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PROBABILISTIC NUMERICAL APPROACH FOR PDE AND ITS
APPLICATION IN THE VALUATION OF EUROPEAN OPTIONS*
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Abstract

This paper suggests a probabilistic numerical approach for a class of PDE. First of all,
by simulating Brownian motion and using Monte-Carlo method, we obtain a probabilistic
numerical solution for the PDE. Then, we prove that the probabilistic numerical solution
converges in probability to its solution. At the end of this paper, as an application, we
give a probabilistic numerical approach for the valuation of European Options, where we
see volatility o, interest rate r and divident rate Dy as functions of stock S, respectively.
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1. Introduction

This paper is aimed to give a probabilistic numerical approach for PDE. Probabilistic nu-
merical method can get the solution one by one, which differs from other numerical methods,
such as the finite element and finite difference method, and realize total parallel computing eas-
ily. Another advantage of this method is that it suits for problems of high-dimension because
it is dimension-independent.

Consider the following Cauchy problem of convection-diffusion equations. For simplicity, we
will only discuss 1-dimension problem. The method can be easily extended to higher dimensional
problems. Find u = u(z,t) such that

up = a(T)uypy T)u, + c(z)u 1.1
(I){ (@)t + 0w+ () (L)
u(z,0) = ¢(z) (1.2)

where u(z,t) is an unknown function defined on R! x (0,T7], ¢(z) is an initial function which
satisfies some conditions. a(z) > 0,b(x) and ¢(z) are given functions.
In the first place, let u(z,t) = v(y,t), y = y(x). Then, we have

Ut = V¢
Uy = Vy " Ya

Uge = Vyy - (yz)z + Uy - Yzz

and

* Received December 8, 1997; Final revised April 23, 1999.



592 D.S. WU

vr = a(@) () gy + (a(@)yew + b(w)yz)vy +c(z)v. (1.3)
Furthermore, let a(z)(y,)> = 1, namely y(z fo dz Note that y(z) is a strictly

increasing function. There exists a unique inverse functlon r = 7! (y). Replace all the = in
(1.3) by 2 %(y), we can get

') { v = %vyy + B(y)vy + C(y)v (1.4)
v(y,0) = ®(y), (1.5)

where

From above transformations we see that we only need to give a probabilistic numerical
solution for problem (I’).

Now we introduce some notations and symbols. Let {&,S¢,t > 0} be a 1-dim standard
Brownian motion(for short, BM) starting at y. P, is a probabilistic measure about BM and E,
is the expectation related to FP,. Define

Wsz/s (6)dEe — = /|B£r|dr

/cg

Zy=W,+L, s>0.

2. Probabilistic Numerical Approach for (I')

2.1. Simulating the Path of Brownian Motion

Suppose that 1?,m}, -, nN (i > 1) are independent random variables with uniform distri-
bution on (0,1). Let

é\f:\/—ﬂnnf*lcos%rnf 1>1,k=1,2,---,N
then Eil, e 78\[ (i > 0) are independent random variables with normal distribution N(0,1)

Let y € R! and divide time interval [0,77] (0 < T < o0) into:
O=to<t1 < - <tm<---<t,=T, t;—t;_1 =h.
Take

fk zl_\/_f 2207k217277N
fo—y
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Then & — €5 | i =1,---, N have normal distribution N (0,v/h). In addition, £ — &¥ | and
¢k | —¢F , are independent for i > 2. So, for each k = 1,2,---, N, & = y and fl,---,fi,---
gives a simulation of one path of BM,which starts at y.

2.2. Probabilistic Numerical Solution of (I')

It is known that under the conditions of Theorem 5[!, (I") has the probabilistic solution:

v(y,t) = Ey[®(&) exp(Zy)] (2.1)

In this paper we can get probabilistic numerical solution of (I') for any given point (y, t,,) €
R! x [0,T]. Draw N samples from population of BM and write k sample as ¢¥. The results
at time s = to,t1,- -, t;,--- are & =y, &F .- €k ... (without loss of generality we can assume
that ¢, is just the mth partition point in time interval [0, 7).

Firstly, we use Monte-Carlo method to give the approximation of the expectation of (2.1):

5t NZ{eXpZ | Blehagk -5 [ iehpas+ [ cehasiaeh).

i=1 Yti-1 ti—1 ti—1
Let
l
h . .
> BENE —&L) =5 ) S UBEP +IBEZ)P)
=1

Secondly, according to the definition of stochastic integral and trapezoidal integral formula,

we have
t;
Z | Bleder = ZB (652 =€) + & (B)
t; ) ‘ ‘
2 / BEhPds = 3 B + 1B + (B
i—1 i=1
t; m h
Z | Cends =3 S(C(EN) + Cle) +€(C).
i-1 i=1

Here we set S0, = 0; €(-), €)(-) = 0).
Round the remainder terms €} (B), €7* (| B|?), ef*(C') ,substitute into (2.1) and finally we gain
the probabilistic numerical solution of (I'):

1 N
m = N Z eXp Zk )] (22)

2.3. Convergence
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Suppose ® € CP(R'), the class of bounded continuous functions, B,C € Cj (R'), the class
of functions that their first derivatives are bounded continuous. ||-||o,||-||1 represents the norm
of CP(R'Y), C}(R") respectively.

