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Abstract

In this paper, a class of two-step continuity Runge-Kutta(TSCRK) methods for solving
singular delay differential equations(DDEs) is presented. Analysis of numerical stability of
this methods is given. We consider the two distinct cases: ()7 > h, (ii)T < h, where the
delay 7 and step size h of the two-step continuity Runge-Kutta methods are both constant.
The absolute stability regions of some methods are plotted and numerical examples show
the efficiency of the method.
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1. Introduction

Consider the following delay differential equations (DDEs):
Y'(x) = flz,y(@),y(z —7(z))) a<z<b (1)

where y, f, ¢ are n-vector functions, (z) is initial value function, 7(x) > 0 is delay function.

Definition 1.1. DDFs (1.1) is singular at the point x, if the delay function satisfies T(xq) = 0.
If there is no such point o € [a b], then the DDEs (1.1) is non-singular.

In the numerical solution of DDEs (1.1) by a continuous explicit Runge-Kutta method, we
suppose that we have an approximation y,, to y(z) at =, and wish to compute an approximation
at Tpy1 = xp +h. Fori=1,2,--- s, the stages fni = f(Tni, Yni, §(@ni — 7(zni))) are defined
in terms of z,; = x, + ¢;h and 0 < ¢; < 1. Continuous explicit Runge-Kutta method is

i—1
Yni = Yn + h Z aijfni
i=1 s (1.2)

Yn+o = g(xn + Uh) =UYn +h z:l bl(a)fﬂl

i=

When DDE is singular or has a vanishing delay, a delay may fall in the span of the current step
where there is no available approximation for the solution value at the delayed argument. This
situation can also arise particularly at relaxed tolerance when the delay does not vanishing but
actual optimal step size is larger than the size of the delay. In such case, Tn; — 7(Tni) > X
for some x,,;. Since no approximation for §(x,; — 7(x,;)) is available, the explicit Runge-Kutta
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formulae (1.2) become implicit. For solving singular delay differential equations several authors
have adopt the iteration scheme [1], [3]. However iteration is a computationally expensive
approach. In this paper we relax the effect of delay when computing the Runge-Kutta stages in
the span of the current step and construct a class of two-step continuity Runge-Kutta (TSCRK)
methods. This class of methods keeps the explicit process of computing the Runge-Kutta stages
and avoids iteration, then reduces the computing workload. Numerical stability analysis of the
methods is given, and the regions of absolute stability for this class of methods are plotted.
The numerical results show the efficiency of the TSCRK methods. The vanishing delay can
be handled automatically by the methods so the users do not need to know where the delay
vanishes.

2. TSCRK Methods

For the numerical solution of DDEs (1.1) we construct the TSCRK methods. These methods

have the form .

Yni = @Yn—1 + (1 — @i)yn + h Zl(aijfn—lj + bij fnj)
~ J: ~
Ynto = Q(xn +0oh) = 0(0)yn—1+ (1 —0(0))yn (2.1)

S

+h ;(Uz‘(a)fn—u +wi(0) fni)

where fn; = f(Tni, Yni, @(@ni — 7(zni))), Q(zn + oh) is an approximation to y(z, + oh),
0<0 <1, Q@n+h)=ynt1, Q@n) = Yn, Tni = &n + ¢;h, bj; =0, for j > 4. Assume that
c1 = 0. é(g), vi(0), wi(o) are polynomials in ¢ of degree p*, p* > p, p is the order of the
methods. 6(0) = v;(0) = w;(0) =0, (1) = 0, v;(1) = v, wi(1) = w;, ¢ = 1,--- ;5. We define
Q(z) = p(x) when z < a. Methods (2.1) are not self-starting and we use the continuous RK
method of the same order as the TSCRK methods (2.1) to compute the required approximations,
Y1, Yo1,s Yo2, s Yos and Yo, 0 < o < 1. When delay falls in the first interval [xg, x1], we use
the iteration scheme constructed in [1] to compute the approximations. When DDEs is singular
or has a vanishing delay, a delay may fall in the current step. We relax the effect of delay
when computing the Runge-Kutta stages in the span of the current step and assume that
wa(o) =ws(o) =--- =ws(o) =0, for all 0 < o < 1, we have

Yni = iYn—1 + (1 — i)yn + h f:l(aijfn—lj + bij fnj)
~ J: ~
Ynto = Q(@n + oh) = 0(0)yn—1+ (1 = 0(0))yn (2.2)

