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Abstract
In this note, we will give a proof for the uniqueness of 4th-order time-reversible sym-

plectic difference schemes of 13th-fold compositions of phase flows ¢§{(1)? ¢§{(2), qﬁ;(g) with
different temporal parameters for splitable hamiltonian H = H® + H® 4+ H®),
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For a hamiltonian system

dz
- =JVH(2), Ze R (1)

o -I,
I, O
V is the gradient operator, the symplectic difference schemes should be exclusively employed to
integrate it [1, 2]. One can get this kind of schemes of any high order, however the high-order
derivatives of the hamiltonian H must be used or a system of high-order algebraic equations
must be solved [2]-[4], and usually the symplectic schemes are implicit, unless the hamiltonian
H is special, say, variable-separable [1, 2, 5], symplectically separable (nilpotent) [6] or splitable
(we call a hamiltonian splitable if it can be split into several parts, and each part can be explicitly
integrated) [7]-[9]. On the other hand, people have already utilized the technique of composing
lower-order symplectic scheme for several times with different stepsizes to get higher-order one
[7]-[10]. Comparatively, this is an economic and practical way, especially, when the hamiltonian
is splitable [11]-[16].

For a splitable hamiltonian!

where J = [ } , I, is n x n identity matrix, H : R?>® — R is a smooth function and

11]-[16)

H(p,q) = HY(p,q) + H? (p,q) + H® (p,q), p,q € R", (2)

if ¢t ¢4, ¢4 are the phase flows of HM (p, q), H? (p,q), H® (p,q) respectively, the following
schemes S1 and S2 are symplectic difference schemes of order 1 and 2 respectively [7]-[9]:
Scheme 1 (S1): Ist-order symplectic scheme

7 =34(2) = ¢} 0 65 0 6} (2), (3)
Scheme 2 (S2): 2nd-order symplectic scheme

Z=U(Z) = ¢f 0 gf o gt 0 g 065 (2). (4)
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Explicitly, scheme S2 is time-reversible (a scheme G7 is said to be time-reversible if G~ o
G™ = identity[17]-]19]).

We have known that via multi-fold composition (with different parameters) of a time-
reversible symplectic scheme (RESS), one can get a higher-order RESS. Precisely for instance,
if ¢ is a 2nd-order RESS for Hamiltonian H, then ¢% o ¢t o ¢%t is a 4th-order RESS for
Hamiltonian H, here a = ;_2—‘{%, g = ﬁ We have known on the other hand, if ¢! and ?

are the phase flows of Hamiltonians H1) and H? respectively, then 1/1% ot 01/1% is a 2nd-order
RESS for Hamiltonian H = H®) + H®)_ Therefore

d)% o¢5to¢% od)aTt oqﬁo‘to@[)% oz[)% og{)moqﬂ%

qu%oqﬁﬁtoq/)%toqﬁatog/)%tO(ﬁﬁtog/)% (5)

(here v = a+ 3 = ;1%) is a 4-order RESS for Hamiltonian H = H® + H®) [7]-[9].

Conversely, it is easy to prove (see Corollary 1 in the Proof of Theorem later): if 1)* o p*t op¥t o

Pt op”t o gt o hpM (@t and 9t are the phase flows of Hamiltonians H(Y) and H(?) respectively)

is a 4th-order RESS for Hamiltonian H = H® + H® then A\ = 2(2713\5), W= zféﬁ’
1-°v2 o V2

2(2-3v72)’ 2-3y/2°

Similarly, we know: if ¢ ¢2 and ¢} are the phase flows of Hamiltonians H»), H® and

H®) respectively, then (;51 0o ¢z o ¢l o ¢z o ¢1 is a 2nd-order RESS for Hamiltonian H =

HWD + H®? 4+ H®) Therefore,

V=

m

Bt Bt at at ‘ at at Bt Bt
¢2°¢2 °¢ 00y 0 op® 0y’ 0§ opy’ o PP 0P oy °¢ °¢2 o ¢

L T A S T Y. (6)
:¢ °¢2 °¢ 0" 0¢® 0y’ 0§ 0Py’ 0P 0Pyt o3 0Py °¢1

(herey=a+ == 3§) is a 4th-order RESS for Hamiltonian H = H®M + H®) + H®) [7,8].
But how about the converse proposition? Is it true? That’s just what we are to answer. For
this purpose we establish the following theorem:

Theorem 1. If
Z=04Z) = ¢3 0 g% 0 g5 0 g7t 0 N 0 B 0 ¢Vt 0 Pt 0 A 0 ¢ 0 9Pt 0 92T 0 0L (Z) (T)

where ny,na,n3, N4, N5,M6,07 € {1,2,3} and any two neighbouring numbers are different, is

a 4th-order RESS for Hamiltonian H = HY + H? 4+ HO®) | then § = a = v = m,
a— a— _3 . .