Theorem. Suppose v(y,t.,) be probabilistic solution of (I'). Then for Va,0 < a < 1,with
the confidence level 1 — a,we have

6y, tm) — 0(y, tm)| < O(VR) + O(N3).

Hence, the probabilistic numerical solution of (I') converges to its probabilistic solution in prob-
ability as h - 0, N — oo.
Proof. From [4], we know that for any a,0 < a < 1,

0(ys tm) — (Y, tn)| < Ca Dlexp(Zy,, ) ®(&,)] - N2 (2.3)

o 22
holds with the confidence level 1—¢, where C'a satisfies [3 \/%e*? dx = 1—%, D[] represents

[S1f)

the variance.

According to the triangle inequality:

So, we only need to estimate the term |0(y,tm) — U(y,tm)|- In order to get the estimate, we
give some lemmas first. Let

wi= [ Bt -5 [ 1Ehkar

th= [ cehar
0
ZE=wk+ ¥  s>o0.

Lemma 2.1. With the confidence level 1 — % we have

| (1BI*)] < 6VhC35|| BIRT (2.4)
| (C)| < 3VRG5||CIL T,

where § satisfies (1 —-0)" >1—-¢nh=T.
Proof. Choose 6 > 0,(1—6)" > 1 — 2. Then with the confidence level 1 — §,&f will lie in
O | =€k | — VhCs,€F | +VhC5] when t € [t;_1,t;]. Set

k 2y _ k 2 _ koy2
KB = _ max |IB(EE, + VAol ~ B )P

Af(C) = max |C(6, +Vha) — C(€,)].

—C5<a<Cs
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Then,with the confidence level 1 — £ we have

m

e (1B[3)] = |/ BE)ds — 3" R(BEDI + |BE )

i=1
1
D3

|
i=1
1

ti—1

/Z [(IBEDI” = 1BENI) + (1BED = [B(E,)*))ds]
)

<3 ak(Bp?

1=
Similarly, we can get

3m
<) Al
C>|_2; i (O)h

From the Taylor expansion, there exists y:¥ € OF |, such that

AF(IBI) = max  |2B(yi*)By(y;*)vVha| < 4CsvV/h||BJf3.
—Cs<a<Cs

By the same way

AF(C) < 2VRCs||C)1.

Hence, the Lemma is proved.
Lemma 2.2. With the confidence level 1 — £ ,we have

[N
—
[\]
D
~

N
1
— E sup exp(WK)] < M + Ce « D[ sup exp(W;)|N~
N &~ 0<s<t 0<5<tm

where M < oo is a constant.
Proof. From §8.412 we know

G=E[ sup exp(W,)] <M < o0
0<s<tm

for some constant M. On the one hand, by Monte-Carlo method we can get the approximation
of G:

With the confidence level 1 — £, we have

|G —G| < CsD[ sup exp(W,)]N%.

0<s<ts,

Hence

[N

G <M+CsD[ sup exp(W,)|N"=.
0<s<ts,
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Lemma 2.3. With the confidence level 1 — =& we have

N Zl B < O30 " Bleds = 3 BE)E - 6PN

ti
H?DZ/ B(&,) - B(&)PdsIN

tzl

+4C2||B| 21T (2.7)

Proof. Let
B'(&) =B(&1)  ti1 <s <t

then B’(&;) is a step function of L2. According to the definition of stochastic integral we know

tm

B'(&)d, = 23&1 — &)
From the relationship between stochastic integral and path integrall®l:

tm tm
! 2 __ _ ! 2
m/ B(&,)de, A B@¢@|—E£ IB(&,) — B'(£,)[ds (2.8)

and Monte-Carlo method the approximation of E| [;™ B(&s)dés — [, B'(&s d§S| is:

1 N
~ DB,
k=1

Also with the confidence level 1 — % we have
b 1 N
E s s s s pf—
Bl [ B, [ B vk
tm . 1
S%DM Bt~ [ BlE)dE N . (2.9)
0

Similarly, the approximation of E'fotm |B(&5) — B'(&5)|?ds is:

1L [t ‘
2 [ - BEhpas,
k=1 0

and with the confidence level 1 — 2

g [ B - Blepds— L5 [ 1Bt - Behpd
B[ i) - @I%N;AIKJ—@NQ

<y " 1B(e) - B PN E. (2.10)
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Using the same approach as in Lemma2.1, we obtain
A¥(B) < 2vhC;||B||;.-

Thus,

tm <
/ IB(ek) -~ B(eh)Pds
N m t;
ZZ/ IB(ek) ~ B(€h)Pds
k=1 i=1 ti—1
N m i
ZZ/ 4C2||B|hds

1
N

=l WMz

IA
ZIH

k=1 i=
ACE||BI[iTh.

