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Abstract

To raise the efficiency of Rosenbrock methods Chen Lirong and Liu Degui have con-
structed the parallel Rosenbrock methods in 1995, which are written as PRMs for short.
In this paper we present a class of modified parallel Rosenbrock methods which possesses
more free parameters to improve further the various properties of the methods and will be
similarly written as MPROWSs. Convergence and stability of MPROWSs are discussed. Es-
pecially, by choosing free parameters appropriately, we search out the practically optimal
2-stage 3rd-order and 3-stage 4th-order MPROWS, which are all A-stable and have small
error constants. Theoretical analysis and numerical experiments show that for solving stiff
problems the MPROWS searched out in the present paper are much more efficient than
the existing parallel and sequential methods of the same type and same order mentioned
above.

Key words: Numerical analysis, Stiff ordinary differential equations, Rosenbrock methods,
Parallel algorithms.

1. Introduction

In many fields of science and engineering technology, we often meet with stiff ordinary
differential equations. In order to solve these systems, we have to use the implicit methods,
which means that nonlinear implicit equations must be solved. In general, this nonlinear systems
can be solved only by iteration. This adds to the problem of stability, that of convergence of
the iterative process (cf.[5,15]). In 1963, Rosenbrock['”l first presented a class of methods,
which avoids nonlinear systems by replacing them with some linear systems. Therefore at each
calculating step only the Jacobian matrix has to be evaluated and linear systems have to be
solved. The methods of this type are known as Rosenbrock methods and sometimes called ROW
methods (cf.[1]). Since then, many methods of this type and much numerical experience with
them have been obtained by Calahan!?!, van der Houwen!'!, Cash!®/, N¢rsett!'®!, Norsett and
Wolfbrandt!'®!, Kaps and Rentrop®!, Kaps and Wanner['?!, Shampine!'®!, Kaps, Poon and Buil®]
and Kaps and Ostermann!®7]. To raise the efficiency of sequential Rosenbrock methods, in 1995
Cheng Lirong and Liu Deguil® presented a class of parallel Rosenbrock methods (PRMs), which
also avoids nonlinear systems and is more efficient than the sequential ROW methods mentioned
above. In order to improve further the convergence and stability of PRMs, in the present paper,
we construct a new class of parallel Rosenbrock methods, which is called the Modified Parallel
Rosenbrock Methods and denoted similarly by MPROWSs. Since the MPROWSs have more free
parameters which can be appropriately chosen to improve further various properties of the
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methods, the parallel methods constructed in the present paper can achieve higher precision
and better numerical stability properties. In fact, by choosing free parameters to optimize
the properties of the methods, we have constructed the 2-stage MPROW of order 3 and the
3-stage MPROW of order 4, which are all A-stable and have small error constants. Theoretical
analysis and numerical experiments show that for solving stiff problems with a fixed stepsize,
the MPROWS are as fast as the PRMs of the same order and much faster than the ROWs of
the same order, the accuracy of the computational results of the MPROWS are generally higher
than that of ROWs and much higher than that of PRMs. Moreover, the number of stages of
the 4th-order MPROWs is one less than that of commonly used ROWs of the same order.

The outline of the paper is as follows. Section 2 is devoted to the construction of modified
parallel Rosenbrock methods. In section 3 we investigate the convergence and the stability
properties of MPROWS in general. In section 4 and 5, by selecting the free parameters ap-
propriately, we construct the 2-stage MPROW of order 3 and the 3-stage MPROW of order 4
respectively, which are demonstrated to be all A-stable and have small error constants. In the
final section 6, numerical experiments are given which show that the MPROWSs indeed perform
better than the parallel and sequential methods of the same type.