8 = m, A= (12 3\6_) P =5 ;(/_) = 273\/25. That is to say, ©! is actually 3-fold

composition of W with different coefficients: ©f = Wrzt o Writ o Yr2t yith k; = 2‘;—‘{% and

1
2-32° .

For the proof of Theorem 1, at first let’s prepare something.

If ¢4, ¢4 are the phase flows of hamiltonian H?), H(®) respectively, then we can write the

following expansion:

(bﬁt ° (th ° (ls)\t ° (bﬂt o (lsut o qut o (ls)\t ° (ﬁyt ° (;Sﬁt
=I+ tJV{2(7 + ) H® + (28 + 2\ +v)H®)}

Ko =

+ 5J{2(7 + ) H® + 28+ 20+ )H® Y. IV{2(y + wH® + (26 + 2\ + v)H®}

4 3
. (v + 1)

3 3 JIVHP,.[JVH?)?
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N (v + w)[28% + A 4+ v) (26 4 2\ + v)] — 22\ + v) 3
2

(v + 1?48+ 22 +v) +22°

2

N (26 + 26>\ + y)3t3

(v + )2 (48 + E;A + 3v) — 2\p” £ JVH?], [IVHIVH]

N (v + w)[68% + A+ v) (68 + 2X + v)] + 2Au(X + v) 2
2

+ wt:"JH(z)JH JVH?

. (74 p)2(48 + 2\ + v) + 2A\p?
2
+ (v 4+ p)?@2X +v) = 2221 THP JHE) JVH?

JIVH®],.[JVH®)]?

+ JIVH®..[JVHD]

JIVH®,.[JVH®?

+

JIVH® [JVHPD[JVH?)

t*JHPJHP JVHE

2 _
. (v + p)[28% + (2X + 1/)(2§ + 2\ 4+ v)] — 2Apu(\ + v) #IHE JH® JvHE
2
L O WP AR 24 V) 4 2N s o) ) e

2
+ 2 A+ ) + 287+ (B + 22X+ )P THS JHP JVHE

L O WRE 4+ (20 +v)(28+ 2 +v)] = (A + ”’ £ JHS JHP JVH?

2
+ wt{]l{w)]]{ JVH® (8)
For the notation, we set
JHWJVHY = J Z JVH(”l)](jl)

Jj1=1

and

2 9 VH
JIVHW JVHOIVHE] =] 3 TP JVH('“)](m[JVH‘”Z)]uZ)
J1,J2=1 1 2

where u,v1,v2 € {1,2,3}, z;, is the j,-th component of 2n-dim vector Z, and [JVH(”w)](jw)
stands for the j,,-th component of 2n-dim vector [JVH(”w)], w=1,2.
Lemma 1. RESS

Z =gl odit o ghl o Gl o drl o gl 0 9! 0 97l 0 61 (2) 9)
is of at least order 4 for H(™) + H(2) jff

{v-l-u 2842\ +v =1,
2ﬂ+2/\,u :% B2 — B =2 (A +v) =—%.

Proof. We can get (10), after observing (8).
Corollary 1. RESS

Z=¢ o gt o gt 0 gt o it o A 0 7! (Z) (11)
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is of order 4 for H(™) + H"2) jff

— 1 _ 1
7‘%%%@’A_2Jﬂ’ 12
o= 1-3v2 = =2 (12)
2(2—3v2)’ 2-3\2°

Proof. Setting 3 = 0, solving (10), we obtain (12). On the other hand, if we set Q!(Z) =
¢2, 0 ¢l 0 b2, (Z), then solution (12) means that Z = QM 0 Q*% 0 QM(Z). From Corollary 1 in
[20], we know (11) is exactly of order 4 for H(™) 4 H(n2),

Proof of Theorem 1

FIRST STEP:

Without lose of generality, we display all the 13th-fold compositions (for instance,
{2,1,2,1,3,2,3,2,3,1,2,1,2} stands for ¢3¢ 0 ¢5% 0 ¢ 0 ¢]" 0 3% 0 ¢ 0 ¢t 0 ¢4" 0 $3t 0 47" o
P2 0 ¢t o ¢3t) as follows:

