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MULTI-STEP METHOD AND ITS APPLICATIONS (II)*V
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Abstract

We give some formulae for calculation of the expansions for (1) composition of step-
transition operators (STO) of any two difference schemes (DS) for ODE’s, (2) inverse
operator of STO of any DS, and (3) conjugate operator of STO of any DS.
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1. Introduction

For an ordinarily differential equation (ODE)
d

EZ = f(Z), Ze€R?, (1)

any compatible linear m-step difference scheme (DS)

Y awZi=7> Bf(Z) (Zﬁk # 0> ; (2)
k=0 k=0 k=0

can be characterized by a step-transition operator (STO) G (also denoted by G7): RP — RP
satisfying

Y G =7y Bfo G, (3)
k=0 k=0

where G* stands for k-time composition of G: GoG -+ -oG (refer to [2,5,6,10,11]). This operator
G™ can be represented as a power series in 7 with first term equal to identity I. More precisely,
one can expand'® the STO G7(Z) of any linear multi-step method (LMSM)?) of form (2) with
order s > 2 up to O(r°%?):

+oo 4 ) ‘
G (Z)=) ;—!ZM + 7 A(Z) + 7P B(2) + T C(Z2) + TD(2) + O(r ) (4)

i=0
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2) More generally, one can use an STO to characterize any DS compatible with (1), and obviously the STO

can be written in form (4).
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(where ZI% = 7, zI1 = f(z), zIF+1 = %;]Z[l] for k =1,2,---) with complete formulae for
calculation of A(Z), B(Z), C(Z) and D(Z).

Thus, the STO G7 satistying equation (3) completely characterizes the LMSM (2) as: Z; =
G™(Zo), »++, Zm = G (Zm-1) = [GT]™(Z0), -+ .

In the present paper, we study the composition of any two STO’s, the inverse operator and
the conjugate operator of STO for any DS. In §2, for any two DS’s of order w — 1(w > 2),
we expand the composition of their STO’s up to O(7%**?) (Theorem 1). In §3 and §4, we
do the same things for the inverse operator and the conjugate operator of STO for any DS,
respectively (Theorems 2-3). And examples for calculation for these three cases (composition,

inverse, conjugation) are given in §3 ( Examples 1-2) and §4 (Remark 1) respectively.

2. COMPOSITION OF TWO STEP-TRANSITION OPERATORS

Theorem 1. The composition of two STO’s (w > 2, A and p are real numbers)

+oo i
E*(Z)=) %ZM + 7B+ 7Y By + 7By + 7By + 1T B + O(7V ) (5)
=0 :
and

AT _ X
FM(Z2) =3
=0

can be expressed as follows:

Z[J] +TYA 4+ Tw+1A1 + TerZAZ + Tw+3A3 + Tw+4A4 + O(Tw+5) (6)

AT)d
j'

EHT o F)\T(Z)

by [
=> QA+ iy 4w {A+ B} +7v*! {Al +pZMA+ 2B,z 4 Bl}

2
b ru? {A2 YW LIS N

A2 A2

+5 B2 28+ T Ba (Z1)? 4 A(By). 21 + 82}

+72% {B, A}
1 11 Nu 1] ]2 \? H [/ ~[1]y2
+ o3 A3+,uZ£]A2+)\uZzzz[ ]A1+—ZzzZHA L7 (ZM)2 A
Au? A3 A3
Z12 4, Z]ZMA ZBA+ 2 B. 7B 4+ 2B,z 712
+ 2 Ty 2 + 6 T 6 Ty 2

+%st(zm)3 + A2 (By).ZP + A2 (By),2(ZM? 4 \(B,). 2z + Bg}

42wt {gzym + B Ay + AB22ZWA + (Bl)zA} (7)