2. Modified Parallel Rosenbrock Methods

Consider the initial value problem

y = f(y), t € [a,b],
{ y(a) = Yo, Yo € Rm) (21)

where the mapping f(y) is assumed to satisfy a Lipschitz condition and has all continuous
derivatives used later. The exact solution of the problem (2.1) is always denoted by y(t), a <
t < b. In 1979, Nersett and Wolfbrandt!'® gave the s-stage Rosenbrock methods for solving
(2.1)

i—1

i—1
(I = hyis ki = hf(yn + > aijky) + hJ 32 Bijks, i=1,2,..,s,
Jj=1

j=1

. (2.2)
Ynt1 = Yn + ) biki,
=1
where h > 0 is the integration stepsize, t, = a + nh, Vi, aij, Bi; and b; are real coefficients,
I denotes the identity matrix, J denotes the Jacobian matrix fy,(y»), y» is an approximation
to y(t,), and each k; denotes an approximation to some piece of information about the exact
solution y(t). In 1995, Cheng Lirong and Liu Deguil® presented the s-stage parallel Rosenbrock
methods for solving (2.1)

i—1 i—1
(I — h’yJ)km = hf(yn + E Ozijkj,n_l) + hJ Z Bijkjn—1, ©=1,2,..,5,
. i=1 i=1 (2.3)
Yn+1 = Yn + Z bzkzn

i=1

Note that here the condition 711 = Y22 = --- = 7ss = 7 is imposed. However, when parallel

processors are available, this condition is seems to be less desirable. Thus in order to make
full use of the elements of the coefficient matrix as free parameters so as to achieve higher
precision and better numerical stability properties, we relax the demand to construct a new
class of methods of the form

i—1 =1
(I — h’yiiJ)kin = hf(yn -+ Z ai]-kj,nfl) + hJ Z ﬁijkjynfl, 1=1,2,...,s,
j= j= (2.4)

s
Yn+1 = Yn + E bzkzny

i=1
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where each k;, denotes an approximation to certain information k;(t,,h) about the exact

solution y(t), The meaning of other symbols here is the same as that in formula (2.2). In
the remainder of this paper, we shall call the methods of this new class as Modified Parallel
Rosenbrock Methods, and denote them by abbreviation MPROWSs. It is easily seen that when
the MPROW (2.4) is applied to the problem (2.1), for each calculating step the unknowns
kin,kon, ..., ksn can be calculated in parallel on s processors with each processor only solving
one linear system of dimension m provided that the back values y,,, k1,01, k2,n—1, ..., ks,n—1 are
known.

3. Convergence and Stability Analysis

In order to research the convergence properties, we write (2.4) as a general multivalue meth-
ods of the form (cf. [12])

y(n) _ Ay(n—l) + h(p(y(n—l), h), (31)
where T
( y(n) = ( k?n7kg1n:""kz1"’yg+l ) ’
0 0 0 pr(y" Y, n)
D e 0 : (3.2)
A= 0t | e R = =)
o 2 (y ,h)
0 0 1 > bigi(y" Y, h)
\ =
here

i—1 i—1
Py Y h) = (= hyild) (Fyn + D eighin1) + T > Bighjn-1),i=1,2,-+,s.
j=1 j=1

It is easily seen that the minimum polynomial of the matrix A satisfies the root condition, and
by means of theorem 2.6.1 of [12], we conclude that
Theorem 3.1. The method (2.4) is zero-stable and its convergence order is equal to the

consistency order in the classical sense.
To investigate the numerical stability properties, applying (2.4) with constant stepsize h > 0
to the test equation

y' =y, A€ C,
we get
y(n) = M(Z)y(n_l)7 n = 1:2737"': (34)
where z = hA,
0 0 e 0 0 mi,s+4+1
ma1 0 0 0 m2st+1
M(z) = : (3.5)
msi1 ms2 T Ms,s—1 0 Ms,s+1
Mst1,1 Msy12 -0 Msgls—1 0 Msiprst1
where
mi; = (aij + Bij)z/(L —viiz), 1<j<i<s,
mist1 = z/(1 —viiz), i=1,2,...5,
S
Msy1,; = », bimgj, ji=12,..,s—1,
i=j+1

S
Mot1,e41 = 1+ Y bimgsy1.

i=1
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Following definition 2.6.9 of [12], M(z) is said to be the stability matrix of the method (2.4),
and the absolute stability region of the method (2.4) is defined as the set

S = {z € C| the spectral radius of M(z) is less than 1 },
the generalized stability region as the set
S = {z € C| the minimum polynomial of M (z) satisfies the root condition }.

Thus we can easily use the boundary locus method and Schur criterion to draw out the stability
region of the method.

