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Abstract

This paper is concerned with the numerical solution of delay differential equations(DDEs).
We focus on the error analysis of one-leg methods applied nonlinear stiff DDEs. It is proved
that an A-stable one-leg method with a simple linear interpolation is D-convergent of order
p, if it is consistent of order p in the classical sense.
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1. Introduction

In recent years, many papers discussed numerical methods for the solution of delay differ-
ential equation (DDE)

y'(t) = fty(t),y(t — 7). (1.1)

For linear stability of numerical methods , a significant number of results have already been
found for both Runge-Kutta methods and linear multistep methods (cf.[4] [7] [8]).Recently, we
further established the relationship between G-stability and nonlinear stability (cf.[3]). Error
analysis of DDE solvers is another important issue. In fact, many papers investigated the local
and global error behaviour of DDE solvers (cf.[1] [10]). However, error analysis of numerical
methods for DDEs is mostly based on the fact that the function f(¢,y,z) satisfies Lipschitz
conditions in both the last two variables. They are suitable for nonstiff DDEs because the
Lipschitz constants are moderate. However, they can not be applied to stiff DDEs. For example,
consider semi-discrete Hutchinson’s equation (cf.[2]) with

-2 1 17w yi()(1 =yt —7))
1 —2 - Y2 (t) Y2(t)(1 — y2(t — 7))

Fty®),y(t-7) = 3 Lo+ ' :
_ 12| Low® | Lov® —yn(t =)

(1.2)
where a > 0 is the diffusion coefficient, Az = 1/(N + 1) is a constant stepsize in space. In this
case, the Lipschitz constant L of the function f(¢,y,2) with respect to y will contain negative
powers of the meshwidth Az in space. As a consequence, L will be very large for fine space
grids, and the error estimates based on L are not realistic. On the other hand, the one-sided
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Lipschitz constant « is only moderate. Hence estimates based on « are often considerably more
realistic than that based on L. Recently, the concept of D-convergence [11] for DDEs, which is
a generalization of the concept of B-convergence (cf.[5] [6]) for ODEs, was introduced. In [3], we
discussed D-convergence of A-stable one-leg methods with a complex interpolation procedure .
In this paper, we further discuss D-convergence of A-stable one-leg methods with a more simple
interpolation procedure.

2. Preliminaries

Let (-,-) be an inner product on CV and ||-|| the corresponding norm. Consider the following

nonlinear equation
y'(t) = f(t,y@t),y(t—7)), t>0,
{ y) = oulh, 10, 2.1)

where 7 is a positive delay term , ¢ is a continuous function, and f : [0, +00) x CN xCN — C¥V,
is a given mapping which satisfies the following conditions:

Re<u1 —’U/Q,f(t,ul,'l))—f(t,UQ,U» Sa“ul —U2||2, tZO,Ul,UQ,U GCN7 (22)
||f(t,U,U1) - f(t,U,UQ)” S ﬂ“vl - U2||7 t Z 0,U,U1,’U2 € CN7 (23)

where a and 3 are real constants. In order to make the error analysis feasible, we always assume
that the problem (2.1) has a unique solution y(¢) which is sufficiently differentiable and satisfies

d'y(t)
122 <
Remark 2.1. When g = 0, the above problem class has been used widely in stiff ODEs
field (cf.[6]).
Before stating stability results, we introduce another system, defined by the same function
f(t,u,v), but with another initial condition:

Z’(t) :f(t,Z(t),Z(t—T)), t >0, (2 4)
z(t) = ¢a(t), t<0. )
Proposition 2.2. Suppose 3 < —a. Then the following is true:

ly(t) = 2($)]] < I;lggill%(ﬂ?) — 2(2)|l, >0, (2.5)

The proof of this proposition can be found in [9]. Similarily, we can easily obtain the
following result.
Proposition 2.3. Suppose 8 < —a.. Then the following holds:

Jm ly(#) = z(@)]] = 0. (2.6)

Now we consider the adaptation of one-leg methods to (2.1). We briefly recall the form of
a one-leg method for the numerical solution of the ordinary differential equation

y'(t) = f(t,y(1), t=0,
2.7
i, 27
The one-leg k step method is the following
P(E)yn = hf(o(E)tn, o (E)yn), (2.8)

where h > 0 is the stepsize, E is the translation operator:Ey,, = y,+1, each y,, is an approxi-
k k

mation to the exact solution y(t,) with ¢, = nh, and p(z) = > a;27 and o(z) = 5 Bz’ are
j=0 j=0
generating polynomials, which are assumed to have real coefficients, no common divisor .



