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Abstract

This paper is devoted to the development of a new stabilized finite element method for
solving the advection—diffusion equations having the form —k Au+aeoyu+ou = f with
a zero Dirichlet boundary condition. We show that this methodology is coercive and has
a uniformly optimal convergence result for all mesh—Peclet number.
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1. Introduction

Consider the advection—diffusion equation

u = 0 on 0N (1.1)

{—mAu+gozu+au = f in Q
in a bounded polygonal domain Q C IR? with the boundary 9, where 0 < & < 1 is the
diffusion parameter, o > 0 is a given positive constant, a(z) is a given vector field representing
the flow with yea = 0in Q, and f € L*(Q) is a given source function. The term o u is usually
obtained by the time discretization of the nonstationary advection—diffusion equation arising
from mathematical and engineering problems, so the item o takes it form as 1/At with At < 1
being the time step. Generally speaking, o is comparatively large, and when At or « tends to
zero, a boundary layer region may be present near the boundary.

It is now well known that the standard Galerkin method solving (1.1) often causes a bad
numerical solution when the balance among the three parameters o, x and a is losing. The goal
of stabilized finite element methods established in recent decade, e.g. see [5] [8] [10], etc., is
to seek for some good approximating solutions of (1.1) on which the effects emanating from
the disturbance among o,k and g can be cut down as much as possible. In [4] [5] [7] [8] [11],
some stablized finite element methods with an additional mesh—dependent perturbation bilinear
term were proposed, therein a good approximating result was obtained. [5] studied a stabilized
method based on local bubble functions for (1.1) with ¢ = 0 or @ = 0, which deduced an
optimal error estimation including higher order elements, independent of ¢ and « for the case
with @ = 0, and independent of mesh—Peclet number for the case with ¢ = 0.

In [1], a bubble—enriching method for advection—diffusion problem without the zeroth order
term o u is analyzed in details. However, the bubble—enriching method is not fit for the ad-
vection dominated case. For this reason, some special local bubble functions are needed, e.g.
see [2] [10], e.t., which are usually very difficult to construct. As for the fact that the bubble-
enriching method often deduces a stabilized method associated with problem (1.1), it may be
also referred to [11] for a heuristic observation.
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Now we consider a general model (1.1). Firstly by defining a stabilizing parameter and by
adding a suitable mesh—dependent bilinear form, we design a finite element approximation for
(1.1). Next, the coerciveness of the new formulation is shown, and finally the optimal error
estimates for all mesh—Peclet number are obtained, including the L?-norm, and the higher order
elements for triangle and quadrilateral partitions of the domain. If introducing a mesh—Peclet
number, it can be seen that our results may result in those of [5] [8].

The rest of this paper is outlined as follows. In section 2, the stabilized finite element
formulation for (1.1) is described and the coerciveness of this method is investigated. The
section 3 is devoted to a general error analysis. In the last section, every case of (1.1) is
discussed, according to o, x and a. Sharp error estimates are obtained.

In what follows, for simplicity we shall use C' (or C;,i = 1,2,---) to stand for different
constant at different occurence, and they are all independent of o, k, a and the mesh size h.

2. Problem Fzormulation

For convenience, we rewrite (1.1)

—-kAut+aeyut+ou = f in Q (2.1)
u = 0 on 0N ’
The standard Galerkin variational problem is to find u € H}(2) such that
B(u,v) = (f,v)0 Vv e Hi(Q) (2.2)
where
B(u,v) = (cu,v)o + (@® Y u,v)0 + (kY u, V v)o (2.3)
The discrete version of problem (2.2) consists of finding u, € Uy C Hg(Q2) such that
B(up,v) = (f,v)o Yve U (2.4)
where
Up={ve Hy(Q)NCQ)|vk € Rp(K),K € &} (2.5)

with R, (K) = P (K) or Qn(K) corresponding to the partition being triangle or quadrilat-
eral, and m > 1, Py, Q,, are the usual finite element subspaces depicted in [3]. &, is the
regular partition of the domain 2, which is supposed to be a polygonal bounded region as
usual. Also, C'(Q) is the space of continuous functions in Q, and H{ () is the Hilbert space
of functions, taking their values as zero along the boundary 0f2, which, together with their
first—order derivatives, are square—integrable.

