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Abstract

In this paper we study the cell entropy inequality for two classes of the fully discrete
relaxing schemes approximating scalar conservation laws presented by Jin and Xin in [7],
and Tang in [14], which implies convergence for the one-dimensional scalar case.
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1. Introduction

This paper is interested in studies of the cell entropy inequality for two classes of the fully
discrete relaxing schemes approximating the following scalar conservation laws

d

du N ofi(u) _
EjL; Ox; =0 (L1)

with initial data «(0,z) = uo(z), © = (z1, ..., q)-

It is well known that the above Cauchy problem (1.1) may not always have a smooth global
solution even though the initial data ug is smooth [8, 9]. Thus, we consider its weak solution so
that the problem (1.1) might have a global solution allowing discontinuities (e.g. shock wave
etc.). Moreover, the entropy condition must be imposed in order to single out a physically
relevant solution(also called the entropy solution) [8, 9, 16, 19].

For the numerical approximation of the equation (1.1), the numerical entropy condition(e.g.
the proper cell entropy inequality) must be imposed on it in order that the numerical solution
can converge to the entropy solution of the above problem. However, the entropy condition
seems difficult to prove for high-order finite difference schemes [13, 19].

Recently, Jin and Xin in [7] constructed a class of the relaxing schemes to approximate
nonlinear conservation laws, by using the idea of the local relaxation approximation [1, 2, 3, 10].
The main advantage of their schemes is to use neither nonlinear Riemann solvers spatially nor
nonlinear system of algebraic equations solvers temporally. However, the numerical experiments
have shown that the implementation of their upwind relaxing schemes for general hyperbolic
system is not easy, because of using linear Riemann solvers of a linear hyperbolic system with
a stiff source term spatially and the choice of parameters.
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To overcome these drawbacks, we constructed a class of central relaxing schemes for systems
of conservation laws in [14], which have the main advantage of the upwind relaxing schemes.
In [14, 16] we also studied numerical entropy conditions for the above mentioned two classes of
semi—discrete relaxing schemes to 1-D scalar conservation laws.

In this paper we will study the numerical entropy condition for the fully discrete relaxing
schemes for scalar conservation laws with general flux. The paper is organized as follows. In
section 2, we simply recall the construction of the relaxing system with a stiff source term and
the relaxing schemes approximating the equation (1.1), presented by Jin et al.[7] and Tang [14],
and establish the relation between the entropy pair for the relaxing system and the entropy
pair for the system (1.1). In section 3, we discuss the entropy conditions for the fully discrete
upwind relaxing scheme and central relaxing scheme. Finally, we conclude in section 4.

2. Preliminaries

In this section, we will review the construction of the relaxing system with a stiff source
term and the relaxing schemes approximating the equation (1.1), which are presented by Jin et
al.[7] and Tang [14].

2.1. The Relaxing System For 1-D Scalar Conservation Law

In the following, we will only consider single 1-D scalar conservation law:

ou  9f(u)

ot ox

=0, (2.1)
with initial data
w(0,z) = uo(x). (2.2)

As in [7], a linear system with a stiff source term (hereafter called the relazing system) can be
constructed as follows:

@4_@—0
ot Oz
S % 1 (2.3)

o Tog, = v fw),

where the small positive parameter € is the relaxation rate, and a is a positive constant satisfying
| f'(u) < Va, forallu € R. (2.4)

Remark. We may also consider the more general function a(z,t) instead of the above
constant a. The results in this paper are not limited by the above constant a.

In the small relaxation limit ¢ — 0T, the relaxing system (2.3) can be approximated to
leading order by the following relazed equations

v = f(u), (2.5a)
ou  Of(u)
E + 9r 0. (2.5b)

The state satisfying (2.5a) is called the local equilibrium. By the Chapman-Enskog expansion
[12], we can derive the following first order approximation to (2.3)

v= ()~ el [f WP o, (2.60)
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ou  Of(u)
E_'_ o _{{ } (2.60)

It is clear that the above second equation (2.6b) is dissipative under condition (2.4) ( which is
called as the sub—characteristic condition by Liu in [10]).