D-Convergence of One-Leg Methods for Stiff Delay Differential Equations 603

We also assume p(1) =0,p'(1) =o(1) = 1.
Apply the one-leg k-step method (p,o) to DDE (2.1)

p(E)yn = hf(U(E)tnaa(E)ynagn)a n= 07 ]-7 27 T (29)

where the argument §,, denotes an approximation to y(o(E)t,, —7) that is obtained by a specific
interpolation at the point ¢t = o(E)t, — 7

using {Yi}; k-

Process (2.9) is defined completely by the one-leg method (p,o) and the interpolation pro-
cedure for 7.

It is well known that any A-stable one-leg method for ODEs has order at most 2. So we
can use the linear interpolation procedure for g,. Let 7 = (m — §)h with integer m > 1 and
9 €[0,1).

In [3], We define

In = 60(E)yn—m+1 + (1 = 6)0(E)Yn—m, (2.10)

where y; = ¢1(lh) for [ < 0. For this kind of interpolation procedure, it is proved that an
A-stable one-leg method (p, o) is D-convergent of order p if it is consistent of p.

In this paper, we consider another more simple interpolation procedure for §,,. Let o'(1) —
m+ 0 = p + ¢ with integer p and z € [0,1). Define

:17 _ ¢1 (tn+ﬂ =+ CUh), tn+ﬂ + CUh S 0, (2 11)
" TYnipt1 + (L= 2)Ynsps tnip +h>0,m>0'(1) +2 -k, ’

where we assume m > ¢'(1) + 2 — k so as to guarantee that, in the interpolation procedure for
Un, no unknown values y; with ¢ > n + k — 1 are used.

Definition 2.4. (cf.[3] [11]) The one-leg method (2.9) with interpolation procedure (2.11) is
said to be D-convergent of order p if this method when applied to any given problem (2.1) with
initial values yo,y1, -, Yk—1, produces an

approximation sequence {yn}, and the global error satisfies a bound of the form

ly(tn) = yull < CCEII + max ly(t) — il 0> kheOhol,  (212)
where the function C(t) and the maximum stepsize ho depend only on the method, some of the
bounds M;, the parameters o, 3 and T.

Proposition 2.5. D-convergence implies B-convergence.

In this paper, for a real symmetric positive definite k& x k matrix G = [g;;], the norm || - ||
is defined by

k
1
||U||G = ( Z gij(”iauj>)27 U= (UT,U,g, T 7“’{)T € CkN

ij=1

3. Error Analysis
Consider the scheme (2.9)-(2.11) and the following scheme
P(E)jn + age, = hf(0(E)tn, 0(E)j, + Bren, Yn), n=0,1,2,---. (3.1)
Theorem 3.1. Assume that the one-leg (p,o0) is G-stable with respect to positive definite
matriz G. Then
lent1llg < NleollE + Y llleallz: + 2e2(1 + B)llo(E) (yi — §i)|I*
i=0

AL+ W)F = Yill? + (1 + h) (e + AhD)lledlPlom = 0,1,2, -, (3.2)
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where
en = ((Un = 00)"s Wnt1 = Gnr) " Wkt = Gnrn))T,
co = max(0, 2a + ),
and \1 denotes the maximum eigenvalue of the matriz G.
Proof. Let 2, = Gn, -+ Zntk—1 = Yntk—1, Zn+k = Yn+k + €n,

yn+1 - Zn+1

Yn+2 — Zn+2

Yn+k — Zn+k
Then
p(E)zp = hf(0(E)tn,0(E)zn, Yy). (3.4)

