
K,σe

0
σ,+(e0K − e0σ)

−k
N
∑

n=0

∑

K∈T

∑

σ∈εK∩εext

(dtv
n
K,σ)en

σ,+(en
K − en

σ)

+
N
∑

n=0

∑

K∈T

∑

σ∈εK∩εext

vn+1
K,σ (en+1

σ,+ − en
σ,+)[(en+1

K − en+1
σ ) − (en

K − en
σ)]

−
N
∑

n=0

∑

K∈T

∑

σ∈εK∩εext

vn+1
K,σ (en+1

σ,+ − en
σ,+)(en+1

K − en+1
σ ) =:

5
∑

i=1

QN
i ,

(3.18)

PN
0 = 1

2

∑

K∈T

∑

σ∈εK∩εext

vN+1
K,σ (eN+1

σ )2 − 1
2

∑

K∈T

∑

σ∈εK∩εext

v0
K,σ(e0σ)2

− 1
2k

N
∑

n=0

∑

K∈T

∑

σ∈εK∩εext

(dtv
n
K,σ)en

σe
n
σ

− 1
2

N
∑

n=0

∑

K∈T

∑

σ∈εK∩εext

vn+1
K,σ (en+1

σ − en
σ)en

σ =:
4

∑

i=1

PN
i ,

(3.19)

where the second and the third equalities in (3.17) hold for sign(
v

n+1

K,σ

vn
K,σ

) = 1 or 0, e.g. for

Condition (A) or (B). Then notice that

QN
0 +QN

5 =
N
∑

n=0

∑

K∈T

∑

σ∈εK∩εext

vn+1
K,σ (en+1

K − en
K)(en+1

σ + en
σ)

−
∑

K∈T

∑

σ∈εK∩εext

vN+1
K,σ eN+1

K eN+1
σ −

∑

K∈T

∑

σ∈εK∩εext

v0
K,σe

0
Ke

0
σ

+k
N
∑

n=0

∑

K∈T

∑

σ∈εK∩εext

(dtv
n
K,σ)en

Ke
n
σ =:

4
∑

i=1

SN
i ,

PN
0 + PN

4 = 1
2

N
∑

n=0

∑

K∈T

∑

σ∈εK∩εext

vn+1
K,σ (en+1

σ − en
σ)2 =: TN

1 .

Finally, treating the related terms similarly as in the former subsection 3.3 (especially as in
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(3.9)), and combining these estimates means

DN
3 = IN

0 +QN
0 + PN

0 = ( 1
2

7
∑

i=0

IN
i ) + ( 1

2

4
∑

i=1

SN
i + 1

2

4
∑

i=1

QN
i ) + ( 1

2T
N
1 + 1

2

3
∑

i=1

PN
i )

= 1
2 (IN

1 +QN
1 + PN

1 ) + 1
2 (IN

5 + IN
7 +QN

4 + TN
1 ) + 1

2I
N
6 + 1

2 (IN
2 +QN

2 + PN
2 )

+ 1
2 [(IN

3 +QN
3 + PN

3 ) + SN
4 + (IN

0 + IN
4 + SN

1 ) + SN
2 + SN

3 ]

≥ 1
4

∑

σ∈ε

vN+1
σ (eN+1

σ,+ − eN+1
σ,− )2 + 1

4

∫

Ω div(v(x, tN+1))[e
N+1
T (x)]2dx

+ 1
4k

2
N
∑

n=0

∑

σ∈ε

vn+1
σ (dte

n
σ,+ − dte

n
σ,−)2 + 1

4k
2

N
∑

n=0

∫

Ω div(v(x, tn+1))[dte
n
T (x)]2dx

−C[‖e0T ‖
2 + |e0T |

2
1,T + ‖e0T ‖

2
L2(∂Ω)] − δk

N
∑

n=0
‖dte

n
T ‖

2 − ε‖eN+1
T ‖2

L2(∂Ω)

−C(1 + 1
δ
)k

N+1
∑

n=0
‖en

T ‖
2 − C(1 + 1

δ
)k

N+1
∑

n=0
|en

T |
2
1,T

−C(1 + 2
δ
)k

N+1
∑

n=0

‖en
T ‖

2
L2(∂Ω) − C 1

ε
‖eN+1

T ‖2.

