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Abstract
In this paper, the finite element approximation of the Signorini problem is studied
by using Lagrange multiplier methods with piecewise constant elements. Optimal error
bounds are obtained and iterative algorithm and its convergence are given. Furthermore,
global superconvergences are proved.
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1. Introduction

It is well known that contact problems have always occupied a position of special importance
in the mechanics of solids. So it attracted particular attention of engineers and computational
experts. In the last ten years, with the development of the theory of variational inequalities, a
lot of new results and methods on contact problems have been reported. We refer to Brezzi,
Hager and Raviart 34, Falk 8], Glowinski, Lions and Trémoliérés 1% Haslinger ', Haslinger
and Hlavacek '13] Kikuchi and Oden ['®! for details and survey in this field.

Superconvergence estimates for the finite element methods are well studied in many papers.
We refer to Krizek and Neittanmiki 16, Lin and Xu 2%, Lin and Zhu 2132 Krizek 17 and
Wahlbin % for more details.

We shall discuss in this paper the classical example of the role of variational inequalities
in the formulation of contact problems in solid mechanics — the so-called Signorini problem
describing the contact of a linearly elastic body with a rigid frictionless foundation and show that
the finite element approximation of the Lagrange multipliers methods with piecewise constant
element is of order one in accuracy with the energy norm. Furthermore, we find that the error
estimates with the energy norm are half a order higher than the usual optimal error bounds
if the partition of €2 is almost a uniform piecewise strongly regular mesh and the solution is
smooth enough.

We consider the deformation of a body unilaterally supported by a frictionless rigid founda-
tion and subjected to body forces f and surface tractions ¢ applied to a portion I'x of the body’s
surface I'. The body is fixed along a portion I'p of its boundary and we denote by I'. a portion
of body which is a candidate contact surface. Let u = (u1,u2) and ¢ = (0y5),1 < i,j < 2,
denote arbitrary displacement and stress fields in the body respectively. If we take on the spe-
cific form o;;(u) = Ejjpug,(x), where Ejjp; are the components of Hooke’s tensor which may
depend on x and have the symmetry properties

Eijri = Ejirg = By, 1<14,5,k, 1 < 2.
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Then the Signorini problem consists in finding the displacement field u such that

—(Eijriuey),;, = fi, inQ,
u; = 0, onIp,
Eijpiugyn; = t;, on ', (1)
or;(u) = 0, o,(u)(u, —g) =0,
onl,,
up—g < 0, op(u) <0,

U
—k, n and g denote the outward unit normal vector on I'. and the normalized

8xl

initial gap, respectively, and

where uy; =

Up = u-n=un;, op(u) =o;(u)nn;,
OT; (ll) = Ul](u)n] - Un(u)nia 1 S i:j: kal S 27

here o1, (u), 0, (u) denote the tangential and the normal components of the stress vector, re-
spectively, and the usual summation convention on repeated indices is used.

Let  be a bounded domain with a sufficiently smooth boundary. We will use the usual
Sobolev space W™P(Q) consisting of real valued functions defined on  with derivatives up to
order m in LP(Q2) and the norm on W™ P?(Q) is denoted by || - ||m,p.q. In particular, we define

H™(Q)=W™*(Q) and || [lma =" [lmz20-
Let (-,-) denote the L?-inner product and
Y=int(l —Tp), IrCY, I'pNl.=9¢, [.CX,

where int denotes interior of a set. For vector-valued function v with components v; in H™(Q),
we shall use the following notations

v e H™(Q) = {(vy,v)|v; € H™(Q),1 < i < 2},

Wllno =3 [ X IDout@)Pde}?,

la<m
V = {veH (Q)|yp(v) =0,in H?(I'p)},
K={veV|y (v)—g<0, ae onl.},
vp : HY(Q) — H? (T'p),~p being the trace map from H'(Q),
7 V= H: (X),7% being the normal trace map from V.

We see that the set K is a nonempty closed convex subset of V and the normal trace operator
1 1
79, is a surjective linear continuous map. Let H~=(T.) denote the dual space of Hz(I';) and

its norm be defined by
| / vy
e
Wll—gr.= sup T

)
ospers o 121150

where

2 _ 2 2 2 _ (v(z) —v(y))
ol v, = ol + o, oy, = [ f = ey
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For further notation we refer to Necas 126!, Ciarlet and Lions [, and Kikuchi and Oden ],

2. Formulation of the Algorithm and Error Estimates

Let Q, for simplicity, be a convex polygonal domain in R? and v.; =c Nv;,i =1, ny,
where 7; denotes any side of the polygonal boundary. Let a(-,-) be a symmetric and continuous
bilinear form of V, which corresponds to the virtual work in the body Q:

a(-,): VxV =R,
a(u,v) = /E'ijkluk,wmdx, Yu,v € V.
Q

We suppose that f € L*(Q) and t € L*(I'r), where L?(Q) = L?(Q) x L*(Q). Then the linear
functional

f(v):/Qf-vdahL/FFt-vg(v)ds

is bounded and the trace operator 72 is a surjective linear continuous map. Hence the Signorini
problem (1) can be given in the variational form:

{ Findu € K such that @

2

a(u,v—u) > f(v—u),VveK.