S

+h ;'Ui(a)fn—li + hw1(0) fn1

Methods (2.2) keep the explicit process when solving singular delay differential equations and
vanishing delay differential equations. Introducing the vectors

Zn,o = 2(Tn,0h) = (y(zn + oh),y(zn), B(P1,y(20)), -, B(Ps, y(mn)))T

Zn = Z(Z‘n, h) = (y(mn + h)a y(mn), B((blv y(xn)), T 7B((I>Sa y(xn)»T

Un,oc = (ynJraa YnsYn,1, " 7yn7s)T

Up = (ynJrla YnsYn,1," " 7yn7s)T
Then the methods (2.1) can be written in the form

Uo,e = ¥(coh) B (2.3)
Un+1,0 = Ruy + hq)(mn+1; Un, T; Q(x)) .
Here ¥(oh) specifies the ”starting procedure”, the matrix R is given by

~ ~ 1 a1
1—-6(c) 6(c) O 1 as
R = 1 0 0 , 1 = ], a= . , and the increment function
1-a a 0 :
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®(x,u,0;Q(x)) is implicitly defined by (2.1).

The method (2.3) is stable if [|R"[| is uniformly bounded. Namely, the methods (2.3) is
stable if —1 < 6(0) <1, for all 0 < ¢ < 1[5]. This will be assumed throughout the paper.

Definition 2.1. The local truncation error of the method (2.3) is defined by

d07g = Z07g — \IJ(O'h) B (2 4)
d"+17‘7 = Zn+l,0 RZ” - h‘b(l‘n+1, Ry 03 y(ﬂf)) 0 <o < 1 ’

1
Denoting F = (1+60(c))"* [ 1 ] (1,6(5),0,---,0), we give the definition of order[3] of
1
the method (2.3).

Definition 2.2. The method (2.3) is of order p (consistent of order p), if for all problems (1.1)
with p times continuously differentiable f, the local truncation error satisfies

dno = O(hP), Fdpi1o=0hPT) forall 0<o<1 (2.5)

If we assume f is p-times continuously differentiable then, in general, ¥(ch), ®(z, z, o; y(z)),
z(xz,oh) and z(x,h) are also smooth, so that the local truncation error (2.4) can be expended
into a Taylor series in h:

do.c =70(0) +71(0)h + -+ +ypo1(0)hP™H + O(RP)
dn—i—l,o‘ = 50(Z‘n+1, 0') + 51 (Z‘n+1, O')h —+ -+ 5p(33n+1; O')hp + O(hp-i—l)
So if the TSCRK methods (2.3) are consistent of order p then Fd,(z,0) =0, forall 0 <o < 1.

(2.6)

Theorem 2.1. [6]  The method (2.1) is consistent of order p if
o)(=1)7® + i:(vi(a)(e_lih)’(t) +wi(0)(P:)' (1))

i=1

where e~1(t) = (=1)?®), for all trees t € T.

When solving singular delay differential equations or vanishing delay differential equations
we assume wa(0) = w3(o) = -+ = ws(o) =0, for all 0 < ¢ < 1. We can construct s-stage
TSCRK methods of order p and stage-order g by using the order condition equations (2.7). After
satisfying the appropriate order and stage conditions we choose the remaining free parameters
trying to minimize the norm of the coefficients of the principal part of the local truncation
error. Then we choose the other free parameters to maximize the area of absolute stability.
When solving nonvanishing delay differential equations we construct continuous methods based
on the TSRK methods constructed in [2]. The coefficients of TSCRK methods for singular
delay differential equations of s =2,p=2,q=1;s=2,p=2,q=2; s =3,p=3,9g =2 and
s =4,p=4,q = 4 are listed in Table 2.1, Table 2.2, Table 2.3 and Table 2.4 respectively. We
assume é(a) =0, 0 <o <1, when construct the TSCRK methods.

The coefficients of the TSCRK methods for nonvanishing delay differential equations with
s=2,p=2,q=1;,s=3,p=3,q9=2 are listed in Table 2.5 and Table 2.6 respectively.