(3.20)

Other terms are easy to deal with. In fact, denote

FN
1 = 1

2

∫

Ω[b(x, tN+1) + 1
2div(v(x, tN+1))][e

N+1
T (x)]2dx

+ 1
2k

2
N
∑

n=0

∫

Ω
[b(x, tn+1) + 1

2div(v(x, tn+1))][dte
n
T (x)]2dx,

FN
2 = 1

2

∫

∂Ω[λ(x, tN+1) + 1
2v(x, tN+1) · η(x)][e

N+1
T (x)]2dx

+ 1
2k

2
N
∑

n=0

∫

∂Ω
[λ(x, tn+1) + 1

2v(x, tn+1) · η(x)][dte
n
T (x)]2dx,

using summation-by-parts process (2.10), one shows

DN
4 = FN

1 + FN
2 − 1

2

∫

Ω b(x, t0)[e
0
T (x)]2dx− 1

2k
N
∑

n=0

∫

Ω dtb
n(x)[en

T (x)]2dx

− 1
2

∫

∂Ω
[λ(x, t0) + 1

2v(x, t0) · η(x)][e
0
T (x)]2dx

− 1
2k

N
∑

n=0

∫

∂Ω
[dtλ

n(x) + 1
2dtv

n(x) · η(x)][en
T (x)]2dx

≥ FN
1 + FN

2 − C[‖e0T ‖
2 + ‖e0T ‖

2
L2(∂Ω)] − Ck

N
∑

n=0
[‖en

T ‖
2 + ‖en

T ‖
2
L2(∂Ω)],

(3.21)

using Lemma 2,

ON
1 ≤ C

1

δ
(h2 + k2) + δk

N
∑

n=0

‖dte
n
T ‖

2, (3.22)

ON
2 =

∑

K∈T

∑

σ∈εK∩εext

m(σ)(RN+1
K,σ − R̃N+1

K,σ + rN+1
K,σ )eN+1

σ

−
∑

K∈T

∑

σ∈εK∩εext

m(σ)(R0
K,σ − R̃0

K,σ + r0K,σ)e0σ

−k
N
∑

n=0

∑

K∈T

∑

σ∈εK∩εext

m(σ)(dtR
n
K,σ − dtR̃

n
K,σ + dtr

n
K,σ)en

σ

≤ C(1 + 1
ε
)(h2 + k2) + C‖e0T ‖

2
L2(∂Ω) + ε‖eN+1

T ‖2
L2(∂Ω) + Ck

N
∑

n=0
‖en

T ‖
2
L2(∂Ω),

(3.23)

where summation by parts (2.9) has been used to get (3.23).
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Combine (3.14)-(3.16) and (3.20)-(3.23), and manipulate the derived relation, one knows

(1 − 2δ)k
N
∑

n=0
‖dte

n
T ‖

2 + 1
2a∗|e

N+1
T |21,T + 1

2a∗k
2

N
∑

n=0
|dte

n
T |

2
1,T + FN

1 + FN
2

+ 1
4

∑

σ∈ε

vN+1
σ (eN+1

σ,+ − eN+1
σ,− )2 + 1

4k
2

N
∑

n=0

∑

σ∈ε

vn+1
σ (dte

n
σ,+ − dte

n
σ,−)2

≤ C[‖e0T ‖
2 + |e0T |

2
1,T + ‖e0T ‖

2
L2(∂Ω)] + C(1 + 1

δ
+ 1

ε
)(h2 + k2)

+C(1 + 1
δ
)k

N+1
∑

n=0
‖en

T ‖
2 + C(1 + 1

δ
)k

N+1
∑

n=0
|en

T |
2
1,T + C(1 + 2

δ
)k

N+1
∑

n=0
‖en

T ‖
2
L2(∂Ω)

+C 1
ε
‖eN+1

T ‖2 + 2ε‖eN+1
T ‖2

L2(∂Ω).

Apply (2.11) and (2.12) for φ = eT , and notice that for v · η/2 + λ > 0 a.e. on ∂Ω, FN
1 ≥ 0,

FN
2 ≥ ε0k

2
N
∑

n=0
‖dte

n
T ‖

2
L2(∂Ω) + ε0‖e

N+1
T ‖2

L2(∂Ω); for v · η/2 + λ = 0 a.e. on ∂Ω × J , FN
2 = 0,

FN
1 ≥ ε0k

2
N
∑

n=0

‖dte
n
T ‖

2
L2(O) + ε0‖e

N+1
T ‖2

L2(O); then, for proper positive constants ε, δ, α, ε0, the

above expressions may also be written as

k
N
∑

n=0
‖dte

n
T ‖

2 + |eN+1
T |21,T + k2

N
∑

n=0
|dte

n
T |

2
1,T

≤ C[‖e0T ‖
2 + |e0T |

2
1,T + ‖e0T ‖

2
L2(∂Ω) + h2 + k2]

+Ck
N
∑

n=0
(k

n
∑

l=0

‖dte
n
T ‖

2) + Ck
N+1
∑

n=0
|en

T |
2
1,T ,

using Lemma 1 and Gronwall’s inequality, one comes to the conclusion of Theorem 4.
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