Let X(I'.) = [, H‘é(%i) with the norm

Ng
2 _ 2
el o, = D el? g
i=1

We introduce the Lagrange multiplier p and its admissible set N defined by
N={peX{T.)|p<0 ae on [}

Then we may define the variational formulation with Lagrange multiplier for problem (1) as

follows
Find (u,p) € V x N such that

a(u, V) - Z?:gl [p7 Bv]%,i = f(V), Vv € V; (3)
Yilg—p,Bu—gl,., > 0, YgeN,

where [-, -] denotes the duality pairing on H~2 (v, ;) x H2(7.;) and B = Vg .
We suppose that the continuous bilinear form a(-,-) on the Hilbert space V satisfy the
following continuity and ellipticity conditions:

\Y

a(u,v) < dlfulliellviie and a(v,v) > &V} o, (4)

where § and k are positive constants. Then it is easy to prove that the problem (3) is equivalent
to the problem (2) (cf [15]). Hence we have

Theorem 1. The problem (3) has a unique solution (u,p) € V x N. Moreover u € K is
the solution of problem (2) and p satisfies

p=o0p(1), on Yesi=1,---,n4.

We suppose that there are a partition 7" = {e} of Q with mesh size h and a partition
4 = {7} of T'. with mesh size H, where the vertices of the polygonal boundary are nodes of the
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partition. Let V* and Q¥ be the finite element spaces of piecewise linear on T" and piecewise
constants on ' respectively. Then the finite element approximation problem corresponding
to the problem (3) is the following.

Find (up,pr) € VP x NH such that
a(up,vi) = Y08 [pa, Bvily. . = f(vn), Vv € VP, (5)
>itilgu — pa,Bap —gly., > 0, Vqg € NH,

where
N ={qe Q™| q; <0,VreTH}.

Lemma 1. Suppose that Q2 is a polygonal domain and % is sufficiently small. The spaces
V" and N¥ are defined as above. Then there exists a constant 3 > 0 independent of h and H
such that

sup Z?:gﬂpH:Uhn]vc,i

vhevh [Vl
Vh760

> Blllplll -y r., Vpu €QY, (6)

where vy, = Bvy,.
Proof. Let pg € QY and w be the solution of the following problem

—(wgy)j+w; = 0, inQ
w; = 0,onlp
wrn; = 0,onlp
or;(w) = 0, on,(W)=pu, onl,.
Then
(€35 (W), €i5(v))a + (wi, vi)e = (pu, BV)r., VW €V, (7)
where
ey(v) = %(g;’; + ZZ), ij=1,2.
We introduce the norm ||| - |||* defined by
V1% = (€43 (v) €6 (Mg + (05, vi)a
in V. By virtue of Korn’s inequality, the norm ||| - |||* is equivalent to the usual norm || - ||1 o

in H(Q2). Hence from the regularity results and inverse estimation, we have
IWlli+eo < cllpull-g4er. < cH (lpull_s r., (8)

where € € (0,1). Using the well-known interpolation properties of V* and (8), we see that there
exists z" € V" such that

12" |10 < lIwllLe, 9)

€ h €
[Iw = 2"l < chf[[wlliteo < e(z) lpall- g r.- (10)
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For any ¢ € H2(v.;), there exists a function v € V such that Bv = ¢ on 7.; and ||v|.q <
cllells . .- Hence from the definition of the dual norm, we have

| [ pryl || puBv|
_ v e
WPall—y e = sup —par——<e sup [IvIl.e
PEHZ (v ;) et PEH2 (vc,;) '
p#0 P#0
) ) o (11)

= ¢ sup [(e45 (W), €45 (V))a + (wi, vi)o]

. IVllL.e

PEHZ (1,7

p#0

< diwlle

From (7)-(10), we get

/pHBZh 2 /pHBW—/ paB(w —z")
re T r.
h
2 Cl||W||iQ—C(E)EZHPHH{%%J
i=1
> diwlliellwllie > clz"lLelllpalll- 4 r.

which implies (6).
Let I" denote the interpolation operator in V* and R¥ be a usual L?— projection operator
satisfying, for A\ € L*(7),

/(A —RH)N) =0, Vrerh. (12)

Then we have following results ( cf [9] and [21]).
Lemma 2. If A € H"(7) and r > 0, then we have

A= R¥X||sr < cH||A]17

where pp = min(r +s,1+s) and 0 < s < 1.
Lemma 3. Let u e H (Q) and r > 1. Then

c?