(2.11)
Combining (2.9), (2.10) and (2.11) yields (2. 7)

Lemma 2.4. With the confidence level 1 — & we have

1N
N 2ol

) < exp(T|[B) + C Dlexp@W,)IN

N’lb—‘

(2.12)

Proof. From §8.412], the following inequality

Eexp(2Ws) < exp(s||Bl[1) < exp(T|B]1)

holds, proceeding in the same way as Lemma 2.2, we can prove this Lemma
Now, we can estimate the term |0(y, t,,) — 0(y, ., )|. Because

|ﬁ(y7tm) - ﬁ(yatm”
1 & 1 & -
=l S exp(ZE )@ (k) — - exp(ZE) (L)
k=1 k=1

N
1 —-m
< [1®llol & > exp(Zf, )1 — exp(—€(B)

+ ée?<|B|2> — O
1 N
< 1121l exp(TIICH) Y exp(WE I~ exp(~ef!(B) +

er (IB*) = (O],
k=1
then, according to the exponential inequality, Holder inequality

le =11 <3[y| Vy| <1

Z|fg| < |Zf2|1/2|zg2|1/2
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and Lemma2.1-Lemma2.4,with the confidence level 1 — %”‘ we have:

|§(y7tm) _A(ya )|

]‘ m p m
< 3||@|lo exp(T']|C|]1) Zexp (WEDE (B)] + |5€k (IB)] + lei* (O]
< 3(|1®]]o exp(T|C||1) Zexp 2W V2= Z ler(B)|*]/?

oy 1
+9/|2||o exp(T|C11) VRCs|| BI i T - N Zexp(Wt'fn)

P (2.13)
1 N
+9]|2/|o exp(T|ClI)VACHICIWT - 5= Y exp(WiE)
< 3(|®|lo exp(||C| 1) [exp(T|| By + O(N~2)]Y/2[0(h) + O(N ~3)]/?
+9(1®||o exp(T||C|[1)VACs||B|3T[M + O(N~%)]
+9]1@]|o exp(Z'||C|[)VACs||C T[M + O(N~%)]
< O(Vh) + O(N~1).
From (2.3), (2.13) we see that, with confidence level 1 — «
5y, tm) — 0(y, tm)| < O(VR) + O(N~%) (2.14)

Summarize the above argument, we know that for Va,0 < a < 1,3Ce and Cs, the right
hand side of (2.14) approximates to 0 as N — oo, h — 0. That is, the probabilistic numerical
solution of (I') converges to its solution in probability.

3. Application in the Valuation of European Options

As an application of the probabilistic numerical method, in this section, we will deal with
the valuation of European Options, namely, solve the following PDE-Black-Scholes model.

(IT) { ¢ = 50°5%css + (r(S) — Do(S))Ses +r(S)e (3.1)
¢(S,0) = max(S — E,0) (3.2)

wherel5:6]

t* : current date,

T : expiration date of the option,

t: time to expiration,

S : price of stock at t*,

¢(S,t) : the value of an European option at t*,
o : volatility,

r(S) : the interest rate,

Dy(S) : the divident yield,

E ;. the exercise price.
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Remark 3.1. In this paper, the interest rate r(.S) and the divident rate Do(S) are functions
of stock S. It is more reasonable to see the interest and divident as the functions of the stock
than to see them as constants. We can also deal with the case when volatility ¢ is also a
function of stock S by using probabilistic numerical approach, but for general function o(S),we
can not give an explicit transformation like seeing ¢ as a constant.

According to the above method,we transform the variable first. Let

1
¢(S,t) =u(x,t), z=—InS, S=e¢’"
o

we can get
Ct = U
cs =u 1
S — Ug oS
1.2 1
CSS = Uz (E) + Ug ( 0_—52)
And (II) changes into (I1'):
(1) Up = FUqgs + (7r(eam)_aD°(em) —0)ug +r(€’®)u (3.3)
u(z,0) = max(e’ — E,0) (3.4)

So the probabilistic solution and probabilistic numerical solution of (II') are:

u(z,t) = E,[max(e’®* — E,0) exp(M;)] (3.5)
N
A, tyy) = % ;[max(eaﬁfn — B,0) exp(3%)] (3.6)

respectively, where the definitions of M; and Z/\J\f; are similar to the definitions of Z; and Z’% in
2.

Now we can obtain the probabilistic numerical solution for the valuation of European Op-
tions by simulating Brownian motion starting at x.

/C\(S; tm) = a(xatm)

Remark 3.2. we can see (3.6) as an average for a kind of transformation of Brownian
motion—stock price. And, the European Options price heavily relies on the probability of event
{w: eEm > E} and stock price at t),. We can see that probabilistic numerical solution is able
to reflect the reality directly.

Using the probabilistic numerical approach, we can get the solution one by one and partition-
free. Moreover, it suits for total parallel computing. Because this method needs to simulate
Brownian motion, its convergence accuracy is not high.
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