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Abstract

A mixed Chebyshev spectral-finite element method is proposed for solving two-dimensional
unsteady Navier-Stokes equation. The generalized stability and convergence are proved.
The numerical results show the advantages of this method.
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1. Introduction

Spectral method has been used successfully in computational fluid dynamics. For semi-
periodic problems, we can use mixed Fourier-Chebyshev spectral method, Fourier spectral-finite
difference method and Fourier spectral-finite element method (see[1-5]). As we know, many
problems are fully non-periodic. But the sections of domains might be rectangular in certain
directions. For example, the fluid flow in a cylindrical container. So we proposed Chebyshev
spectral-finite element method(see[6]). In this paper, we develop mixed Chebyshev spectral-
finite element method for two-dimensional unsteady Navier-Stokes equation.

2. The Scheme

Let I, ={z/ —1<2 <1}, I, ={y/0 <y <1} and Q = I, x I, with the boundary 0Q.
The speed vector and the pressure are denoted by U = (Uy,Us) and P respectively. v > 0 is

the kinetic viscosity. Up(z,y) and f(z,y,t) are given functions. Let T' > 0,0, = %,@ = 3%,
and 0, = 8%. The Navier-Stokes equation is as follows
OU + 0, (U1U) + 0,(UsU) + VP —vV3U = f, in Qx (0,71,
VZP+®(U)=V-§, in Q x (0,7, (2.1)

U |t=0= Uy, in QUoN

where

Q(U) = 2(ayUlaa:UZ - azUlayUz)

Suppose that the boundary is a non-slip wall and so U = 0 on 9. There is no boundary
condition for the pressure. But if we use the second equation of (2.1) to evaluate the pressure,
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then we need a non-standard boundary condition. We assume approximately that %—I; =0 on
09). For fixing the value of pressure, we require that

u(P,t) = //QP(:U,y,t) dedy =0, Vte[0,T].

Clearly for each time ¢ and U, the second equation of (2.1) is a Neumann problem for P. It
can be verified that u(V - f — ®({U),t) = 0 and so this problem is consistent(see[7]). The
main advantage of this model is that the derivation of the second formula of (2.1) implies the
incompressible condition automatically.

Let D be an interval (or a domain) in R*(or R?). L*(D),H"(D) and H{(D)(r > 0) denote
the usual Hilbert spaces with the usual inner products and norms. We also define

zﬂw=m6ﬁwwAmW=m
Let w(z) = (1 — 22)"2 and

1
quhz/uw@z|Mmh=mwm,

L:(I.) = {v/v is measurable and ||v||,.1, < oo}

Furthermore

(w%z//wwmw olle = @,0)2,
Q

L2(Q) = {v/v is measurable and ||v||, < oo}
Now we construct the scheme. For any positive integer IV, we denote by Py the set of all
polynomials of degree < N, defined on R'. Let
Vn(le) ={v(x) € Pn / wv(=1) =v(1) =0},
dv _dv

Wi(L) = {v(@) € Px | -(=1) = (1) = 0}.

Next, we divide I, into M} subintervals with the nodes 0 = yp < y1 < --- < yar, = 1. Let

I = (yi—1,y), i =y —yi—1, h = max h; and ' = min h;. Assume that there exists a
1<I< My 1<I< M,

positive constant d independent of the divisions of I, such that h/h’ < d. Let
Sh(Ly) = {v(y) /v(Y) [, € Pr, L <T< My}, S(I,) = SE(I,) () Hy (L)

The trial function space X]’ﬁnh(ﬂ) for the speed and the trial function space anh(ﬂ) for the
pressure are defined by

XN () = V(o) @ SE(L,), Y a(Q) = {Wn (L) ® (Sh(L) [ H' (1))} ) Ls(Q).
In addition, let )
Z3 () = {Pn-a(Le) © (SE(L,) [V H L)} ) L5 ().

We denote by Py the L2 (I,)— orthogonal projection from L2 (I,) onto Vi (I;), II} is the
piecewise Lagrange interpolation of order k > 1, from C(I,) onto Sf(I,) () H*(I,). Furthermore
let Py @ L2(Q) — Xﬁnh(Q) be the orthogonal projection, i.e., for any v € L2 (1), the projection
Py pv € X ,(9) and

(v—=Pnpv,u)y =0, Vue le%7h(Q).