1B~ I"w)|lsr. < ch[Jully.r

lu — I*ull; 0 < ch*|lul].o,

where pp = min(r —s,2+s) and 0 < s < 1.

Theorem 2. Suppose that Q be a convex polygonal domain in R*>. Then problem (5) has a
unique solution (up,pg) € VP x N,

Proof. This follows from Lemma 1, (4) and theorem 4.6 in [15].

Theorem 3. Let (u,p) € V x N and (u,py) € V® x N2 be solutions of (3) and (5),
respectively. We suppose that u € H*(Q),g € Wh4(v.;),q > 2. Moreover, assume that the
number of points where Bu— g changes from Bu—g < 0 to Bu—g = 0 is finite. Then we have

the estimates
llu— |l <c(h+H'™), (13)

lp = prllor. < c(hRH™F + HZ ™), (14)
llp = palll_yr. < clh+H™), (15)
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where € = 2i
q

Proof. Let v = I"u — u;. Noting R¥p € NH (since p € N), [p — pu, Bu — g] < 0 and
[REp — prr,g — Bup] <0 on 7.4, we obtain from (3) and (5),

a(u - llh,V) = Z?:gl[p_pH:Bv]’Yc,i
< YiZidlp—R"p,Bvl,. 16)
+[RYp - pu, B(I"u — )],
+[R"p —p,Bu—g],. .}
By Lemma 2, Lemma 3, inverse estimates and a trace theorem we obtain
Yitilp—RUp, Bl < X e = RTpll_y . 1BVl an
: 1
< eH(EE PG, )V,
> [R"p—pu, B(I"u—u)],., < ch|[|R"p - pulll_y r.Ilull2,0- (18)
i=1

Letw=Bu—-g, 7 ={z €l |Bu—g<0}and I’ = {z € I'.|[Bu— g =0}. If r C '], then
p=0and Rfp=0on 7. If r CI? then Bu— g = 0. Hence

(Rfp —p,Bu—g), =0, forall rCI7UTY

If 7 ¢ 7 UT?, then using the assumptions of the theorem, for arbitrary q > 2,

> (Rfp-pw), = > (Rfp—p,w— REw),
TZL Ul T2 Ur? (19)
1
< eH?7a|[plly - (l9llg,r + [lall20),

where we have used the Sobolev imbedding theorem from H?(Q2) to W4(9().
From (6) and Lemma 2 we see that

E?:gl [RHp — DPH, Bv]’yc,i

BIRTp —palll_yr. < sup

vevh IVllLe
v#£0
g H
— sup Ei:l [R p—D, BV]’Yc,i + a(u B uha V) (20)
vevh VllLe
v#£0
< H(Rplly )% + Blullag + ([0 = u"l g,
= ey
which, combination ab < p~ta® + pb*(a,b > 0, > 0), (17)—(20) with (4), implies
. . 1
||Ihu—uh||f79 §c(h2+H2 7). (21)

Hence by (21), Lemma 3, triangle inequality and taking ¢ = %, we have shown (13). From
(20), (21), Lemma 2 and triangle inequality we deduce (15) immediately. The inequality (14)
follows by (15), inverse estimate and triangular inequality.

Remark 1. We only require that g € W'4(v, ;) in Theorem 2 in stead of g € WH4(L,).
If g € WH°(v,,) and u € WH° (v, ;) x Wh(~,;), then from (19) we see easily that the € in

inequalities (13)-(15) may be omitted.
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We introduce a functional defined on V* x NH:
1 e
J(u,p) = ia(u, u) — Z[p, Bu-—g],,, — f(u) ,V(u,p) € Vi x NH,
i=1
The corresponding matrix expression is

1
J(u,p) = 5UTAU -UTDP -UTf+ Py, (22)

where A is a symmetric positive definite n X n matrix and D is a n X m matrix. We consider
the minimization problem:

min J(u,p).

ucvh ’

It is equivalent to
AU -DP - f=0.

Since A is a symmetric positive definite matrix, we have
U=AYDP+f). (23)

Substitute (23) into (22),
J(p) = J(u,p) = —%PTDTA_lDP —PTDTA L f - %fTA‘lf + PTy.