4. Two-Stage Third-Order Methods
Consider the two-stage modified parallel Rosenbrock method
i—1 =1
(I — myiid)kin = hf(yn + >, ijkjn—1) + hJ Y Bijkjn-1, i=1,2,
j=1 j=1
2 (4.1)
Yn+1 = Yn + E bzkzny

i=1

where 74, @i, 3;; and b; are parameters to be determined, each k;, is an approximation to
ki(tn,h) as mentioned above and in this case we would define

2
Ei(tn,h) :=y'h+piy"h* + (@i fyy + %fy2y’2)h3, i=1,2, (4.2)

where p;, ¢; and ¢; are parameters to be determined. Here and later, symbols y',3",...
are abbreviations of y'(t,),y" (tn), ..., respectively, symbols f,, f,2,... are abbreviations of
Fy(tn)), fy2(y(tn)),..., respectively. Substituting y(¢,) and k;i(t,,h) for y, and k;, in (4.1)
respectively, we obtain

(I — hvii fy (y(tn))ki(tn, h) = hf(y(tn) + HEI aijkj(tn—1,h))

Jj=1

i—1
+hfy(y(tn)) D2 Biskj (tn—1,h) + bin, i =1,2, (4.3)
2 =
i=1

To guarantee the method (4.1) having consistency order at least 3, it is evidently sufficient
that

nn = O(h%), din = O(hY), i=1,2. (4.4)
(4.2) with ¢,, replaced by t,_; leads to

kj(tn-1,h) = y'(tn—;)h + 0y (tn—1)h* + (a5 fu (y(tn—1))y" (tn—1)

% ’ 2773 . (45)
+35 2 (Y1) (Y (tn-1))")R%, j=1,2.

Expanding y'(t,—1),y"(tn—1) about t,, respectively and expanding f,(y(t,—1)), fy2(y(tn-1))
about y(t,), respectively, then substituting them in (4.5), we obtain

2
kj(tno1,h) = y'h+ (pj — Vy"h* + (q; fuy" + FF,29" (4.6)
+(3 —pi)y")h* + O(n?), j=12
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Using Taylor expansion together with (4.6), we get

B + 3 oy (baor, h) = hy' + 12 z iy + B iy (o; - D"
Jj=1 j=1
% ZO‘U fy2y12}+h4{zau Qnyy
+ fy.fyzy +( )f ym) (4.7)

+ Z i Z aij(pj — 1) f,2y'y"
Jj=
+g(z aij)* f,ey’} + O(R?),
j=1
Y(tns1) =y +y'h+ 2y 0% + Ly"'h% + Ly@h' + O(R®).

By substituting (4.2), (4.6), (4.7) into (4.3) and then matching the expressions in both sides
of (4.3) up to and including h® terms we get

( 2 i—1
b =1, ci =) aij,
j=1 j=1
2 1 i—1
Yobipi =35, pi= Y (i + Bij) +vii, i=1,2,
=1 j=1
D i (4.8)
Ybigi =75, ¢ = (e +Bi)pj — 1) + yiips,
=1 =1
]2 J
dobici =3
\ ;=1

and
4

L +B(F by + 5 1) fuf2y”? (4.9)

+ei E aij(p; — Df2y'y” + 2 f,2y° 0t + O(B°), i=1,2,

[ 1 = 2y On +0(h5)-

1 2
J

5o = —{(3 (i + i) @5 — by +2) + 7000 £24
i=
+(°
J

1

For any given co, 11 with ¢o # 0 and 11 ;é + we can uniquely solve the set of equations

3c 2 )
(4.8) for all other parameters. Thus we get

4

Q21 = C2,

by = 1/(3¢3),

by =1— by,

p1 = 711,

@ =7, (4.10)

p2 = (0.5 = bip1)/b2,
= (1/6 — b1q1) /b2,

B21 = (p2(p2 — a21) — (g2 — a21(p1 — 1)))/(p2 — p1 + 1),
L V22 = p2 — a1 — B

(4.1)-(4.10) can be regarded as a class of two-stage third-order modified parallel Rosenbrock
methods with two free parameters ¢ and ;1. Using the software OSR of Li Shoufu (cf.[13,14])
to optimize the convergence and stability properties of the methods, we get the practically
optimal values of the free parameters

1
€2 =5, Y =1
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and get correspondingly a special 2-stage 3rd-order MPROW of the form

(I — %hJ)an = hf(yn -+ %klynfl) — %thl,n—l, (4.11)
Yn+1 = Yn — 3kin + 3k2n.