A

N {A4 + 2N Ay + Mz 2 Ay + 20 2 A, ¢ Aﬁ“Z JZB14

A2 A A3 o, N ?
+ SR+ SR 22+ SR (M) a4 B g,
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3
Ag 28104, ¢ NI g gy N0 “ 274+ 1784,
)\/l [3] [1] 4 )\ )\ )\4
ARV Z[ A+ 2B, Z[4] Z B.o(zPY? 4+ Z_B_.z[MNzB

6 MY Ry + g B2(25)" + B

A 2 i, A e, A g A 1] 12]
+ 2 Ba(Z)2 2P 4 S BL.(ZV) 4 2 (B)). 2P + 2 (By).. 2 2

1 24 6 2

X A2 A

+5 (B2 (1) 4+ T (B2): 2% + T (Ba).2(21Y)? 4+ A(By) - 21 + 34}

A , 2 A
+ 72wt { nzlAay + L2 2N + 242 1 Boay + 0B 2 Ay
/\2 /\2
+?BzzZ[2]A + EBza(Zm)zA + (B1).A; + A(By).22MA4 + (BZ)ZA}
e {%BZZA2} + O(r15).
Concretely, when w = 2:

EF o FAT(Z)

A+ '
Il

I
M-i—

ZW 4 7 {A+ B} + 7vH! {A1 +pzMA + 2B,z + Bl}

I
o

2
+ 7t {A2 +pZW Ay + Az zM A + %ZE]A

)\2

2
+%BZZ[2] + ?Bﬁ(zmﬁ +A(By).ZM + B, + BZA}

% %
s {Ag + uZM A, + /\,uZEZ]ZmAl + SRzl za SRl 2)2a

[2] 3 /\3 /\3
Z[2]A LA 2 2 zMA 4+ B 5 K ozs14 4 EBZZB] + ?BzzZ[l]ZP]

2 2
+ %Bza(Z“])3 + %(Bl)zzm + %(Bl)z2(z[1])2 + A(B2). 2 + By

+gZ£12]A2 + B A, + AB,2ZWA + (Bl)zA} (7.2)

A

2
4wt {A4 +p2W Ay + Azl z0 4, + ’\T“ZEJZ[?]A1 + LE Uz 4

)\u )\u

2Rz 2R A0 7003 4 4 B 2[21,42

N p?
4

2
+ )\T'UZEJ(Z[”FAl +2E
2
M gy AR
9 7= K
>\u
6

Z[2]Z[2]A + 22

A1
24

[ 2 (z12 A+ 5 [3]A1

297+ A A gz X gy X g g g0l
8 6 7

2 2 23
+ ZBZs(Z[l])QZ[Z] + ﬂB S(Z* 4 E(Bl)zzm
AS 1]1\3 A 2 A 11\2 1
+ F(Bl)zs(Z[ 3+ 5 S (By). 2B+ S 5 (B2).2(ZM)? + \(B3).2M + By

A3 A
+ ?(Bl)ZzZmZm

2
+pzllaa, + 22 A“ 7z A2 4 i B 7842 4 B. A, + AB.2 21 4,
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)\2

2
A ?st(zmm + (B1). A1 + A\(B1).2Z2MA 4+ (By). A

+ 7BzzZ[2]A-|-

1
+§BZ2A2} +O(r w+5)
when w = 3:

EHT o F)\T(Z)

(A
_Z +” Z[”+T‘”{A+B}+r’”“{A1+uZ”A+/\B Z[”+B1}

2
b ru? {A2 AV W LSRN

A2 A2
+5 B2 28+ T Ba (Z1)? 4 A(By). 21 + 32}

2 2
S {BZA + Az + pzM A, + AHZEJZMAl + AT"ZEJ Z124 ¢ ATM 78 (z10y24

A2 A3 A3
[2]A 2 B.7zBl L+ 2 p,7z0l7[2
+ 5 + — 5 607 + 5 =
3
+)é B.s(zM)3 + ’\7(31) z8 4 =