We assume that there is no derivative discontinuities in DDEs (1.1), and f satisfies a Lips-
chitz condition

Hf(xvgvg) - f(xvya Z)H < Lmax(||g] - yHa ”2 - ZH)

We use the continuous RK method with the order same as the TSCRK methods (2.1) or methods
(2.2) to start the integration, i.e., |doo|| = O(hP), for all0 < o < 1.
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Theorem 2.2. [6] Consider a stable method (2.1) or (2.2) and assume that the local truncation

error satisfies (2.6) with 6,(x) continuously differentiable. If method (2.1) or (2.2) is consistent
of order p and the step size h used satisfies (2.8) then ||ly(x) — Q(x)|| = O(hP), for alla < x < b.

(2.8)

s i—1
hLmax() " lai|+ Y [bi]) <1
j=1 j=1

Table 2.1: The TSCRK method with s =2,p =2,¢ = 1 (method a)

an; = 0.12 a2 = 0.28 as1 = 0.465
az2 = 0.21 bo1 = 0.725 ar =04
az = 0.4 wy = 1.405325 ws =0
wi (o) = 1530 /169 + o2 /2 wa(c) =0 v = —0.5
vi(o) = —02/2 ve = 0.094674556 va2(o) = 160 /169

Table 2.2: The TSCRK method with s =2,p =2,¢ = 2 (method b)

all = 0.2 a2 = 0.2 a1 = —0.55
az2 = —0.11 ba1 = 1.56 ay =04
Qg = —0.1 w1 = 1.61 W2 = O
wi (o) = 610/100 + o2 wz(o) =0 v1 = —0.5
v1(0) = —02/2 ve = —0.11 v2(0) = 390 /100 — 02 /2

Table 2.3: The TSCRK method with s =3,p = 3,¢ = 2 (method c)

ail = 0.22 alg = —-0.14 alz = 0.22
a1 = 0.43 a2 = —0.97 a3 = 0.62
az1 =0.66 | azx = —1.23 ass = 0.64
b21 = 0.56 b31 = 0.14 bsg = 0.14
a1 = 0.3 az =0.14 va(o) = —202% — 40‘5/3
wy = 1.48 we =0 v3(0) = o + 713302 /10000 — 79957 /30000
v1 = 1.1667 | v = —3.3333 vi(o) =0/2+20°/3
vy = 1.6867 as = 0.15 ws = 0
wa(o) =0 wz(o) =0 wi (o) = 7867¢2 /10000 + 69330> /10000
Table 2.4: The TSCRK method with s =4,p =4,q = 4 (method d)
ail = 0.058833 alg = 0.23533 alz = 0
a1s = 0.058833 | a21 = —0.10717 azs = 1.82133
azs = —3 azs = 1.871533 az1 = —0.334271
asz = 3.609792 | a3z = —5.9875 ass = 3.121979
asg1 = —0.67667 a42 = 6.12 a43 = —9.85333
asq = 4.48 bo1 = 0.2713 bs1 = 0.45
b3a = 0.2 by = 0.71 baa = 0.28
b43 =0.2 o1 = 0.353 Qg = 0.357
az = 0.310 as =0.26 v1(0) = —0°/6 —20°/3 — 20%/3
wr = 1.81 w2 =0 v2(0) = 20% + 200° /3 + 40
w3 =0 ws=0 v3(0) = —160%/3 — 320° /3 — 160*/3
v =—1.5 ve = 12.6667 | wa(o) = 440 /25 + 9307 /100 + 176° /3 + o*
v3 = —21.33333 | vy = 9.35667 wi (o) = —190/25 + 25707 /100 — o° + o
wz(o) =0 ws(o) =0 wa(o) =0




A Class of Two-step Continuity Runge-kutta Methods for ...

Table 2.5: The TSCRK method with s =2,p =2,¢ = 1 (method e)

a11 = 0.692385

a1z = 0.219172

v1(0) = 2195/2000 — 136302 /5000

az2 = 0.235132

b21 = 0.730872

a1 = 0.911557

oz = 0.601892 | wi = 0.892098 | wa(o) = 2195/2000 + 113702 /5000
v1 = —0.163152 | ws = 0.336848 | w1 (o) = 7370/1000 + 155152 /10000
azn = 0.63588 | vy = —0.065794 | wy(0) = 116/250 — 109952 /10000