{ (I = hJ)kin = hf(yn),

The residual errors of the method (4.11) are

61n = _f;y2y”h4 + O(hS))
don = —{35 11" + %%fyfyzy” + & fay I+ O(R?), (4.12)
n = ﬁy( )h +O(h )

By using the boundary locus method and Schur criterion, the absolute stability region of the
method (4.11) is drawn out in Figl., which demonstrates that the method is A-stable.

5. Three-Stage Fourth-Order Methods

In order to increase the consistency order of the method, we will consider the three-stage
modified parallel Rosenbrock method

i—1 i=1
(I — h’yiiJ)km = hf(yn + E a;‘jk}j,n_l) + hJ Z ﬂijkj,n_l, 1 =1,2,3,
i=1 i=1 (5.1)

3
Yn+1 = Yn + Z bzkzn;
i=1

where 74, @i, 3;; and b; are parameters to be determined, each k;, is an approximation to
ki(tn,h) as mentioned above, but in this case we would define

c? :
ki(tn,h) :=y'h +piy”h2 + (g fyy” + éfyzy'z)h3 \ (5.2)
ro1

i f2y" i fy foey” +wif2y'y" + 56 ey * )Rt

where p;, ¢;, ¢;, u;, v; and w; are parameters to be determined. Substituting y(¢,) and k;(¢,, h)
for y,, and k;;, in (5.1), respectively, we obtain

(I — hvii fy (y(tn)))ki(tn, h) = hf(y(tn) + 121 aijkj(tn—1,h))
A, ) T Bk (bumr 1) + 6y i=1,23,  (53)
Y(tnsn) = y(ta) + 3 biki(tn, B) + 1.

i=1

To guarantee the method (5.1) having consistency order at least 4, it is evidently sufficient
that

n=00h°), =00, i=123. (5.4)

i—1
Similarly, expand k;(tn—1,h), f(y(tn) + > aijkj(tn=1,h)) and y(tn+1) about t,, y(t,) and t,,
j=1

respectively, substitute them into (5.3), and then match the expressions in both sides of (5.3)
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up to and including h* terms. We thus get the following order conditions

and the residual errors

( 3 i—1
>bj=1, c= Y, i,
Jj=1 j=1
3 1 i—1
Zbﬂ’] =3 pi = Z(am +ﬂm)+7m
Jj=1 j=1
3 L i—1
Yobigi =5, qi= (ai+Bi;)p; —1) +ipi,
Jj=1 Jj=1
3 . i—1 L
Zb]u]: 24 U; = Z(al]+ﬁlj)( p]+§)+’y”q17 7’:1)2)37
=1 =1
]3 1 371 2 1 o2
Ebﬂ)]:yp Vi = (al] +ﬂl])(71_pj+§)+7ii717
j=1 =1
]3 1 J
Eb]wj =3 wi:cizaij(Pj_l),
j=1
J3 2 1 3
> bicj =3, E i) =g
\ Jj=2 j=2

4 i—1
din :_{(Z(am +/8m)( — g +_J_%)+’Ywuz)f3 "
Jj=1
i—1
(X (aij + Bi)(wj — g5 + B = L) + yiivi) £2 f 2y
Jj=1
i—1
3 .
+(° (g + Bij)(wj — qj — ¢ + 5L — 3) +viiwi) fy 29"y
Jj=1
izl c? c]2- Pj 1 c? 13
+(D o (ij + Big)(F — 4+ + 3 —5) + s ) fufysy
=1
1-7 i—1 N 9 i—1 1
+5(>° aij(pi — 1)’ fiey"” + i Y0 uj(as —pj + 3)f2y fuy)”
j=1 i=1
i]_l i 1 ’ ’ 2
tei Yo (5 —pi +3)f2y fu2y')
i=1
+1ic2 Z aij(p; — V) f,syy" + et fay W + O(0°),  i=1,2,3,
(= SyP0° +0(h6)

29

(5.5)