72704+ Bz 4
6
A2 A
5 (B1):2 (ZU)2 4 \(By), ZzM + Bg}
+ w+4{2 [1]A2 + B.A, +)\BZ2Z[1]A+ (B1).A (7.3)
3
+ Ay + pZM Ay + 2z Z0 4, + MZ“JZPIA1 + %ZEJZB]A
2 2
N Mz[lg](zm)ml A Xotgigizea LA LA 2P 4y
A“ 2B ZBlz0 4, + A4‘ Z7P4 4 22 X “ ZB(zM)24 4+ £ : 74,

A4

Y
ZE;]ZMA + ﬂZL‘*JA + ﬂBZZ[‘l] + §Bz2(z[2l)2 + FBz22[112[31

A 2 gl A e, A 5, N [1] z12]
+ ZBZ3(Z ) Z 4+ ﬂBz‘l(Z ) + E(Bl)ZZ + ?(Bl)ﬁz VA
A3 A2 )\2
+O(Tw+5);
when w = 4:
B o FV(2)

= A+ p)'r!
=N BT 20 4 v 44 BY 4 7ot {A1 +puZWA B ZW ¢ Bl}

2
+ rwt? {Az +pzMA; + AHZEJZ[”A + %Z?]A (7.4)
2?2 A
+5 B2+ T B2 (ZM)? 4 A(By). 21 + Bz}

A2 g A2 ‘
4 s {A3 +p2M Ay + Azl z0 4, + T"ZEJZMA + TMZEJ(Z“])ZA
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A3 A3

A
z A, 73z 4 ZPA+ 2B, 720 + 2B,z 712
+ £ 5 + 5 + £ 5 +5 +5

3
+%st(zm)3 + AQ (By).ZP + AQ (By),2(ZM? 4 \(B,). 2z + Bg}

AGH ZW 7814

)\2
+ 7ot {BZA + Ay + pZl g+ €zl 20 Ay + L2 2P 4, 4
2
+ A—2“253](2[11)%41 X ’UZMZ Uglalg 4 /\GHZD](Z[”) A+ 5 Z[Z]A2
, ;
+ %ZE}Z g, 4 2 4 z2704 4 2 X “ 2 Bz 4 B 2[31,4

A A4 A )\
+ %ZE’;]Z“]A + %ZL“]A + ﬂBZZ[‘l] + 5 Ba(2P) + Bzl 2

A o o A A3 A3
+ o Ba(ZM) 28 4 B (ZU) + T (B1). 20 + S (B)) 2 211 21
s s, A o, AN [1]y2 1]
+5 (B (Z )2+ 5 (B2): 2% + 5 (B2) 2 (Z)* + M(B2). 2 + By
+ O(T“’+5);
when w > 4:

E* o F"T(Z)

A+ p)'r!
Il

Il
%

ZW 4 79 {A 4+ B} + 7vt! {A1 +pzMA+ 2B, ZM + Bl}

T
o

2
4+ pwt2 {A2 + ,UZE]Al + )\uz[l]z[l]A + 2 ZLZ]A (7.5)

A2

A2
EBZQ (ZW2 4 \(By). 2z + BQ}

Z B, zH
+ 5 +

Au

2
4wt {A3 +puzZW A, + Az zM04, + MZ“JZPIA + =2 z0(z0y2 4

)\3

A 2 B.zBl + >‘—B ARVAR
6 272

+ B ozlg, 4 28 Z]Z[”A-i- 74 4+
2 6

3
+%BZS(Z[”)3 + %(Bl)zzm + ’\7(31)22(2[11)2 +AN(B,). 211 + 33}

4 putd {A4 oz Ay + Az 20 A, + A;‘ ZWz4, + AG 7107194
>\2MZ[1]( Y2 4, + A3 ,UZ 1l 7007021 4 4 )\GNZ (gl g 4 & Z[2]A2
+ M2 gm0 N g g g X e gy g 1 zflAl
2 4 4 6
e Mg g D p 4 X p gy X 7
+ %st(zmﬁzm + %324(2[”)4 + %(Bl) zB 4 ’\2 (By),2 21Nz

. A2 .
+_(B1)z3 (Z[l])3 + 7(32)2Z[2] + ?(32)22(Z[1])2 + A(B3)ZZ[1] + B4}
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+O(TV?).
We use the notation

. p
B (Zm)z 7%= .Zl %Zi% [Zm]@ [Z[”]m [Zm](k)

where z; is the i-th component of p-dim vector Z, and [Z[l]](j) stands for the j-th component
of p-dim vector Z) (refer to [11,13]).
Proof. The proof of Theorem 1 is merely tedious but straightforward calculation, so we

omit it here.