2.2. Entropy

Assume (7, ¢) represent the entropy pairs for models (2.3) [3,4], where the convex function
n(u,v) € C*(R?), then the following consistency condition holds:

(Mus 1) ( 2 (1) > = (qu, qv), (2.7)

where 7,, represent the partial differentiation with respect to u. Furthermore, we have

Nuuw — ANy = 0; (2 8)
Quu — OQyy = 0. )
Thus the general representation of the entropy pairs for (2.3) is
n =G+ Vau) + H(v — Vau), 2.9)

¢ = Va(G(v+ Vau) — H(v - Vau))

for any functions G and H in C?(R).
It is easy to verify that 7 is convex function if and only if H"'G"” > 0. At the equilibrium
state v = f(u), we have

N o=t = G(f(u) + Vau) + H(f(u) - Vau) = q(u),
q lo=r(w= Va(G(f () + Vau) — H(f(u) + Vau)) = q(u),

and expect to have

(2.10)

Mo lv=fu)= 0, (2.11)
which means that 7, vanishes at the equilibrium state v = f(u).
Then the pair (7(u),§(u)) forms an entropy pair for scalar conservation laws (2.1), that is
7' (u)f'(u) = ¢ (u), if H" >0 and G" > 0.
At the equilibrium state v = f(u), we expect to have the following entropy condition for
equation (2.1)
T <. (2.12)

and the corresponding numerical entropy condition for the numerical method for solving scalar
conservation laws (2.1).

2.3. The Relaxing Schemes For 1-D Scalar Conservation Law

Now, we introduce the spatial grid points z;, 7 € Z with the uniform mesh width Az =
Tjt1 — xj, i.e. Az, A = At/Ax is a constant, and denote by w;(t) the approximate point value
of w(z,t) at * = x;. As in [7, 14], the relaxing scheme is easily obtained by approximating
numerically the system (2.3).
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In this section and next section, we limit to consider the following first order semi-implicit
relaxing schemes

n+l _  n n o _
uf uj—l—/\(vH% vjié)—O,

At ntl (2.13)

v;”’l —vf + Aa(u} 1 - u?_%) = —?(UJ f(u?“)),
where the numerical flux u;j,/» and vj;;/, will be defined in two ways specified below.

For the sake of simplicity in the presentation, define & = v + \/au and & = v — \/au, which
imply v = (& + W) and u = ﬁ(uﬁ — ).

Algorithm I. (the upwind relaxing scheme) The numerical flux in (2.13) is defined as:

1 a
Vjt1/2 = §(Uj+1 +v5) — T(Uﬂl - uj),
1 1 (2.14a)
uj1/e = 5 (ujrn +u5) — m(“jﬂ - v5),
i.e.
’UA}j_i_l/g - 'UA]], 1I]j+1/2 - 'UV]]'+1. (2].4:b)

Algorithm II. (the central relaxing scheme) The numerical flux in (2.7) is defined as:

1 1
Vj1/2 = 5 (Vi1 +05) = oy (Ui — ),
2 \ (2.15a)
Ujrr/z = 5 (Ui +u5) = oo (vjr = vj),
i.e.
1 1
Wjg1y = 5 (W) + Wjt1) — sv—7=(Dj+1 — W5),
2 20/ (2.15b)
. 1, . . 1 . . ’
Wjt1/2 = 5 (05 + Bjg1) + m(wj+1 — ;).
Moreover, we often choose the special initial condition for the relaxing system (2.3):
) 0 = )
u(®,0) = uo(a) (2.16)

v(x,0) = vo(x) = f(uo(2)).

In doing so the state is already in equilibrium initially. On the other hand, to avoid any
new boundary layers in solving boundary value problems, we can also impose the boundary
conditions for v that are consistent to the local equilibrium.

3. The Cell Entropy Inequality For The Relaxing Schemes

For the relaxing schemes (2.13), we want to have the following numerical entropy inequality
to guarantee convergence of numerical solution to the entropy solution.

7];“_1 —n; + )\(qj+% - qj,%) + 77v|?+1?(1’?+1 - f(u;'H_l)) <0. (31)

Multiplying both sides of equation (2.13) by (7u,7,)[}, we have

M = ) e ) A0y~ ) 63
n n n nAt ’
+adn,|f(uf y —ul 1) +nlj T(U;H_l — fu™h)) =0.

1
2
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In the following, we will consider the upwind scheme (2.14) and central scheme (2.15), respec-
tively. Moreover, we will use the simple identity:

b
U'(a)(g(b) — g(a)) = G(b) — G(a) - / (9(b) — g(©)U" (), (3.3)
where ,
G(b) = / () (©)de, (3.4)

and denote the left hand side of equation (3.1) and (3.2) by LHS(8.1) and LHS(3.2), respectively.

3.1. The Upwind Relaxing Schemes

Now, substituting (2.9) into (3.2), then we get

LHS(3.2) = G'(@}) (@)Y — o) + H' (@) @i+ — ?)