For any given c», c3, 711 and ps, all other parameters can be determined by the set of equations
(5.5). Thus (5.1)-(5.5) can be regarded as a class of three-stage fourth-order modified parallel
Rosenbrock methods with four free parameters ca, c3, 711 and p;. Using the software OSR
of Li Shoufu to optimize the convergence and stability properties of the methods, we get the

practically optimal values of the free parameters

Y11 = 6.04093114026981e — 1, c2 = 3.39701870165151e — 1,
c3 = —2.76943875477869¢ — 1, p> = 4.51188434532367¢e — 1,

(5.7)

this leads to a special 3-stage 4th-order MPROW (5.1)-(5.5)-(5.7), which can be approximately

written as

(I — 0.604093114027hJ k1 = hf(yn),
(I — 0.398820192518h.J k2, = hf (yn + 0.3397018701652Kk1,,—1 )
—0.2873336281504hJ k1,01,

(I —0.320748354582hJ ksn = hf(yn + 1.82155681102k; 1 — 2.09850068650k2, 1

+hJ(—1.800580150078K1 ,—1 + 2.142501534643ks,,—1),

Yn+1 = Yn — 0.9188016315798k1, + 4.810540100875k2, — 2.891738469296k3,,

(5.8)
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with the residual errors

(61, = —0.133172803116436 1 y"' h° + O(R®),
d2n = —{0.030294813563091 £33 — 0.005017684169195 2 f,2y'>
—0.016062585388198f, f,2y'y" + 0.009695278595627 f, f,sy'"
+0.009043821684964 f,2 "> + 0.030099713984621 f,2y' f, y"
—0.012012070614693f,2 y/' f,2y'* + 0.000521816576062 f,s y'*y"
+0.000554856284666 f,.4 y'* }h® + O(h®), (5.9)
d3n = —{0.012871970854685 2y — 0.003706856444963 2 f,2y'> :
—0.043692455557190f, f,2y'y" + 0.002045863214505 f, f,sy'*
+0.092671394140650 f,2 "> — 0.010688046843972f,2y' f, y"
+0.114411980129195f,2 ¢/ f,2y'* + 0.003553851131319f,5 ' "
+0.000245107059318 f,4 y'* }h® + O(h®),
L 7, = 0.008333333333333y>) h® 4+ O(R®).

Similarly, by using the boundary locus method and Schur criterion, we draw out the absolute

stability region of the method (5.1)-(5.5)-(5.7) in Fig2. and come to the conclusion that the
method is also A-stable.

y
5
s s 5
X
0 5 0 5 X
L
\
Figure 4.1 Stability region for the Figure 5.1 Stability region for the 3-stage
2-stage MPROW (4.11) of order 3 MPROW (5.1)-(5.5)=(5.7) of order 4

6. Numerical Experiments

In this section the 2-stage 3rd-order MPROW (4.11) and the 3-stage 4th-order MPROW
(5.1)-(5.5)-(5.7) are tested on the following examples of stiff problems.

Example 1. Stiff nonlinear ordinary differential equations

Yo =11 — Y2 — Y3, 0<t<1,
yl(O) = 1: yQ(O) = 17

{ yr=—(e" +2)y1 +€ 'y,
where € = 1078, The exact solution of the system is

pt)=e*  pt)=c "

Example 2. System of linear differential equations with eigenvalues of the coefficient matrix
lying near or on the imaginary axis

ys = Byr —ays + (o — B — 1)e™  + (a — B)sint + cost, 0 <t <50,

{ Y1 = —ay1 — By2 + (a + B —De ! + (a + B)sint + cost,
y1(0) =1, 32(0) =1.
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The eigenvalues of the the coeflicient matrix are A;» = —a % (3, the exact solution of the
system is

y1(t) = e ! + sint,
y2(t) = e ! + sint.

The parameters « and 3 are chosen as
(1) @ =1, = 100; (2) @ =0, = 100.