Let 7 be the mesh size in time ¢ and S, = {t =17 / 0 <1 < [L]}. Let

wit) = > (ult +7) — u(t)).
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A fully discrete Chebyshev spectral-finite element scheme for (2.1) is to find the pair
(u(t),p(t)) € (XI’{,JL(Q))2 X YI{“,JL(Q) for all t € S; such that

(ut; 0)o + (Fz(urw), v)y + (8y(u2u), v)w + vay(u + oTug, v) + (Vp,v)y
= (f:v)uh V v E (Xllif7h(ﬂ))27

(lw(p,U): (@(u)—V-f,v)w, Ve Zjl%,h(ﬂ)a

U(O) = PN7hU0,

where ¢ is a parameter, 0 < ¢ <1, and
ay,(u,v) = /Q Vu(z,y) - V(w(z)v(z,y)) dedy.
We now give some numerical results. Take the test functions
U= (AP (2® = 1)%y(y - 1)(2y — 1), —24e""(2® — 2)y*(y - 1)?),
P = 44e*P!(2® — 37)(2y° — 3y* + 0.5).

We use the scheme CSFM, i.e., Scheme (2.2) with £ = 1, in which the interval I, is uniformly
partitioned with the mesh size h = 1/M. For comparison, we also consider the bilinear finite
element scheme FEM. In this case, the domain is divided uniformly into rectangular subdomains
with the length h, = 2/N in x-direction and h, = 1/M in y-direction. For describing the errors
of numerical solutions, let

= {z;/z; =cos(jr/N), 0<j <N}, for Scheme CSFM,
= {zj/x;=—-14+jhy, 0<j< N}, for Scheme FEM,
= {y;j/y; =jhy, 0<j <M}, for Scheme CSFM and FEM

87 8"

>

<

and

[N

2
~ Z Z |ui(way7t)_Ui($7y7t) |Z
i=1y¢f, yei,

EU()) = - ;
X% Uiayt) P
=1yel, yei,

Z Z |p(ﬂ?,y,t)—P(ZE,y,t) |2 ?
z€l, yEly
E(P =
o > % PGy P
w€l, yel,

The numerical results are shown in Tables I. Clearly Scheme CSFM gives better results than
Scheme FEM. In particular, the spectral approach used in z-direction has higher accuracy and
so we only need a relatively small N to resolve the solutions.

Table I. A =0.2, B=0.1, 7 =0.005, ¢ =0, v = 0.0001.

Scheme CSFM, M = 10, N =4 | Scheme FEM,M = N = 10
T | BUW) E(P(0) EUW) | EPWD)
0.5 | 0.1919E-2 0.1902E-2 0.3132E-2 0.9178E-2
1.0 | 0.3735E-2 0.2101E-2 0.5945E-2 0.9614E-2
1.5 | 0.5446E-2 0.2322E-2 0.8512E-2 0.1020E-2
2.0 | 0.7065E-2 0.2567E-2 0.1088E-1 0.1108E-1
2.5 | 0.8570E-2 0.2836E-2 0.1306E-1 0.1169E-1
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3. Some Lemmas

We first introduce some Sobolev spaces. For integer r > 0, set

1

r 2

o ol = (Z | v Iiz,w,zm> ;
w,Iy m=0

H (L) ={v /[ |[ollre,r. < oo}

For real r > 0, H! (1) is defined by the complex interpolation between the spaces Hy, [r ]([ﬁ) and
[’I’+1] ( )

d"v
dx”

0 ot = \

Next, let B be a Banach space with the norm || - || 5. Define

L*(D,B) = {v(z):D— B/ v is strongly measurable, lv|lL2(p,B) < o0},
C(D,B) = {v(z):D— B/ v is strongly continuous, |[||v|||p < oo}

where )
3
[ollL2(p.B) = (/ HU(Z)HZBdZ) » lvlllz = max|lo(2)||s-
D ze€D
Moreover for all integer ¢ > 0, define

H*(D,B) = {v(z) € L*(D,B) / ||v|lte(p,p) < o0}

with the norm

1
2

S LT
||U||H#(D7B): ZH@HLZ(D,B)
k=0

For real u > 0, we define the space H*(D, B) by the complex interpolation as before.
We also introduce some non-isotropic spaces. Let

H7*(Q) = L*(I,, H (L) (| H* (I, L2 (1)), 71,5 >0

equipped with

[N

vl aze @) = (||U||%2(1y,H;(12)) + [lv] %IS(I!,,LE(IZ)))

Also let
Mp(Q) = H(Q)(H ™I, HY(I)), r>0,s>1,
ADPQ) = H (I, H(L) (H* (I, HI7 (L) (H (1, HY (L)), 7,5 > 0.