Table 2.6: The TSCRK method with s = 3,p = 3,¢ = 2 (method f)

all = 0.26445 alg = —0.50751 alz = 0.264446

az = 0.24029 | az2 = —0.63147 ass = 0.597963

as1 = 0.09693 | asz = —0.57815 | ws(o) = 0.00002190 — 0.502 + 0.615860°
ba1 = 0.39233 | bs1 = 0.582927 wa (o) = 1.92615902 — 1.3051120°

o = 0.02138 s = 0.099 va(0) = 0.0001750 — 0.221520° — 0.321780°
w = 0.0867 | w2 = 0.621047 | v3(0) = —0.000130 + 0.603930° — 0.08228¢°
v1 = 0.19797 | we = —0.54313 v1(0) = 0.0738402 + 0.1241955°

vs = 0.52151 | a3 = 0.353437 ws = 0.115883

bz = 0.26228 | a33 = 0.98944 w1 (o) = o — 1.8824050% + 0.96911990°

3. Stability Analysis of the TSCRK Methods

651

We apply the methods (2.1) to the linear delay differential test equation

y' () = Ay(@) + py(z — 1), (3.1)
where A\, y are complex numbers, 7 = (N +n)h, 0 < n < 1, N is a natural number. When
delay falls in the span of the current step, N = 0. If n < ¢;, we define §; = 1,v; = 0,&; =
¢; — 1. Alternatively, if n > ¢;, we define §; = 0,y = 1,6, = ¢; —n+1,i=1,---,s. Let

r>a

o = [517"' 758]T7 Y= ['717"' 7’78]T7 A~: diag((sl,;-' 758)7 F~: diag('yla"' 775)7 W(C) =
[w;(e)], V(C) = [vj(g:)], i, =1,---,s. 0(¢) = diag((g1),- -+ ,0(es)), vT = [v1,-++ ,v,], wl =
a11 a1s 0 0 0
bs1 O
[wy, - ws], A= , B = , I =diag(l, -+, 1)sxs,
e o (o bsl T bssfl 0
L = diag(lv"' 71)(2s+2)><(2s+2)7 a = [011,--- vaS]Tv €= [17"' vl]Tv S = (I_ h)‘B)_lv z = hA,

21 =hp, T) = 2107 + 2z210T SA, Ty = z1wT' S, Ty = 221SA, Ty = 215, Ts = 21SA, Tg = 21SB.
If we let U1 = [Ynt1,Yn, Ynis 5 Yns, WY, 1, -+, hY/ ] then we have

\Ijn+1 - Alan + AQ\I’n—N—Q—l + AS\IJn—N + A4\IJ7L—N—1 + A5\IJ7L—N—2 (32)

1—-0+z20TS(e—u) 0+ z20TSu 20T +22wT'SA 0
1 0 0 0
where A; = S(e —u) Su zSA 0|’
zS(e —u) zSu 22SA 0
0 T(I-0()) 0 TAW(C)
Ay — 0 0~ 0 0
0 T(I—0(C)8 0 TAW(C) |
0 Ty(I-0(0)5 0 T,AW(C)
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0 Tof(¢)6 +To(I —6(0)y +Ti(I —6(¢)5 0 ToAV(Q) + (Tol + T1A)W(C)
0 0 0 0

=10 T8+ T - By + TSI —6(Q)5 0 TAV(() + (0 + T ) ’
0 Tu0(0)6 +Tu(I —6(O))y+T3(I—0()5 0 T4AV(C) + T4F+T3 YW (¢
0 TS +Ti(I—0())y+To0(C)y 0 (TLA+ToD)V(C)+TiTW (¢
0 0 0 0

A=l T56(C)0 + T5(I = 0(C)y + Teb(¢)y 0 (TsA + TeD)V(Q) + TsTW (¢
0 T30(0)0+T5(1—0(0)y+Tub(C)y 0 (T3A+TuI)V(C)+TTW(¢
0 T6(¢)y 0 TIV(C()

Ay — 0 ~0 0 0
0 T50(¢)y 0 TTV(C)
0 T30()y 0 T:TV(C)

Theorem 3.1. If we let £" = U,,, then TSCRK methods (2.1) is stable if and only if all the
zeros of

Sh(X 1, €) = det[ENT3T, — ENT2A; — 3 Ay — 2 A1 — Ay — A5
satisfy root condition.

We plot the stability regions of the TSCRK methods we have given in last section. z = hJ,
z1 = hp in the figures.