Example 3. Stiff non-autonomous linear ordinary differential equations

-0 - —3sint + (2 — 1)cost
’ _ € 1 €
vt = E) [ T LR R B Al BUETEL 28
| 2+e¢
y(0) = [ 2+eX }’

where e = 107%, E(t) = C?St’ —sint , A= 52(1+€e—+/1—2¢— 3€2). The exact solution
sint, cost 2e

of the system is

At .
€e 2cost — sint
y(t) = B(t) { (1+er)eM ] [ 2sint + cost } '

Example 4. Weakly damped oscillatory differential equations

y' = Ay,
0<t<10,
{ ¥(0) = yo, - -

where

SN =

) |

—0.01 -1 -1
A= 2 —100.005 99.995 | ,yo =
2 99.995 —100.005
The exact solution of the system is

y1(t) = e %% (cos2t — sin2t),
= e " (cos2t + sin2t) + e~ 20
ys(t) = e %% (cos2t + sin2t) — e~ 200,

For comparison purposes, we have also included in our tests the 2-stage 3rd-order and the
4-stage 4th-order ROWs (cf.[2,16]) as well as the 2-stage 3rd-order and the 3-stage 4th-order
PRMs (cf.[4]). The systems have been integrated with fixed stepsize h. Numerical results for
these problems are shown in Tables 1-4, in which s denotes the number of stages of the method,
p the consistency order of the method, 7' the execution time for the parallel or sequential
computation, and

o e { | uCti D)y (B)] > 1,
lyi () = yni(B)]  |yni(b)] <1,

the i-th component of the global error at the endpoint of the integration interval, where y;(b),
yni(b) are the i-th component of the exact solution and the numerical solution at the endpoint
of the integration interval respectively, ¢=1,2,....,m. From Tables 1-4, we see that the 2-stage
MPROW of order 3 is performed as fast as the PRM of the same order and almost twice as fast
as the ROW of the same order and that the 3-stage MPROW of order 4 is also performed as
fast as the PRM of the same order and close to 4 times as fast as the ROW of the same order if
the CPU-time needed to exchange information on different processors is ignored. The accuracy
of the computational results of the 2-stage 3rd-order and the 3-stage 4th-order MPROWSs are
generally higher than that of ROWSs of the same order and much higher than that of PRMs of
the same order. Furthermore, for problems whose Jacobian matrix has eigenvalues near or on
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the imaginary axis, the computational results obtained by using the 3-stage PRM of order 4
and the 4-stage ROW of order 4 seem to be quite undesirable whereas in this case the 3-stage
MPROW of order 4 is still performed efficiently. Thus we can conclude that for solving stiff
problems, MPROWSs are generally superior to PRMs and ROWs.

Table 1 Results of MPROW, PRM and ROW with p=3,s=2 for examples 1,2,3

Method h e1 e T (second)
Example 1 | MPROW 0.01 2.349e-06 | 2.072e-08 0.01
0.001 | 2.457e-08 | 1.966e-11 0.17
PRM 0.01 2.784e-05 | 4.579e-07 0.03
0.001 | 2.738e-07 | 4.699e-10 0.17
ROW 0.01 4.560e-06 | 3.209e-08 0.05
0.001 | 4.517e-08 | 3.984e-11 0.33
Example 2 | MPROW 0.1 2.259¢e-04 | 1.944e-04 0.19
(case 1) 0.01 2.447e-06 | 1.650e-07 1.95
0.001 | 2.931e-09 | 2.226e-09 19.47
PRM 0.1 3.427¢-03 | 3.265e-03 0.22
0.01 3.240e-05 | 1.538e-05 1.95
0.001 | 8.445e-08 | 4.603e-08 19.47
ROW 0.1 4.283e-04 | 3.512e-04 0.38
0.01 4.455e-06 | 1.656e-07 3.73
0.001 | 5.174e-09 | 4.112e-09 37.46
Example 2 | MPROW 0.1 2.261e-04 | 1.945e-04 0.19
(case 2) 0.01 2.460e-06 | 1.546e-07 1.95
0.001 | 9.296e-09 | 6.101e-09 19.50
PRM 0.1 3.428e-03 | 3.265e-03 0.20
0.01 3.252e-05 | 1.539e-05 1.98
0.001 | 8.499e-08 | 4.713e-08 19.50
ROW 0.1 4.288e-04 | 3.515e-04 0.38
0.01 4.478e-06 | 1.455e-07 3.73
0.001 | 1.521e-08 | 8.469e-09 37.46
Example 3 | MPROW | 0.001 | 4.371e-07 | 8.492e-04 2.97
0.0001 | 9.050e-10 | 8.458e-07 29.55
PRM 0.001 | 1.576e-06 | 1.396e-03 2.97
0.0001 | 1.005e-08 | 1.408e-06 29.58
ROW 0.001 | 2.255e-08 | 3.522e-04 5.71
0.0001 | 1.646e-09 | 3.552e-07 57.29