Their norms are defined in the way similar to ||| g7.¢(q). Furthermore, let Hg'? (Q2) and Mg? (2)
be the closures of C§°(£2) in the spaces H*(2) and M7*(€) respectively. For simplicity,let

H§ ,(Q) = Hy,(Q) and || - lgz@) = |l - llrw- Besides, we denote by L>(I,),L>*(Q) and
Wh°(Q) the usual Sobolev spaces with the norms || - ||, , ||  [Joo and || - ||1,00 Tespectively.
The corresponding semi-norms are denoted by | - |oo,1,,| - |oo @and | - |1,00, €tc..

Denote by ¢ a generic positive constant independent of INV,h,7 and any function. Let
5 = min(s, k + 1). For some lemmas, we require that there exist some suitably big and positive
constants ¢; and ¢y independent of N, h,7 and any function such that

Clh_% S N S Czh_%. (31)
Lemma 1. If v(x,y,t) € L2(Q) for t € S,, then
2(v(t),ve(8)w = ([0@®I2)e = Tllos ()]
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Lemma 2. (Lemma 1 of [6]) For any u,v € Hg (), we have
1
au(v,0) 2 Zllollie,  law(w o) [S2]uhulviie

Lemma 3. (Lemma 2 of [6]) Let v € ngl)(ﬂ)ﬂHss(Q) with 0 <r <1ands >0, or
v € Hg ,(Q)HL*() with r > 1 and s > 0. Then

o = Py pollo < e(N7" + A%)|lv]

HD®(Q)"
In order to obtain better error estimation, we introduce the projection Py, : (Hg ,(9))* —
(XK ()2, ie., for any v € Hj (),
ay(v — Py o,u) =0, Yue€ (X]’%’h(ﬂ)f.
Lemma 4. Let (3.1) hold and v € Hj ,(Q) (| M5*(Q) with r,s > 1. Then
o= P ol < eV + B lloll e .
Ifve Hy ()N M£+i’s(ﬂ), then

o= Py polle < e(N7" + h§)||v||M2+%,s—(Q).

Proof. The first conclusion comes from Lemma 3 of [6]. By (3.1) and the means of the
duality, we find out that

lo = PR polle < e(NT"+h)llo = PR pollie < e(NT+ R) (N7 + h51)Jo]

= M ()
S e(NTT Rl

5

M)
We now denote by Py the truncated Chebyshev projection. Let W %(I,) be the Sobolev

space with the weight w(x). We know from (9.5.7) of [4] that for any v € W) *?(I,) with m >0
and 1 < g < o0,

v = Prullogr,) < con,gN ™" |lullwzar,), (3.2)

|/ 1+InN, ifg=lorg=o00
INg = 1, otherwise.

Lemma 5. (Lemma 4 of [6]). If v € H(I,) with r > %, then
1PNlloo, 1, < clfvllrw, .-

Lemma 6. (Lemma 5 of [6]) For any v € Pn(I,) ® SF(I,),

[vllee < ey/ 5 ol

Moreover if in addition v € HL(Q), then
1P3vllso < e(ln N)#[Jo]ls o
Remark 1. For any v € X§ , (Q) N HL(),

[o]loc < e(ln N) 2|01

To estimate ||Py; ,v|l1,00, we introduce the operator Py : Hg ,(I.) = Vi(I;) such that for
any u € Hg (1),

1
/ Op(u — Phu)8, (2w)dz =0, Vz € Vn(I,).
-1
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Also let Py : H}(I,) — S¥(I,) such that for any u € H{(I,),
/ Oy(u — Pru)dyzdy =0, Vz€ SF(1,).

By (9.5.17) of [4] and the interpolation of spaces, for any u € Hy ,(I) (HJ (1) with r > 1,

lu — Pyulluw,r, < eN*ullrw,r,, 0<p<1. (3.3)
Also it can be verified as in [8] that for any u € Hj(I,) (H*(I,) with s > 1,
lu = Pyullger,) < ch*Hllullgs,), 0<p<L (3.4)

Lemma 7. Let (3.1) hold. Then for any v € HE_ () (M3 (Q) (\H*(I,, H:(L,)) with

r,s > %,
1PN p0lloe < cflol b ¥ Q) (1 1y 15 (1))
If in addition v € AL;*(Q) and r,s > 1, then
1PN holl1,00 < ellvllame -
Proof. We have
1PN w0lloo < PR w0 = I Pavlloo + 1T Paollso.