For each K € &, define

hic
a = ; 2.6
TK, aoch? + k+ hk [a]k (2.6)
with a > 0 to be determined later. Here hi is the element parameter for K € &, and
[a]x = sup |a(z)[, (2.7)

zeEK

with |a(z)l, = (32— 0 |ai($)|p)% for 1 < p < oo and |a(2)|ee = max;=12 |a;(z)| for p = oo
being a norm in the Euclidean two dimensional space IR?. Now, a stabilizing bilinear form is
introduced as follows.

T(u,v) = —« Z TKa(Cu+aeJu—kKAu,0v—aeVv)ox (2.8)
Kegy,
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and accordingly a linear form is introduced as follows:

R(v) = —a Z Tk, (f,0v —a e v)ok (2.9)

Keéy,

So we are able to formulate our stabilized finite element method which is to find uy € Uy such
that
B(up,v) + T(up,v) = (f,v)o + R(v) VYve U, (2.10)

In the following sections, for s =0, 1,2, (-,-)s,p and |-|s,p are repsectively denoted the inner
product and the associated norm on H*(D), and for D = Q the subscript D is omitted. And
some times the notation |7 v|o,p and (v, V v)o,p are also used only for H'(D).

With a view to giving the coerciveness of (2.10), a mesh—dependent norm is introduced by

. o |l i (k + i lalx) allas ol ‘
rlllollf = 3 220 3 VUWork e (211)

et aohl +k+ hi[alx aohi +k+ hg[alx

Keéy,
Theorem 2.1. There exists a constant C' > 0 such that
B(v,v) +T(v,v) > Ckl||v]||7 Vv € Uy (2.12)

where C' does not depend on o,k,a and h.
Proof. On the one hand, using the Green formulae and the assumption 7 e a = 0, we have
(a®7v,v)p = 0 holds for all v € U, since v = 0 on 9Q. So,

B(v,v) :a|v|g+l<a|zv|(2) (2.13)

On the other hand,

T(v,v) = —« Z TK,a (CV+aeyv—KAv,0v—ae V)oK
Keéy
|y o bl abiclae 9t k() (214)
= = ao’h%( + K+ hg [Q]K
with
wg (v) = akohk (Av,v)ox —akhf (Av,ae7v)ok (2.15)
Hence,
v) + wr (v) + ah’ la ey v|?
B(v,v) + T(v,v) = Z 230 KZ( ) K laevolox (2.16)
el aohi + K+ hi ok
with
9K (V) = o |vlf k (5 + hi [a]x) + K [0]} k (@0 M + K+ hi [a] k) (2.17)

Note that b [Av|§ x < Cp |0} g where Cy is a constant independent of K, b, and the Young’s
, b

inquality, i.e., for any two real number a, b |ab| < a® + s for some small positive constant ¢,

€

1
akohy (Av,v)okx > —ako/Cr(e|vfy x + P Wi vli k) (2.18)

. . 1 . .
—akhy (Av,aevv)okx > —ay/Cr(er”|of] g + 1c h lae v v[f k) (2.19)



60 H.Y. DUAN
and thus ) )

gk (V) + wi (v) + ahy |lae v vlg g

> (1= caVOr) k(o |v]g g+ & v]f k)
VCr (2.20)

) ah (lae 7 oR o+ mo ol )

+hi [alx (0 |v]§ g + K [o]] k)

+(1-

with the following choices

4 Vi 1
0 — 2.21
<a< o, 1 <e< oh (2.21)

Therefore, let
VO
Ci=1l—-caC;, Cy=1- 4—81
and let C = min(C1, C3), and the proof is completed with (2.12).