J J J J J
FAVa[G (@) (@F, y = @) y) = H'(@f) (@], — @5 y)] (3.5)
At o g n
+—[G" (@]) + H' (@) (wj " = F(uf*)).
Using identity (3.3),
wntt
LHS(3.2) = G(w}") — G(a@) — / (@) - )G" (¢)de
+H () = H(w}) = | © 0 (@f T =) H" (n)dn
~n wj*z n
FAVa[GT, ,) - Gt - /w T gy - 00 @
+G(@]) = Gr_ )+ [ 7P (@, - ©G" (€)d
. (3.6)
j+§ n
—H(w], )+ H@}) + [ " (@], —n)H" (n)d
—H(@}) + H@}_y) — | 72 @)y —n)H" ()di]
n+1 ?
At 1, ~n+1 i " n+1 n+1
— G )= GHOAE (T ~ fuiT)
At g
+ @ - [ H )t - f),
Thus, we have
LHS(3.2) = LHS(3.1) + A, (3.7a)

where
qj+l = q(u;':_l:v;:_l) = \/E[G(w?+l) - H(w?_;,_l)]: (37b)
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and
am— [ _ e M gy onede

@7 ! e’ !
gyt A

[t - St = fg ) )y
- o (3.7¢)

—wal [ T 06" ©de— | T )y - 96" (€)de]

owval [ gy - mH - [ 7w, - nE ]

Using the definitions of un+1, ’U;H_l, w and @ in (2.7) and (2.8), we get
wptt Wiy
A= [y - avae) - aj,) - 96" (€t + Wa / [, — E1G" (€)de
= [ty atag, - ) - )dn + MW / e
—- [ a-aa - 96" ©de + M/ [0}, — E1G" (€)de
dﬂirl

7 A= Wa) @t — ) H" (dn + \Wa / [y, — )" (n)dn.

By the inequality:
b
[ 6=s16as 20, if 1) 20

it is easily verified if \\/a <1, A > 0. Therefore, we have
Theorem 3.1. For the first order upwind scheme (2.13) and (2.14), the entropy inequality
(8.1) is valid, if CFL condition
aWa<1 (3.9)

is satisfied.

3.2. The Central Relaxing Schemes

Using the definitions of w 1 wr o,
.7 2 ]_E

LHS(3.2) = G/ (67) (i ;‘“ @) + H'(@f) (@)™ — @)

VLG () [ 0541 = 0 1) = g = 07) + =] — 5]}
AVa{H'( >[1( Wer =0 2) + o= (0 = ) = e = i )
At n+1

— G @7) + H' (@) (07 ™ = f(uf™)).
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Again using identify(3.3), we get

LHS(3.2) = G(w}™) — G(]) — (0]

WL (3 — 572G 0) — Gly) - / " g - 9@ (€

+ 3 + m G wy') — . —1 f)G”( )df]
: , a (3.11)
—(= + —=)[H@W?" ) — Hu") - (@} —n)H" (n)dn]

o m@y @ )+ [ @ - E (]

e - [ @t - s
SRy - [T aalert - s

€

Thus, we have
LHS(3.2)=LHS(3.1)+ B (3.12a)

where Ja )
n a An An W An
A1 = T{G(wj+1) +G(w}) - /\—\/E[G( i — G(w])] (3.120)

~H(}y ) ~ () = 5= (H ) —

and
Tt 4 AL prt) - e ©)de

b=~ [@] Gl j

[ e 2 sy - )y

j e I

1- Wit 1 /\
L [ i - a@de + 0 [ g, - dorepde

2
/\
f w;‘ L —nH" (n)dn

1+ M\a [%+
+ 5 . [@iyy —nH" (n)dn

(3.12¢)

Using the definitions of un+1, ’U;H_l, w and @ in (2.7) and (2.9), we get

== Af Wy — €67 (€)dE + - +2A\/5 U - 6" e
Y (3.13)

1+>\ -n ]_—)\ a Wi _1 o
+ f [wj+1 =} H" (n)dn + — Vo oy iy = H ().
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Therefore, we have
Theorem 3.2. For the first order central scheme (2.13) and (2.15), the entropy inequality
(8.1) is valid, if CFL condition (3.9) is satisfied.

4. Conclusions

In this paper we have studied the numerical entropy conditions for two classes of the fully
discrete relaxing schemes approximating scalar conservation laws, which implies convergence
for one dimensional case. To our knowledge, the cell entropy inequality for the fully discrete
high-resolution relaxing scheme seems difficult to be obtained.

In future, theoretical studies such as the convergence of the fully discrete relaxing schemes
need to be considered.

Acknowledgement. We would like to thank Prof. G.—Q.Chen who contribute some refer-
ences to us.
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