By (3.1), Lemma 4, Lemma 6 and Theorem 3.2.1 of [§],

1P 0 = T Prvolloo < e/ B PR o — 05 Pavoll,
< ey SR o = vllo + o = T Pyvoll) < ello]

21
MB’6
w

@
By embedding theory ,Lemma 5 and Theorem 3.1.5 of [8],

PN olloo < IPvollas 00 < ellollas iy a)-
Then the first conclusion follows. We now prove the second one. Clearly u. = Py ,v— Py Pyv €
X% ,(9). By Lemma 2 and the definitions of P; and Py, we have

Wl < () = 0w (v — P Pho, )
= a, (v — PYv,us) + au (P (v — Pfv),uy)
< 10y = Py (0y0)ll + (1020 = Py (90 0)l]w) lltt][1,-

Hence

Furthermore, we have by (3.1),(3.3)—(3.5) and Lemma 6 that

[all10 < e(10y0 = Py (00l + 1020 = Py (9:0)]l.0)- (3.5)

N
1P 0 = PiPlvllios <\ 5P w0 = BiPollie < llol gz o

On the other hand, we have from (3.1),(3.3),(3.4), Lemma 5, Lemma 6, Theorem 3.2.6 of [§]
and (9.5.3) of [4] that
||axP,:P}Vv||oo < 1Py (02 PYv) — 1050, PLo)llse + N5 (05 Phv — Pyo)loo + 1115 P
< oy/ X 1P; (0. Phv) — 18(8, Phv) . + cll, Pho — Prd,ol
< v,z + VN (|0, Pyv — 00

Hs (I, ,HL T (IL,))

He (1,0 (L)) T cllvl
H*(1,,L2 (1)) T [|[0zv — PNOgv|

He (I, H;Y (1))

HE (1,,HL(I,)) H(1,.L3 (1))

+ ol

< ||U||H6 Iy, HL (1)) [ H* (I, H; T (1))
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and
10y Py PAvl|oo < |0y Py Pyv — 8y Pyt PNv|loo + |10y Pyt Pnv — II} Py Oy ]| oo + [T} PN Oyv||oc
< ey/ T8, Py (Pv — Pyv)|w + Z7 10y Py Pyv — PnOyvllL>(1, o(1.))
+ [|PnOyv — K, POy vll 21, c(14))) + cllv]
V A NPAe = Prollan g, 2z 1.)) + cllv]

”v”Hl (Iy HL (1)) (VH 1 (1, H (1)

Het1(1y,HE (1))

<c He+1(1,,Hz(I,))
<c

Finally, the above statements lead to that | Py pv 1,00 < c|v]| A (@)
Lemma 8. There exists a positive constant cq depending only on the value of d, such that

for allv € Py(I,) ® (H*(I,) ﬂS‘ﬁ(] ))s
|0 [} o< 2N* + cah™?)|v]3.

Proof. Let u, and u,(ll) be the coefficients of Chebyshev expansions of u € Py and %
respectively. By (2.4.22) of [4],

N
cqugl) =2 Z luy,, co=2,¢4=1 for ¢>1,
I=g+1
I+q odd
and so

cqlu Z Z aui < 2N3chul

I=g+1
l+q odd l+q odd

Thus for any v € P(I,) ® (SF(I,) NH (1)), |0:v]? < 2N*||v[]2. By (3.2.30) of [8],
18yvll% < cah™ / 1 10112z, @ do < cah™?||o][3-

For real s > 0, let

B | (v,u)r2(q) |
||'U||H—S(Q) = sup ——————
wers () lul

Lemma 9. Let (3.1) hold. If v € ij,,h(ﬂ) and g € Zﬁ,’h(ﬂ) satisfy
ay,(v,u) = (g,u)y, Yu€ Z}i,,h(ﬂ), (3.6)

H=(Q)

then
||’U||1,w S ||g||H—%(Q)'

Proof. Let {¢i(y) /1 =1,2,---, M;} be the normalized L?(I,)— orthogonal base of Sf(1,) N
H'(I,). We can set ¢;(y) = 1. For any z(z) € Pn_2(l) () LE(I;), we have from (4.6) that

2
—/Q%zwdxdy:/gzwdwdy.