3. Inverse Operator of Step-Transition Operator

According to Theorem 1, we have immediately

Theorem 2. If two STOs (w > 2, A and p are real numbers)

+o0 i )
BMT(Z) =3 %Zm +7YB + 7By + 1UY2By + 7 By + 1t By + O(7)
=0 ’
and
400 ()\T)] )
F N (2) = i A R I TR T P O(rv+5)
j=0

are inverse operators reciprocally (i.e., EF™ o FAT = identity), then

(i) when w = 2:
A+p=0, (8.21)
A+B=0, (8.22)
Ay +pzMA+ 2B, ZW + B, =0, (8.23)
2
Ao + pzZWA, + Azl 704 4 %zL?lA (8.24)
A2 A2
+ ?BZZ[Q] + ?BZZ(ZU])Q +A(By).ZMN + By + B.A =0,
As + uZ[l]Az +auzlilz 4, LA K7zl 4 LAk Rz 4
2
+ 7 Z24, + = A” M zzma 4 B c ZPA + %Bzzm + %BZ2Z[1]Z[Q] (8.25)
A? s, A o, A Zl11y2 i)
+ 5B (21 + 5 (B1): 2% + S (B):2(Z7)” + A(Bs). 2 + By

n gzggw +B.A + B2 ZMA + (B)).A =0,

A2 . e
Ag+ pzZM Ay + 2zl 7z 4, + T“ZEJZMAl + T“ZEJZ“"]A
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)\u )\u

ALY
N u?
4

2
+ ATNZ“J(Z[”FAl + 2K

+’\2 78704, 4 2

>\u
6

2Rz 4 B 5 ZPP1A,

72704 ¢ 22

A At ‘ At
2Bz 2 Bzl L 2 B, 7zIU7I[8]
g1 B4 g B (2T + B
At A A3
+ ZBZS(Z[”)ZZ[Z] + ﬂBz4(Z[1])4 + E(Bl)zZB]

X A? A2 A
+ 5 (B2 (21 4 T (B), 2P 4 T (By) 2 (21) 4 A(B3). 21 + By

N2 Z] (1]
ZI2 4 zZPlA,
4 s G 6
Bz £ zM4 4
24

3
+ %(Bl)ZzZmZm (8.26)

2
+pz¥a4, + A“Z“]ZUJA2 . P 7342 4 B. 4, + AB.» 21 4,
+ %BzzZ[Z]A + ?st(zmm + (B1). A1 + A\(B1).2ZMA + (By). A

1
+ §BZ2A2 = 0,

(7i) when w = 3:

At p=0, (8.31)
A+ B =0, (8.32)
Ay +pzMA+ 2B, ZzM + B, =0, (8.33)
Ay + pZM Ay + apzlzMa 4+ B 5 Z21A (8.34)
A2 g A2 A
+ 7Bzzm + ?Bzz(Z[l])z +A(By).Z2M + B, =0,

BoA+ Ag + uZW Ay + Az z04, + AQ 2074 + A;‘ Z1)(z1y24
+ %ZLﬂAl + A;‘ 78704+ £ 6 zBA + ’\6 B.ZPl 4+ ’\2 B..zM 72 (8.35)