{2,1,2,1,3,2,3,2,3,1,2,1,2};  {3,1,2,1,3,2,3,2,3,1,2,1,3} (D1; D2)
{1,3,2,1,3,2,3,2,3,1,2,3,1};  {2,3,2,1,3,2,3,2,3,1,2,3,2} (D3; D4)
{2,1,3,1,3,2,3,2,3,1,3,1,2};  {3,1,3,1,3,2,3,2,3,1,3,1,3} (D5;  D6)
{1,2,3,1,3,2,3,2,3,1,3,2,1};  {3,2,3,1,3,2,3,2,3,1,3,2,3} (D7; DS8)
{1,2,1,2,3,2,3,2,3,2,1,2,1};  {3,2,1,2,3,2,3,2,3,2,1,2,3} (D9; D10
{1,3,1,2,3,2,3,2,3,2,1,3,1};  {2,3,1,2,3,2,3,2,3,2,1,3,2} D11; D12

{2,1,3,2,3,2,3,2,3,2,3,1,2};  {3,1,3,2,3,2,3,2,3,2,3,1,3} D13; D14

{1,2,3,2,3,2,3,2,3,2,3,2,1});  {3,2,3,2,3,2,3,2,3,2,3,2,3}

{1,2,1,2,1,2,3,2,1,2,1,2,1}; {3,2,1,2,1,2,3,2,1,2,1,2,3}

{1,3,1,2,1,2,3,2,1,2,1,3,1};  {2,3,1,2,1,2,3,2,1,2,1,3,2}

{2,1,3,2,1,2,3,2,1,2,3,1,2;  {3,1,3,2,1,2,3,2,1,2,3,1,3}

{1,2,3,2,1,2,3,2,1,2,3,2,1}; {3,2,3,2,1,2,3,2,1,2,3,2,3}

{1,2,1,3,1,2,3,2,1,3,1,2,1}; {3,2,1,3,1,2,3,2,1,3,1,2,3}

{1,3,1,3,1,2,3,2,1,3,1,3,1};  {2,3,1,3,1,2,3,2,1,3,1,3,2} D27; D28

{2,1,2,3,1,2,3,2,1,3,2,1,2}; {3,1,2,3,1,2,3,2,1,3,2,1,3}

)
)
)
)
)
)
)
)
)
)
D29;  D30)
)

{1,3,2,3,1,2,3,2,1,3,2,3,1};

If (D1): {2,1,2,1,3,2,3,2,3,1,2,1,2} is of order 4 for H = H® + H® + HO) after
removing the numbers “2” from sequence (D1) and merging the same neighbouring numbers,
then we obtain a new sequence {1, 3,1} (standing for q&%‘””)t o ¢§2)‘+")t o ¢§“+7)t) should be of
order 4 for H = HW + H®), However we know from Corollary 1 that this is impossible. So
(D1) cannot be of order 4 for H = HY + H?) + H®)  and it is deleted.

Similarly, (D2), (D4) et al are also deleted. We have (D3), (D7), (D21), (D23), (D25), (D29),
(D30), (D31) as remainder (the corresponding composing parameters are below the numbers of
the sequence respectively):

{2,3,2,3,1,2,3,2,1,3,2,3,2} D31; D32



A Note on the Construction of Symplectic Schemes for Splitable Hamiltonian H = H() + H(2) 4 H(3)

{1,
{6, o,
{1, 2,
{0,
{2, 1,
{9,
{1, 2,
{0,
{1, 2,
{6, o,
{2, 1,
{0,
{3, 1,
{9,
{1, 3,
{6, «a,

SECOND STEP:
After removing the numbers “1”7, “2” and “3”
the same neighbouring numbers, then we obtain three new sequences (C3a), (C3b) and (C3c)
respectively. For other sequences, we do the same things. Thus we have obtain the following
24 new sequences:

{3,

{a,

{1, 3, 1, 3, 1,
{6, «a, v, 2X+v, 7,
{2,

{a,

{1, 3, 1, 3, 1,
{6, B, v, 2A+v, 7,
{2, 3, 2, 3, 2
{6, B, v+p v, ptn,
{2,

{o

{2, 3, 2, 3, 2
{a, B, v+mp, v, p+7,
{1,

{9,

27
s
2,
1,
27
s
2,
1,
2,
s
27
s
2,
s
27
s

ul—‘
> w >w

2
\.>"_‘

2
uy'_.

2
\.>"_.

2
uy'_‘

2
\.>"_.