Since both fol % dy and fol g dy are in the space Py _2 (1) () L3(L;), the above equation implies

L 9% !
- 2 dy—/ gdy. (3.7)
0

0
Similarly,by taking u(z,y) = z(x)¢i(y) for any z(z) € Pnv—o(lz) (1 =2,3,---,M}) in (3.6), we

get
! dv Oy !
/ 52<Pzdy+/(PN 23y )a dy:/ogsoldy- (3.8)
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Then (3.7) and (3.8) lead to

ov. 0
/(9 Zudxdy+/(PN 28v)8u dxdy—/gudxdy, Yu € Pn (1) ® SF(1,). (3.9)
By taking v = v in (3.9) and integrating by parts, we find that
ov Ov Ov
| v [ () H(PN-27- 3y 9y Iy )2 = (9,0)2(0)- (3.10)

By the fact that H1(I,) < L2 (I,)( Theorem 4.1 of [9]),(3.2) and an inverse inequality (Theo-
rem 3.2.6 of [8]),we have

ov ov Ov ”
| (PN—252 = 32, 812 < eNTHIIG2 ||L2(I byl (3.11)
< h N80y + (5 +eN IR,

Thus we have from (3.1),(3.10) and (3.11) that
| v [F@y< el (9,v) 2 | -

On the other hand, v € anh(ﬂ) C L3(9), and so by Poincaré inequality, we have ||v||52(q) < ¢
| v (o Therefore

ollz1@) < cllgllm-1(0)- (3.12)
Similarly, by taking u = —? n (3.9), we get
||U||L2(1y7H2(1m)) ﬂHl(Iy,Hl(Im)) < C||9||L2(Q)- (3.13)

Let B"(Q) = L(I,, H"(I,)) (H'(I,, H™~'(I;)), 1<r <2.Then (3.12) and (3.13) imply that
lvllsr@) < clgllar—2@) forr=1,2. Therefore by the interpolation of spaces, ||v]|g1+s(q) <
cllgllg- 1+s(Q) for 0 < 6 < 1. Taking 0 = 7, we get

||U||L2( oH ﬂHl o H I )) = c||g||H’Z(Q)
Finally, we obtain from Theorem 4.1 of [9] that
[oll1,0 < loll

S WU, mt ) Ny ) S Aol -1 ()

4. Error Estimations

We first analyze the generalized stability of (2.2). Assume that u(0) and f(t) have the errors
@(0) and f(t), which induce the errors of u(t) and p(t), denoted by @(t) and p(t) respectively.
They satisfy

(Ut v)w + (Oz(G1u + ur@ + @10),v)w + (Oy(G2u + U2t + U21), v)o
+ (VP 0)w + vay (i + oriiy, v ) (fi0)w, Vo€ (XF,(2))%, (4.1)
a,(p,v) = (®(a) + ®*(u,a) = V- f,v)y, WYv€ ZII{,JL(Q)
where
(}*(U,’LNL) = 2(8yu18wﬂg + 8y1118,,.uz — 8,;u18y112 — 8wﬂ18yuz).

Let € > 0, and m be an undetermined positive constant. By taking v = 2a(t) + m7a.(t) in
the first formula of (4.1), we have from Lemma 1 and Lemma 2 that

- - e - 20 JU
(NalZ)e +7(m — 1 —e)ll@l? + gllall . + “25=laellf ., + 2voras, (G, @)

6
vmray (@, @) + Y Fy < [lall? + (1+ 22| fII
=1

(4.2)
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where
F1 = 2(835(111“4-11/1’11) +8y(ﬂ2U+U2ﬂ),ﬂ)w,
F, = m7(0(tu + ura) + Oy(Gou + u2@), i)y,
F3 = 2(835 (’ljl'LNL) + ay(’ljz'[t), 'LNL)W, F4 = mT(aw ('L~L1’L~L) + ay(ftz’lj), ’llt)w,
Fs = 2(Vp,a)., Fs = m7(Vp, tt)..
Obviously
2votay, (i, ) = Ay + Ao, vmrTay, (i, ;) = By + Bs
where
Ay = 2vor(Vi, Va),, Ay = 2voT(0 0, 2200,
By = vmt(Vi, Vi), By = vt (0,0, zw?ily)., -

It is easy to verify that
m o F - .
At Br=vrlo+ D) [(1a -7 a L]

We have that(see [5])
o vllor, <[ 0 Twr, Vv € Hy,(Lo).