A3 A2 . A2 .
+ 5 B (1) + (1) 2% 4 T (B2 (21)? + A(B2) .21 + B3 = 0,

gzggw + B.A; + AB.2ZMA + (By). A
A2 ‘ A°
+ A+ pZM Ay + 2z Z2M A, + T’”ZDZ]ZD]Al + T"zﬁﬁz[ﬁ‘]A
)\2 2
+ T“ZEJ( )24, 4 2“ Zlzmgeiy ¢ X - 2R a4 2 2 K724,

A2 A2 A2 A
+ -z + T”ZEJZP]A + T“ZEJ(Z[”)ZA + %ZflAl (8.36)
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At

)\4
2 B,.(zP)?
3 (Z9)" +

2 B,z 73]
6 r4

+ Ag 2 p.zW 4 o

781 71 71 A
Zlg 4 B L 7a s
A 2 i), A e, A g, A 1] /12

+ 4st(Z )z + 24BZ4(Z )+ 5 (B1),Z" + 5 (B1).2 27

3 2 2
(B (21 5 (B2) 2P 4+ 5 (Ba) (20 4 A(By). 2 + By =

(15i) when w = 4:

A+ p=0, (8.41)
A+B=0, (8.42)

Ay +pzMA+ 2B ZM + B, =0, (8.43)

Ay +pZW Ay + apzllzMa 4+ B 5774 (8.44)

A2

A2 . .
+ 5 B:2% + 5B (M) + A(B). 21 + By = 0,

2 2
A+ pZW Ay + \uZY 204, + %z@zm + 2L 2y

)\u A3

hX:
Z B, 7131
6 +

2
+ Bl 4 2 B2z (8.45)

2] 711 70
M 7121 7111 4 A
2 + A T

3
+ %st(Z[”P + %(Bl)zzm + Ag(Bl)zz(Z[”)2 +A(B2). 2" + B; =0,

Au

2
B A+ Ast 2 Ay 4 €z 204 + XL 77204, 4 M M 704

A

2 3
I %zgyzmzm + AL gy 12 e,

2 -
+ %ZEJZMAl + ’\f 78704 4 ’\: Z[2]( Zyz g 4 & 294, (8.46)
A 3] A1 A1 A1
AN [4]A Z B.zW + 2 B..(zP)? + Z_B_. 7N 7]
T 6 + o 24 o 24 Ty 8 (27" + 6 °

A 2 i), A e, A 5, A 1] /12
+ZBZS(Z )°Z +ﬂBz4(Z ) +€(B1)ZZ +7(B1)Z2Z Z

A3 A2 A2
+ 5 (B)wo (21" + S-(B2). 28 4 T (Bs) 2 (211) + M(B3) 21 + By = 0;
(iv) when w > 4:
A+p=0, (8.51)
A+ B =0, (8.52)
Ay +pzMA+ 2B ZM + B, =0, (8.53)

2
Ay + pZM Ay + apzl)lZM A + %ZE]A (8.54)



Expansion of Step-Transition Operator of Multi-Step Method and Its Applications (II) 469

)\2

2
: 5B (Z1)? + A(B1): 21 + By =0,

+ 7BZZ[2] +

A2 \?
Ag + p2ZW Ay + Apzl 704, + T”Z“JZ[Z]A + —”Z“J(Z[”)ZA

N 5 B: .z 712 (8.55)

2 2
+ %zgml + %zﬁ]z”,u : 2184 4 2 - N gy

3 2 22 .
+ %st(Z[l])3 + %(Bl)zZm + 5 (B1)2(ZM)? + A(BQ)ZZ[” +B; =0,

Ay + pZM Ay + izl Z0 4, L AH Z[”Z 204, + 6“2[”2 314
X “z[”( Zily2a, 1 A8 “ z[”z[llz[ﬂA+ AG" Z[”(Z[”) A+ kL Z[Z]Az

+%Z[Z]ZMA T 4 [2]Z[2]A+/\: zP(z)24 4 £ - [31,4 (8.56)

2N gy LA %BZZ[‘*] + %Bzz(ZP]f + %BZ2ZMZ[3]