The stability regions of the TSCRK method (a) (dashed line) and RK method with order
2(solid line) are plotted in Figure 3.1 respectively, where the test equation is

y'(x) =xy(@), =>a (3.3)

The stability regions of TSCRK method (a) are plotted in Figure 3.2, where the test equation
is

y'(z) = Ay(z) + py(z — 0.25h). (3.4)

The stability regions of the TSCRK method (b) are plotted in Figure 3.3 where the test equation
s (3.4) and the stability regions of the improved Euler method (the smaller regions in the
middle) are plotted in Figure 3.3 where the test equation is

y'(x) = My(z) + py(x — h). (3.5)
The stability regions of the TSCRK method (c¢) (the left one) and RK method with order 3(the
right one) are plotted in Figure 3.4 respectively, where the test equation is (3.3).
The stability regions of the TSCRK method (c) are plotted in Figure 3.5, where the test equation
is
y'(x) = Ay(z) + py(z — 0.5h). (3.6)

The stability regions of the TSCRK method (e) (the larger one) and the stability regions of the
improved Euler method (the smaller one) are plotted in Figure 3.6 respectively, where the test
equation is

y'(z) = My(z) + py(x — 5.25h). (3.7)

The stability regions of the TSCRK method (f) (the larger one) and the stability regions of
the 4-stage continuous RK method with order 3 (the smaller one) are plotted in Figure 3.7
respectively, where the test equation is equation (3.7).
The stability regions of the TSCRK method (f) (the larger one) and the stability regions of
the 4-stage continuous RK method with order 3 (the smaller one) are plotted in Figure 3.8
respectively, where the test equation is equation (3.5).
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Figure 3.1: The stability regions of the TSCRK method (a) (dashed line) and RK method with order
2(solid line), where the test equation is (3.3).
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Figure 3.2: The stability regions of TSCRK method (a), where the test equation is (3.4).
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Figure 3.3: The stability regions of the TSCRK method (b) where the test equation is (3.4) and
the stability regions of the improved Euler method (the smaller regions in the middle) where the test
equation is (3.5).
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Figure 3.4: The stability regions of the TSCRK method (c) (the left one) and RK method with order
3(the right one), where the test equation is (3.3).
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Figure 3.5: The stability regions of the TSCRK method (c), where the test equation is (3.6).
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Figure 3.6: The stability regions of the TSCRK method (e) (the larger one) and the stability regions
of the improved Euler method (the smaller one), where the test equation is (3.7).
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Figure 3.7: The stability regions of the TSCRK method (f) (the larger one) and the stability regions of
the 4-stage continuous RK method with order 3 (the smaller one), where the test equation is equation
(3.7).

Re(z)

Figure 3.8: The stability regions of the TSCRK method (f) (the larger one) and the stability regions of
the 4-stage continuous RK method with order 3 (the smaller one), where the test equation is equation
(3.5).

We can find in Figure 3.6, Figure 3.7, and Figure 3.8 that the stability regions of the TSCRK
methods are obviously larger than the stability region of the continuous RK methods of the
same order when solving nonvanishing delay differential equations.

4. Numerical Results

We tested the methods we have given in Table 2.1 and Table 2.4 on two examples. The
first test problem is an asymptotically vanishing delay differential equation, where h > 7 on
almost every step when z > 3 and the solutions increase significantly. We apply the TSCRK
methods with s = 4,p = 4,¢ = 4 to the first example. We apply the TSCRK methods with
s =2,p =2,qg =1 to the second example. We list the results in Table 4.1 and Table 4.2
respectively. The error is the maximum absolute error over mesh points, ||y, — y(z,)||, on the
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whole integration interval.
Example 1.[3] (Asymptotically vanishing delay)

Y (x) = (1+e ®)y(z — e ®)exple e "), z € [0.6,4]
y(x) =e* ¢ ", x € ]0,0.6]

The exact solution is y(z) = e~

e~

Example 2.[1] (constant delay)
y'(x) = —y(z) — y(z — 7) + 3cos(x) + 5sin(x), = € [0,10]

y(x

) = 3sin(z) — 5eos(z), =<0

The exact solution is y(z) = 3sin(x) — 5cos(z).

Table 4.1: The maximum absolute error on the interval [0, 4] for example 1
Stepsize h=0.1 h =0.05
error 7.141310195351025e¢ — 004 4.455799361124946e — 005

Table 4.2: The maximum absolute error on the interval [0, 10] for example 2
Stepsize h =0.01 h = 0.005
error 3.521952101568360e — 004 8.776590240078264e — 005

The numerical results confirm our analysis of the order of our methods and show that the

TSCRK methods is efficient in solving singular delay differential equations and vanishing delay
differential equations.

(1]
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