Hence

| Az |

IN

. - vo e . o
20070l |02 tlle < 102G + 4voT?]|Oui 2,

| B2 |

IN

. _ UM o o a e
v |0yl |0 iell < =10l + 20mr |0yl 5
Thus (4.2) reads

(Nall5)e +7(m =1 =e)l|alll, + §(4 —m =20) [a i,
+vr(o+ B)(| 4 [2)e + 22l , —5vm* (o + ) [ i [f,

6 ~ m? s
+ Ele < lall + 1+ )| FIE-
]:

We now turn to estimate | Fj |. By integrating by parts and (4.3),
ev

- - - c -
Bl < clullsllalle @ ho< o @, +— lulSlal,

2
- - evmr” | cm .
| F2 | < emtljullsollifle | @ [10< | g [3 +€—VIIUI|§OIIUI|3-
By Lemma 6,
- - - eV | . clnN  _ B
[ B < cllallsllalle | @ hos < | a 1w+ lall? 1at.,
ev
2
. . - evmrt® | cmInN | B
| Fu| < emtlllool@|le | e [1w< | g |3 +——lall? [ a[f,, -

By applying Lemma 9 to the second formula of (4.1), we have that

o< e (V- Tl 1) + 1R@, 50 + 18D, 3 )

Obviously

1@, @) -3 o < cll®™ (W, @)]lw Sl uliol e -

(@) -

By Lemma 6,

_ _ _ _ N
12@@)l|220) < 2@l < €]l 1w eyf 5 | @ -

73

(4.4)
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On the other hand, we have that

- [(®(@),v) L2 (q] | — (i1 B iz, 0y V) 1.2 o + ({1 By iz, 02 V) 12 |
||¢(U)||H71(Q) = sup WL(Q) — sup Y L”v(‘sll) - v L2(Q)
vEH(Q) H(Q) veH(Q) H1(Q) (46)

<cllilloo | @ o< e(uN)? @i, .

Therefore we obtain from (4.5),(4.6) and Proposition 2.3 and Theorem 12.2 of [10] that

1
8

N oL N N 3,
@@l -3, < @@ |®@ g <c{ 7 ) WN)F[alf, .
H™%(Q) (©) Q) h

Thus .
~ ~ N 8 3 ~ 12 ~
P lwSellV-Flls g+ () @M 1R+ uliwl )
and
eV | . 1 -
(Bl s g lal+e+ — Tulfollal
+ =N T E N a2 @ 7 el - FI2.
By Lemma 8,
2 2
-2, CTM 9 I ctm A2
|Fs| < erllil? + ool @ R #7291y
2
+ TN R (I N (N + cah ™)l a2, -

Let |||u]l]1,00 = max [|w(t)|]1,00, €tc.. By substituting the above estimations into (4.4), we have
€S,

(Nall2)e + 7(m - 12— 2€)|lﬁtllf, L1 —m —20 - 3¢) | 2|
el + B)(| @ )+ vr (2 =50+ 3) = ) [ |2
< Mijally, + B(llallw) | @ |5, +G1
where ) )
My = e+ [+ m)|||ull[5 +[l[elllf o),
Bllalls) = % + = [ul |} oo + [ (1 +m) In N
+ gNzh*Z(lnN)Z(% + 7-mz(2N4 + cdhfz))]HﬂHi,

2

G =1+ IR + e+ <=2V - I

“H@)
By using Lemma 8 again, we get
(lall)e + 7lm — 1 —2e —vr(5(c + %) + 5m — %) (2N + cah™?)][[|2,
+5(F —m—20=3e)|alf, tvr(o+3)(|@lf,) (4.7)
< Mulallf + B(llall?) | @13, +G1
Let € be suitably small and A suitably large. Suppose that
2

2N* h™? —_—.
vr( + cq )</\(5+€—%)

(4.8)
We take

32

Then the coefficient of the term ||| in (4.7) is not less than 7. Obviously

33 100 1\ !
<[22+ —"7 V(1-2) .
’"—(32+ 6+)\(5+a—%)>< >\>

1\ L
m = <§ + 2¢ + 50vT(2N* + cdh_2)> <1 - X) .