R
\.>’ \-'_\

a+7y, A

241,

2, 3, 1,
By A
2, 3, 1,
By A,
2, 1, 2,
By A
2, 1, 2,
By A,
2, 1, 3,
By A
2, 1, 3,
By A,
2, 1, 3,
By A
2, 1, 3,
By A

1}
5}
1}
5}
2}
5}
1}
5}
1}
5}
2}
5}
3}
5}
1}
5}

93

(C21)

(C23)

(C25)

(C29)

(C30)

(C'31)

respectively from sequence (C3) and merging

2, 3, 2,
u) >\7 ﬂ)
2, 1, 2
B, v 2p,
2, 3,

i, A+ 0,
2, 1, 2
a, Y, 24,
3, 1, 3,
/87 b V)
1, 2, 1,
AJ 77 a?
3, 1, 3,
/87 >\7 V)
1, 2,

A v ta,

3}
a}

L

B,

1}
d}

1}
5}
1}
a}

1}
5}

(C3a)
(C3b;  C3c)
(C7a)
(CTh;  CTc)
(C21a; C21b)
(C21c)
(C23a; C23b)
(C23¢)



94 Y.F. TANG

{2, 3, 2, 3, 2, 3, 2} {1, 3, 1, 3, 1, 3, 1}
C25a; C25b
{a, v, o v, p,ov, afy {0+B8, v, A v, Ay, B+6} ( )
1, 2 1 2 1 2. 1
{7 ) ) ) ) ) } (0250)

{0, a, B+X 2p, A+3, a, O}

{2, 3, 2 3 2 3 2 {1, 3, 1, 3, 1, 3, 1}
C29a; (C29)
{0+8, v w v, p, v, B+0}  H{a, v, A v, A v, «a} ( )

{2, 1, 2, 1, 2, 1, 2, 1, 2}

2
{67 «, ﬂ: >\; 2//’7 >\7 ﬂ: «, 6} (C 90)
{3, 2, 3, 2, 3, 2 3, 2 3} (C30a)

{0, 8, v» w v, p, v B, 6}

{3, 1, 3, 3L {1, 2,1, 2 1, 2, 1}
{67 a? 77 AJ VJ AJ 77 a? 6}7 {a7 /87 AJ 2”7 AJ /87 a}

=
w
=
w
=

(C30b;  C30c)

{3, 2, 3, 2 3, 2 3, 2 3}

C3la
{o, B, v m, v, p, v, B, a} ( )

{1, 3, 1, 3,1, 3 1}; {1, 2, 1, 2, 1, 2 1}
b C31
0 aty A v A ovta 8 {6 8 A 2u A g oy (O3l 319

If (C7) is of order 4 for H = HW) + H®) + H®)  then (C7a), (C7b) and (C7c) are of order 4
for H + H®) HO 4+ HG) and H® + H® respectively. According to Corollary 1, from (CT7a)
and (C7b) we know § = «, and from (C7c) we should have a = 24, this means § = a = 0. But
that’s impossible for a 4-th order (C7a). Thus (C7) is deleted. Similarly, (C25) is also removed.

THIRD STEP:

According to Lemma 1 and Corollary 1, from (C3a), (C3b) and (C3c) we have

Bru=35 B =g B2 =g, (ces)

{a:ﬂ:%, ’y+5:%, 2\ + v =2pu,
B2+ 2X0%p = 0;

from (C21a), (C21b) and (C21c) we have

a+r=1 BN =L, L+ 2=, (CC21)

B=2a=26, 28+v=1 A=~v+u,
29
8?2 + 292X = 0;
from (C23a), (C23b) and (C23c) we have

0 =2a
{ a+A=:

2y=26, A=v+p, v=2py,
2
| e (CC23)

from (C29a), (C29b) and (C29c) we have

(NI

[~

2y +v =1, YN =5, 26428\ = (CC29)

5% — 262\ =0;

)

M

{7:2a:2(ﬂ+5), A=p, a+ =4,
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from (C30a), (C30b) and (C30c) we have

B =2a, at A=y, B+p=7,
20 +2y+v =1, BA = L, 16+29A2 =1L, (CC30)

82 =0 —29A(y+v) = —5, 0+29’ =15, 07 —0—2yuly+v)=—3
from (C31a), (C31b) and (C31c) we have

B=a+vy=25 v=2pu, d+A=3,
B+p=1, BN =55, oty =g, (cesn)
a? —2vy%u=0.

One can easily check that systems (CC3), (CC21), (CC29), (CC30) and (CC31) have no
solutions, and system (CC23) has a unique solution

— — A — 1
0=a=7= 557

_ 1 _ 132

p= 2342 A= 2(2—3v/2)’ (13)
_ =32 y= —V2

H= 2(2-3V72)’ T 2327

Therefore we have the only 4th-order RESS (C23) with parameters determined by (13), for
hamiltonian H = HY + H®) + H®),

Acknowledgment. The author would like to thank Clint Scovel for his support and en-
couragement (during the author’s stay in LANL: Sept 1995—June 1996).
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