3. Error Analysis

In this section, we give a general estimates for the difference between the approximate
solution uj, € Uy, and the exact solution u € H} (). Firstly, from (2.8) and (2.9) it follows that
the usual consistency or error orthogonality is satisfied, that is

B(u —up,v) + T(u—up,v) =0 Vv e U (3.1)

Next, let n = u — Iy u, ep = up — I u. Here I u is the standard interpolation function
belonging to Uy, of u € H™T1(Q) N H} () and has the property

nls,x < CRET " ulmir e (0<s <m+1) (3-2)
Note that (3.1) and (2.12), we have
C ki llenlll < Blen,en) +T(ens en) = B(n,en) +T'(n,en) (3-3)

In the following paragraph, B(n, ey ) and T'(n, ep,) are respectively analyzed. During the analysis,
the Young’s inquality is being used repeatedly, so we no longer mention it later. In addition, it
should be noticed that aa? h% (1, en)o,i is eliminated. In orther words,
( B(n,en) + T(n, en)

= (aeVn,en)o+£(VN Ve
ahi o (n,aeven)ox + 0 en)ox (5 +hi [a]x)

+ 3.4
nggh aohi +k+ hg a]k (3.4)
Ly —ahi (aevn—rkAnoe,—aeen)ok
\ Kee aoh¥ + k+ hk [a]k

For convenience, we denote by E;(n,ep),(1 < i < 3) the three items appearing in the
righthand-side of (3.4), i.e.,
Er(n,en) =(a® v n,en)o + £ (N, en)o

Bamen)= Y ahi o (n,aeen)ox +0(nen)ox (k+hxlax)
27 €h) = aoh3 +k+ hi [a)k

Keéy

—ahj (aeyn—KcAnoe, —aeen)ox
E = oo <
3(1,en) Z aoh? + K+ hi [a]k

Keéy
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So, for some small constant € > 0, first,

(

Ei(n,en) = —(a®Venn)o+ k(Y 1, Y €n)o

) ahi laeen|i k
<el| rl|ven?+ — = :
- ( |Z |0 Kg‘:h acrhf( +Ii+hK [Q]K

1
L max(1,071) (n|zn|%+ 5 b |n|3,K<aah%(+m+hK[g]K>>
13 Keé&p

Next,
( E2(77;€h)

ah’ laeze,|?
< e max(l,a™!) < > klaeVerhx

Kee, a0 h¥ + K+ hi [alk

olenls k (5 + hi [a]x) (3.6)
Kee, aohd +k+hglax

1 _
+— Y aochi hK2 |TI|(2),K
\ 2e Keé&p

Thirdly, noting that

( —ah¥ (aevn,oen)ox
Kb, ol +r+hilalk
o lenls e (5 + hi [a]k)
Kee, aohi + K+ hilak

<e¢

1 5 a? o hi|lae 70§
de Kct, (@ohy + K+ hi[a]k) (5 + hi [a]x)
e v ? lenly i (5 + i [a]x) 1

: +—aC hi [a 2
\ Kee, aohd +k+hilak 4e ° Kgsh < lax] |Z77|0,K

+

Here we have used the following inquality by the equivalence of norms on IR?

la .Z"”%J( < Cs [Q]%( |Z"7|37K
and similarly
,

ah? (kAn,oen)o x
Kee, @0 hi +k+ hi [alk

o lenl i (k + hi la]k)
Keé&y, OéO'h%( +I<-'/+hK [Q]K

1
+—a 3 shiclAnf§ .
\ de Keé&y

and in addition it can be easily seen that

<e

/

ahy (aeyn—kKAnae/en)ox
Keé&y, ao’h%(—Fli—FhK[Q]K

.y _alkleeval
T Keg, aoh¥ + K+ hilalk

1 . . .
+tozamax(Cy,1) 3 hilalk (V005 + 505 (AN &
\ € Keé&,
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thus by combining (3.7)~(3.9),

E3(Wa€h)
o (s lenl (5t fale) alilaeyenl
- Kee, aohi+k+hilaxk  Keg, aohi + K+ hi [k (3.10)
1
+-amax(1,C3) > hilalx [V 0l5 x + &R [ADIG
€ Keén
Finally, summarizing (3.5) and (3.6) and (3.10), and choosing
0<e< C/max(4,3+a™t) (3.11)
we have a constant C4 > 0 such that
( Cuslllenlll;
< klwnls+ X hg’ Il k (o bl + 5 + hi [a]x)
Keéy
+ Y aohkhid ik (3-12)
Keéy
+ > hrlax [V0l5 x + K hE [ANIG
\ Keé&y

With (3.12) and (3.2), by using the triangle-inquality we have a general estimates for the
difference between up, and u. The following theorem includes the above results.