Then the problem (5) is equivalent to

min (—J(p)),

pENH

Let
C= DTA_ID = (Cij)?szla F = _DTA_1f+g = (FZ):’;U b= ZPZ@ZJ
i=1

where {¢;} are the piecewise constant basis functions of the finite element space Q.
We construct an algorithm as follows:
(i) Given 0 < w < 2 and p° € N ie: p° =3 PPyp;, where P? < 0.
(ii) With p* known, determine p**! by

i—1 m
)\EkJrl) _ _Ci;l(z Cijpj(chrl) + Z C'iij(k) — Fy),

j=1 j=it1

pli+1) _ (1- w)Pi(k) n wXEkJrl),

(3

P = min(0, B*Y), (i = 1,...,m), PML = (PIFTY L P,

)

(iii)) When |P*+1 — P¥| is small enough, we stop the calculation.

(iv) Let P = P*! calculate U = A~*(DP + f).

Theorem 4. Let 0 < w < 2. Then p*, defined by the above algorithm, converges to the
solution p of problem (8). Moreover u converges to the solution u of problem (3).

Proof. First, we show that matrix C' is a symmetric positive definite m x m matrix. Since
A is a symmetric matrix, matrix C' is symmetric. Moreover, if x # 0, then from Lemma 1 we
have Dz # 0. In addition A is a positive definite matrix, which implies that C' is a positive
definite matrix. Thus, p* converges to p by Theorem 1.3 in [10] when 0 < w < 2. We see by (6)
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that operator D ( defined by matrix D ) is bounded and continuous. Hence when p* converges
to p, u converges to u by (23) and (iv).

3. Global Superconvergence Estimates

In this section, we assume that 7" = {e} is an almost uniform piecewise strongly regular
mesh on the polygonal domain € ( see [20] ). E(z) is a function defined on W2°(()) and V"
is the piecewise bilinear finite element space. Then we have the following Lemma ( cf [18], [19],
[21] and [30] ):

Lemma 4. Let u € H3(Q) and E(z) € W*>(Q). Then there exists a positive constant ¢
such that, for any v € VI,

|| B "ol < i fallogllollue, 1<k <2
Q

We can derive the following result by the above Lemma.
Lemma 5. Let u € H*(Q) and E;jr, € W2>°(Q). Then there exists a positive constant ¢
independent of h and H such that

a(u— I"u,v) < ch?||ullsql|lv]jia, Vve V"

Theorem 5. Let us assume that the number of points where Bu—g changes from Bu—g < 0
to Bu—g =0 is finite. Let g € WH®(v.;)(i =1,---,n,) and the conditions of Lemma 5 hold.
Then we have . i . s

[[I"a —upll1 o <c(h® + HT +h3iH?), (24)
IR p —pulll_yr. < c(h® + HY + hiHT). (25)

Proof. Let v = I"u — uy,. Then similar to (18)—(21), we have

g s Ng .
S - Rp,Bv],., <cHE(S bl ) E Ve, (26)
i=1 =1
Ng
3
S [RYp—p, BUI"u ~ )], < ch¥[||R"p — pyll| s 1 |[ulls.0. (27)
=1
5
S (BTp—pw), < cHE lpll (gl + [lallse), (28)
T 7Ur?
3 el 1 3
IR p —prlll_y v, < cHES NIplE . ) +ch¥|lullsg +elll"u —ulio,  (29)
i=1

where Lemma 5 is used. This completes the proof of the Theorem from (26) —(29).

We assume that 7" is obtained from 72" with mesh size 2h by uniformly subdividing each
element in 7" into 4 congruent elements with mesh size h. We define the high order interpo-
lation operator 72" on the space of piecewise bilinear function space V* and satisfying(see [1],

[51,[21])
0 = 2t In2vll,, < Vil Vv eVt

(30)
In2ta = ull,, < ch¥llully,,  2<q <o
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Theorem 6. Under the assumptions of Theorem 5, we obtain the following global super-

convergence estimates and optimal estimates

lu—72up|l o <c(h? +HT +hiHT), (31)
llp = palll_yr. < c(h® + HS +h5HY), (32)
llp — pullor. Sc(h%H7%+H%+h%Hi). (33)

Proof. We have by (24),(30) and triangle inequality

IN

[lu = 72 a1 0 la = 7"l g + |7 (I"u — un)|l10

N

< ch2|lullg o+l — upllLo

< oh® + H3 +hiHY).

The inequality (32) now follows by (25) and Lemma 2. The inequality (33) follows by (25),

inverse estimate and triangle inequality.

Remark 2. From (28) we see easily that if p € W1>°(.;), then the error bounds in

inequality (24) is O(h® + H2 +h%H). Hence the error bounds in inequalities (31) and (32) are
O(h® + H? +h% H). Moreover we may extend the results of Theorem 1-Theorem 6 to bounded
convex smooth domain as in [3], [4] and [15].
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