At A A3 A3
+ ZBza(meZm + ﬂBZAI(Z[”)‘* + E(Bl)zzm + 7(31)Z2Z[1]Z[2]

A3 A2 A2
+ F(Bl)zﬁ( [1])3 + ?(B2)ZZ[2] + 7(B2)z2 (Z[l])2 + >‘(B3)ZZ[1] + B, =0.

o
Example 1. We know that the Euler-forward scheme (denoted by G7;)

Z=Z+1f(Z) 9)
and the Euler-backward scheme (denoted by G7,;)
Z=7+7f(2) (10)
are both of order 1. It’s easy to see (refer to [4])
G, o Gi; = identity. (11)

If we write their STO’s (w = 2) as

400 i
Gy ()= ( ﬂr) Z0 4 B 4+ 1t B, (12)
i=0

+ 7YT2By + 7T By + YT B, + O(7¥ 1)

and
+oo Tj ]
gf(Z):Z-_'Z[J]+TwA+Tw+1A1 (13)
=0 7*
+ 72 Ay 4 7T Ag 4+ 7T AL + O(TV TP

respectively, then obviously (4g = A)
Zk+2]

A= G

k=0,1,---,4, (14)
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ie.,
A= —%Z[Q]; (14.0)
A = —éZEZ](Z[”)Z - %Zgllzm; (14.1)
A, = 24 78 (71 — éZEJZU]Z[Q] N %ZE]Z;](ZM)Q
_ ﬂZE]ZE]ZP]; (14.2)
s=- 1;0 28y — Az 2 %z&g(zw
- = ZE] 77z — % ZW 71 70 712 20 Epin A VADE (14.3)
— 4_0Z£1]Z£12]Z[1]Z[2] — 1—;0Z£1]Z£1]Z£12] (z? — EOZL”ZE]ZLHZ[Z];
A= 7;0 78 (71> - ZL{J(Z“]PZP] _ %SZLE]Z[”(Z[Z])Z
— o5 28z (2 - 2Bz 2 2 — o 2 2 2 2y
_ Ezglz]zm ZM g2 ﬁzglz]z[llzg](z[l]f _ EZEZ]ZMZE;ZMZ[Z]
- TLLZEZ]Z[”ZE]ZEJ(Z[”)Z - EZZLQ]ZWZEIZL”ZP] - %ZE]ZEJ(Z[”)“ (14.4)
_ IL%ZU]Z[Q(ZU])ZZ[Q] _ LOZE]ZEJ(Z[Z]V _ riOZE]ZEz]ZmZEZ](Z[l])z
_ 1802[112[1]Z[1]Z[1]Z[ 1 _ 7;OZE]ZE]Z£13](Z[1])3 _ TiOZE]ZE]ZEz]Z[l]Z[Q]
_ %ZE]ZE]ZE]ZEZ](ZMF _ 7710ZE]ZE]ZE]ZE]Z[2].
And then from (8.22)—(8.26) we obtain
B= %Z[Q]; (15.0)
B, = —5252]( Uy2 gzgllzm; (15.1)
B> :%Z[lg](Z[”):" + gZEz]Z[”Zm + %ZE]ZEZ](Z[”)Z
232[112[112[ 2 (15.2)

— _ — gl 1 710y2 72 _

30 2z
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14 1) 1y 00, 1y2
—Z; A ]Zz2 (Z[ ]) _

_ i_g 710 78 700 7121 _

J—— [1] [1] [1] {2] — _1 [1] [1] {1] 3
Z 2 Z Z Z Z Z 3 Z 15.3
30 z z ]. 0 ? ( ) ( )

19y 411 701 482,

29
120 120 Z

[1]Z[1]Z[ ](Z[l])Z

_ L oo, 110y, s 21 L 23 01 1 l2])2
B4_144ZZS( )+7QZZ4(Z )2z +4gZst (Z)