Theorem 3.1. Let up and u solve (2.10) and (2.1), respectively. In addition, (3.2) is
satisfied. Then

Crlllu—unlllf < D AR ulfsr k (@0 by + 5+ hi [a]k) (3.13)
Keg&y

where C' > 0 is a constant, not depend on h,k,0,[a]k .

In conclusion, we remark that « € (0,4/Cr) can take its value in a definite range, where C7
has its some values given by [9], and a unified computaional formula is presented by [6]. In [5],
a precisely takes its value as any one belonging to (0, 1].

4. Discussions

We close the paper by briefly considering some usual problems corresponding to (1.1). Ac-
cordingly, some sharp estimates for  |||u — up|||n are obtained. And some comments are also
made.

Let us firstly consider the advection—diffusion equation with ¢ = 0. In this case,

Crlllu—unllli < D B uliesr i (5 + hic la]x) (4.1)
Keéy,

We remark that a similar result to (4.1) was obtained by [5], but therein a prerequisite for a is
that it must be a locally piecewise polynomial function.
Furthermore, we point out that if we introduce a mesh-Peclet number analogous to [8] [5],

hk [a)k

P€K = (42)
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and applying an analogous argument to [5], it immediately follows that

ah’lae w—up)l?
k| — unl? + Z Klaev( h)|0,K

Ke&y rt huclalic (4.3)
<C > Ml {H(Pex — 1) [a]x hi + £ H(L - Peg)}
Ke€y,
and ) )

( 5 ahjclae 7 (u—un)lg x

Kegy, K+ hK [Q]K

h _ 2
>0 Y HPex—1)-% lae v (u = unlox (4.4)
Kegy, [Q]K
h2 _ 2
+ > H(1-Peg) rlae g Uh)|O’K>

\ Keé&y K

where H (z —y) is the Heaviside function. So, from (4.3) and (4.4) we know that our result (4.1)
is better than that of [8], and (4.1) no longer depends on the mesh-Peclet number. Moreover,
in our paper we have no need to design those complicated stabilizing parameters such as [8].
We also see that the [a]x in [5] is defined by

lalie =D lae o5« (4.5)

i=1

where X (1 < i < r) are a local bubble basis function group being assumed to be linear—
independent. Such definition has its merits that it may be adapted for problems with a wildly
oscillatory convection field becasue it has an average meaning in L*-norm.

Next, we consider the diffusion problem with ¢ = 0 and ¢ # 0. In this case, 7k o of this
paper is the same as [5], (for P, element and a = 1, it can be also found in [7]), that is

2
hK
TK,«o

=8 4.6
’ achi +K (4.6)

we should say that in the diffusion case with a zeroth order term o wu, our method here is
somewhat weaker than that of [5], for therein T' is symmetry, i.e.,

T(u,v) = —« Z T (Cu—KAU, 00— KAV)o K 4.7)
Keéy,

Of course, both error estimates, including those of [7] for P; element method with o = 1, are
the same. For the sake of convenience for readers, we only give error estimates in the following
with not any detail. The readers are referred to [5] [7] for details.

Uh|0 K
lu — Uh|1 + Z aah2 Tk <C Z h" |U’|m+1 K (4.8)
Keé&y, Keé&p
where C' > 0 does not depend on h and o and k.
Finally, for £ = 0 the limiting problem, the advection dominated equation (1.1) with k =0
is
aeyut+ou = f in Q
{ u 0 on 9Q;, (4.9)
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where 0 Q;,, is the in flow boundary

O = {2z €0Q|a(z)ev(x) >0} (4.10)
and v(z) is the outer unit normal to the boundary. So, the error between up, and w is

o hi [a]k [u —uplg ¢ + ahi |lae 7 (u—up)lf

2

Ke&Ey aohi + hi [a]k (4.11)
< C X W ulii i (0 h¥ + hi [a]k)
Keéy,

At the end of our paper, we point out that, in fact, an alternative definition of 7" and R can
be used, i.e., T" and R can be respectively setted as

T(u,v) = —a Z TKa(CU+aeJu—kKkAu,ocv—ageyv £ BkAv)y K (4.12)
Ke€y,
and
R(v) = —a Z Ko (f,ov—aevv £ BrAv)o K (4.13)
Kegy,

instead of (2.8) and (2.9). All the results obtained in the previous sections are still true. Here
B € [0,1] is an optional parameter.
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