Chebyshev Spectral-Finite Element Method for Two-Dimensional Unsteady Navier-Stokes Equation 75

Thus if )
100 7 79 a
A>(—2 4L 20— g 4.
><5_|_8_%+2 o 3{—:) <32 o 55) , (4.9)
then the coefficient of the term | @ |7, in (4.7) is not less than . Thus (4.7) reads
(N2 + 3 + & | B, +oro +2)(1 @ ) (w10)
< Myllall? + B(llalle) [ @ [f . +Gh.
Let
oz L T _ ‘ o
E() = [[a@l+55 D @lla)ll +vat) (L),
tES, <t
- m.o
pt) = @O +vro+ ) [a(0) [F, +7 > Gilt).

€S, tr<t
By summing (4.10) for all ¢’ € S; and t' <t — 7, we get
E@) <pt)+7 Y (ME({)+BEW) | at)[7.).
S, <t

By Lemma 4.16 of [11], we obtain the following conclusion.
Theorem 1. Assume that

(i) (4.8) and (4.9) hold;
(ii) for certain suitably small positive constant cs, 7|||ul||3 o, < csv;
(iii) there exist positive constants di and da depending only on |||ul||1,00 and v such that for
1
some t; € S,, p(ty)e™r < #ﬁ;)%.
Then for all t € S;,t < ty,
E(t) < p(t)e™.

We next consider the convergence of (2.2). Let U* = Py ,U. In order to get better error

estimation for the pressure, we introduce the operator P} : H'(I,) — SF(I,) N H'(I,) such
that for any v € H'(I,),

1 1
/ Oyv0yzdy = / 0y (Prv)dyzdy, Vze€ SF(I,)NnHY(I,)
0 0
and
1
/ (v — Pltv)dy = 0.
0
It can be verified as in [8] that for any v € H*(I,) with s > 1,
lo = Ppollanq,) < B ollas,), 0<p<l (4.11)
Then we follow the idea in Section 10.4 of [4], to define

or

T
PP =PiP(-1y)+ [ PP\ s,
—1 S
let ¥ be the identity operator. Then
: oP
P=P =0~ PHP(-Ly)+ [ (0= PP (s)ds.
—1

Moreover for any v € Z§7h(Q),
Jy 9y(P = P*)dyvdy = [, 0,((9 = PP (=L,9)9,vdy
= Iy 3,009~ P) [ 58 (s, y)ds)dy + 3 0,00, ([, PR = Py_0) 32 s, )iy
=Jo vaay(f: (- PJ{I—1)3%_I; (s,y)ds)dy
=~ Jo 02,09 = Py _1) 52gy= (5, y)ds)dy.



76 B.Y. GUO, S.N. HE AND H.P. MA

Furthermore

1l
a,(P — P*,v) = / / xvwdzdy (4.12)
0o J-1

8P ¢ 0P

Let U =u — U* and P = p— P*. By (2.1) and (2.2), we get
(Ut 0) 0 + (0. (UFU + U,U* + 010) )y + (O, (U3 U + UU* + UyU),v).,
+(VP,v), +va,(U + orU;,v) = z A;(v), Vo € (X% ()%,

a:w(ﬁav) = ((I)(U) + (I)*(U*,U) ) +A5( ) +A6(U)7 Vv € Z]I%,h(ﬂ)a
U(0) = Py nlo — Py Uo,

where

(4.13)

where
1(v) = (OU = Uf,v)w,
Az (v) = (9:(U1U) + 9,(U2 ) 9, (UrU") = 0,(UsU*"), v)u,
AS(U) _VUTaw(Uta )7 (U)Z(V(P P*) )
As(v) = au(P = P*,v),  As(v) = (2(U) — (U"), )

Taking v = 20U in A;(v)(j = 1,2,3,4), we have from Lemma 4 that

2141 (O)] < 201011 (10U — Ul + ||U = Ut 1)

2 —2r 25 2 2
< ||U||w+c(N +h )||U|| 1(0TM1+4 @) +CT||U||H2(t,t+T,L5(Q))’