72 8 z 72 72 z
71 47

o000 2 00,0100 0y o AT 00 0] 40,0 )
+ 5 2WZP 2P = 2 M 2 (2 +48Z2Z i
71 143
14

1] NPABPARIGAN Z[l]Z[l]Z[l]Z[l]ZP] [1]Z AU 15.4
1 144 225252 )+ 4 * 720 720 ( ) (15.4)
119

27 S 7 y1]y2 712]
+ 120ZZ Zs(27)2 +240

179 119
—Z[l]Z[lz]Z[l]Z[l]Zm Z[l]Z[l]Z 7M1
+ 180 # * 720 720 (2 )
359 719
211 20 7 78 71
T 720” (25" + 70

MZEJ(Z[?])Q + FSOZMZUJZ[”ZEZ](ZMV
239 Jim 711 70 712
240

[1]Z[1]Z[1] Z[l]Z[2]

Example 2. We know that the 2nd-order mid-point rule (denoted by G7,,)
- Z+Z
Z:Z+Tf< ;L ) (16)

is exactly the composition of the Euler-forward scheme fo and the Euler-backward scheme
G2, (vefer to [4]):

G, =GE oGE,. (17)
If we write the expansion (w = 2) of G7,, as

too i
GrLp(2) =Y %ZM + M + U (18)
i=0

+ 7_141—',—2]\42 + 7_141—',—31\43 + 7_11)4—4‘]\44 + O(Tw+5),

then from (12-14), (15.0-15.4) and (7.2) we have

M = 0; (19.0)
_ L ownye o 1 i
M, = Z ZWz 19.1
1 4 Z ( ) + 12 z ’ ( )
1
M, = — SZ;J(Z[”) +4—82L112§2](z[11)2

+ EZE]ZE]ZP]; (19.2)
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_ AU oy 1y 2] 1[Hun
7 g1
—E#“TWW“U+@ﬁ%WﬁVWq%£%%ﬂW
3 o 000 A Sy Ly o 13 oy Lng L0 ).
+ g 2Nz 2N P ¢ L 22N 22Ny v S5 2N 2N 7
13 s _ 5 L0l nns g L S,
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4. Conjugate Operator of Step-Transition Operator

In the beginning of this section, let’s introduce the definition of conjugate operator:
Definition 1 (see [12]). Providing E™, F™ and G7 are three operators of form (5),
said to be conjugate to F™ through G7 iff

G)\T oET = F7 OG)\T

for some A # 0 and for any function f and any sufficiently small step-size T.
From Theorem 1, we obtain straightforwardly
Theorem 3. Given (w > 2)
+o0

J oo ‘
E™(Z) = Z ;'Z[J] FrUA 4Tt o pet2 A 4 e 4y putd g 4 O(reS)
=07
+oo Tj )
F(2)=) ,—'Z[J] F UM + T M 4 UM, 4 7O M 4 M, 4 O )
i=0 %
and
GV (2) =3 T2 4 T B 4 7By 4 1By 4 7By 4+ By 4 O(r ),
il
=0

(19.4)

E™ is

(21)

(22)

(23)

if E™ is conjugate to F™ through G™ with conjugate coefficient A\: G’ o E™ = F™ o G*", then
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(i) when w = 2:
A= M,
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(24.23)

(24.24)

(24.25)
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(ii) when w = 3:
A=M, (24.32)

A +2z8A + B, ZzM = ZMB 4 am, zM + My, (24.33)
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(iii) when w = 4:

A= M, (24.42)
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(iv) when w > 4:

A= M, (24.52)
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A very interesting examplel’»347:8:%14] is that the trapezoid rule (denoted by GT.)
~ T ~
Z =7+ 5[f(2) + f(2)] (25)

is conjugate to the mid-point rule (16) through the Euler-forward scheme G7, (see equation
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(9)) with conjugate coefficient A = 1:

GE 0 GL =Gl 0 GE,. (26)

Remark 1. From the expansions of fo and G7, (refer to (14) and the expansion for the
trapezoid rule in [13]), one can also obtain that of G7,,. The result is exactly the same as
(19.0-19.4).
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