Table 2 Results of MPROW, PRM and ROW with p=3,s=2 for example 4

Method h el e es3 T (second)
MPROW | 0.01 | 4.785e-06 | 9.130e-06 | 9.130e-06 0.18
0.001 | 4.512¢-09 | 9.240e-09 | 9.240e-09 1.68
PRM 0.01 | 1.104e-04 | 2.015e-04 | 2.015e-04 0.18
0.001 | 1.009e-07 | 2.055e-07 | 2.055e-07 1.71
ROW 0.01 | 7.265e-06 | 1.410e-05 | 1.410e-05 0.38
0.001 | 6.935e-09 | 1.423e-08 | 1.423e-08 3.13
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Table 3 Results of MPROW, PRM and ROW with p=4 for examples 1,2,3

Method h el e T (second)
Example 1 | MPROW | 0.01 | 1.326e-07 | 2.554e-10 0.02
(s=3) | 0.001 | 9.584e-10 | 1.772e-11 0.17
PRM 0.01 | 5.457e-05 | 8.400e-08 0.02
(s=3) 0.001 | 5.377e-07 | 1.104e-11 0.17
ROW 0.01 | 6.863e-06 | 4.636e-11 0.06
(s=4) 0.001 | 6.775e-08 | 2.571e-13 0.66
Example 2 | MPROW 0.1 1.460e-04 | 7.845e-05 0.18
(case 1) (s=3) 0.01 | 6.135e-08 | 3.288e-08 1.80
0.001 | 4.566e-12 | 6.151e-12 17.93
PRM 0.1 7.545e-03 | 7.147e-03 0.16
(s=3) 0.01 | 6.750e-05 | 2.993e-05 1.81
0.001 | 1.771e-08 | 1.435e-07 17.93
ROW 0.1 1.338e-02 | 3.182e-03 0.66
(s=4) | 0.01 |5.445e-04 | 4.983¢-04 |  6.70
0.001 | 5.579e-05 | 5.579e-05 66.63
Example 2 | MPROW 0.1 1.465e-04 | 7.848e-05 0.18
(case 2) (s=3) 0.01 | 6.087e-08 | 3.405e-08 1.80
0.001 | 1.978e-11 | 5.302e-13 17.94
PRM 0.1 7.547e-03 | 7.149e-03 0.18
(s=3) 0.01 | 6.776e-05 | 2.999e-05 1.79
0.001 | 1.552e-08 | 1.447e-07 17.94
ROW 0.1 1.341e-02 | 3.116e-03 0.66
(s=4) 0.01 5.433e-04 | 4.982e-04 6.64
0.001 | 5.571e-05 | 5.588e-05 66.63
Example 3 | MPROW | 0.001 | 7.329e-07 | 1.808e-03 244
(s=3) | 0.0001 | 1.837e-11 | 1.781e-06 |  24.28
PRM 0.001 | 2.929e-06 | 2.337e-03 243
(s=3) | 0.0001 | 1.974e-08 | 2.352¢-06 |  24.28
ROW 0.001 | 6.366e-05 | 4.516e-02 8.35
(s=4) 0.0001 | 7.924e-06 | 3.868e-04 83.15

Table 4 Results of MPROW, PRM and ROW with p=4 for example 4

33

Method h e1 e es3 T (second)

MPROW | 0.01 | 8.375e-08 | 2.880e-08 | 2.880e-08 0.17
(823) 0.001 | 8.439¢-12 | 2.901e-12 | 2.901e-12 1.70
PRM 0.01 | 8.779e-05 | 4.599e-05 | 4.599¢e-05 0.18
(s=3) 0.001 | 9.650e-09 | 3.371e-09 | 3.371e-09 1.72
ROW 0.01 | 4.663e-08 | 1.732e-08 | 1.732e-08 0.82
(824) 0.001 | 4.723e-12 | 1.637e-12 | 1.637e-12 8.07
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