214:(0) < FIUR, + (N 7+ U1 A NUTIBNUIE Ly

1
i
By Lemma 2 and lemma 4,
2/45(0)] < 20070 w(1Uf = Utllw + (|0l 10)
< FIWU Ry N0 0,712 0))-
We have 2|A4(U)| < D, + D, with
Dy =2|(0,(P = P*),Uh)u|, D2 =2|(P— P*,8,Us).].
Moreover (3.3), (4.11) and the trace theorem lead to
D, < IIUIIj +10: (13 P*Z)II2 < IIUII2 + (9 = Py Py_1)0: P2
||U|| +C(N " +h S)||P| Hs I, Hl([ ))ﬂHl( H:,+1(Im))7

LI0R L+ S(1P(-1,y) - PlP( 1y)IILzI)+||(19—P;1P11v71)5x1’||i)
FIURL + 5 (NT ”+h“)IIP|

EV

Dy

IN I/\ IN

H¥(Iy,HY (1)) NH (1, , H P (1))
For the term A;(v), we know from (4.12) and Lemma 9 that we only have to estimate || x||
By (3.3), (4.11) and Theorem 4.1 of [9],
IIXIIZ,%(Q) <Xl < e(l(® = P)0ue PIIZ + (1P, (0: (9 — Pry_y ) (9 P))IIZ
+|(Y - Py_ 1)3wayzllz)
< (N7 + )P

H—%(Q)'

HE (1, H2 (1)) H? (L H P (L)) N H (1, HY (1))

For the term Ag(v), we need to estimate ||®(U) — ®(U )|| 3 Flrstly

I12(U) = @(U)lz2() < e(N™"+ 7 H)(||U]]1,00 + IIU*I|17oo)||U||M;+1,§(Q)-
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Next, ®(U) — ®(U*) = 2K, — 2K with
Ky = 8, (U18,Us) — 8, (UF8,U3), Ko = 0y (U10,Us) — 8, (U 0,U3).

Furthermore
|(U102 U2 —U{ 0, Uy 78yv)L2(Q) |

I|K1llg-—2) = sup

vEH?(R) HUHHZ(Q)
< sup |(U102 Uz —U{ 04 Uz,0yv) 2 () |+ |(U2—U3) 0 U ,0y v) L2y |+ (U2 —U3)UT ,020y v) L2 |
- vEH2(Q) [lv HH2(Q)
< cNTT AR 0 41U 001U o @’

We can estimate || Kz|[g-2(q) similarly and so

(V) = ®(U)l-2(2) < e(N" + B (IU]]1,00 + U ]11,00)IU]] it )

Thus by Proposition 2.3 and Theorem 12.2 of [10],

5 3
< C||(I>(U) - Q(U*)sz(ﬂ)nq)(U) - CI>(U*)||1§{—2(Q)
<N+ BT HU|| 15 0

12(U) = 2, 3,

Therefore
|[46(v)] < cl|®(U) = U -3 g Il < |UIR . + (N2 + 125 3)||U| 2

H- 4 MIYLE Q)

By taking v = mrU; in A;(v)(j = 1,2,3,4), we have that
mrlAL(U)] < erl||T]f2 + s (N2 +ROIUIE,

€ r+3.5

CH(0,T5M,, %7 ()

+ CTI’L2T2

) 10 B2 0
mrlAs(O)] < evr |0 + BN+ (VI + ORI

r %5 ’
mTlAa(@N < EVT2|(2t|%,w %HUﬂcl(mTﬂg(Q))a
mt|Ay(Up)] < evr®|Uil, +eTl|U]

(T ) (N2 4 25)|| P2

H3 (L, HL (L)) [V H (1, HIV (12)

Moreover, by Lemma 3, Lemma 4, Lemma 8 and (4.8),
IO < e + G 1y

TIUO0)F, < er(N* + h7*)(N 7" + h2§)||U0||fwr+

5

o)
By Lemma 7, we have that for a, 5 > %,
U100 S U] g (-

Besides if (4.8) holds, then for r > 5,5 > 1

32’

Finally by an argument similar to the proof of Theorem 1, we have the following result.
Theorem 2. Assume that
(i) (3.1) and condition (i) of Theorem 1 hold;

(ii) for r > %,52 1 and o, 8 > %,

7

U € C(0,T; Wh(Q) () ML () () A%? () () €0, T MET=5(9) () H2(0, T; L2(Q),
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P € C(0,T; H(Iy, H3(L,)) [\ H* (I, Hi ™ (L) [ H (I, HL (1))

Then there exists a positive constant d3 depending only on v and the norms of U and P in the
spaces mentioned in the above, such that for all t < T’

NU(t) = u(®)|l < ds(r+ N~ +h=%).
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