In view of G-stability of the method, there exists positive definite G' such
that for all real ag,aq,---,a,

ATGA, — ATG Ay < 20(E)aop(E)ao,
where A; = (a;,ait1,++,airk—1)%,i = 0,1. Therefore, we can easily obtain(cf.[5] [6])
lwillZ = llenll? < 2Re(o(E)(yn — 2n), p(E) (yn — 2n))- (3:5)

Hence
lwillg = llenlle: < 2Re(0(E)(Yn — 2n), h(f (0 (E)tn, 0 (E)Yn, Jn)

—f(o(E)tn,0(E)zn, Yn)))-
< 2Re(0(E)(Yn = 2n), W(f(0(E)tn, 0 (E)yn, §n) = f(0(E)tn; 0(E)Zn, §n)))

+2Re(0 (E)(yn — 2n), W(f(0(E)tn, 0(E)2n,§n) — f(0(E)tn, 0(E)2n, Yn)))
< 2h[allo(E)(yn — 201> + Bllo(E)(yn — 20)ll - 152 — Yall]
< (2a + B)h[|o(E)(yn — zn)I> + Bhl|7n — Yall*. (3.6)
On the other hand, it follows from Cauchy inequality that
lent1lle < (L +h)lwillg + (L + A7) Adlenl, (3.7)
and
lo(E)(yn — 2n)lI” < 2ll0(E)(yn — §n)lI* + 26¢]lenll*. (3.8)

A combination of (3.6),(3.7) and (3.8) leads to

lentilles < (L+R)[llenllE+2e2hllo(E) (yn—Gn) I +B8hllgn—Yall +(2c2h B +07 A1) lenl°]. (3.9)

By induction we can easily obtain that (3.2) holds, which completes the proof of Theorem 3.1.
In the following, we further assume

1 k—1 ﬂk ‘ k
=52 (B~ —a)i’ - — Zyﬂj (Zjﬂj)i (3.10)
j=0 j=0
Tn = y(tn) + clhzy"(tn), (3.11)
Y, =y(o(E)t, — 7). (3.12)

Theorem 3.2. Assume that the one-leg method (p,0) is consistent of order s < 2 in the
classical sense and that g—: > 0, then there exist constants di and hy < 1, which depend only
on the method, some of the bounds M;, the parameters «, 8 and 7, such that

llenll < dih**t h € (0,hy],n =0,1,2,---. (3.13)
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The proof of Theorem 3.2 can be found in [3].

Theorem 3.3. If the A-stable one-leg k step method (p,o) is consistent of order p in the
classical sense for ODEs, then it is D-convergent of order p, where k > 1,p=1 or 2.

Proof. Suppose the method (p, o) is A-stable. Then 2—’; > 0 and the method is G-stable .
From Theorem 3.1 and Theorem 3.2, we have

llens1llE < Neoll + 1 Y [leilles + 4eallo(B) (yi — i) I

=0
+28|17; — Yil|? 4 2(2¢28% + h=20)d2h* Y] b€ (0, hy]. (3.14)
On the one hand,
g — Yill = lg: — y(o(E)t; — 7)|| = [|§: — y(tirp + xh)]|. (3.15)

Hence ||§; — Y;|| = 0 when i + p < 0, and when i + p > 0 we have

Ng: — Yill = leyivpr1r + (1 — @)yirp — y(tign + zh)||
< @it — Jivurrll + U= D) Yirn — Givull + l2Givurr + (1= 2)0ipn — y(ivn + zh)||
< yirpsr = irprr |+ 1Y = Giull + (1 + |ea]) Mah?. (3.16)
Therefore
15i = Yill> < 3[1yitpr1 = Givprr |1 + Wi = Girull® + 1+ Jer)* M5 RY). (3.17)
It follows from (2.11) that u < k — 2 which implies n + u+ 1 <n + k — 1. Hence

n n+k—1
D ollgi—YilP < Z 17: = YVall> <6 Yl — Gl + 31+ [ea)*(n + p + D) MZR*. (3.18)
3 i=—p =0

On the other hand,it follows from Cauchy inequality that
k

lo(E)(yi — g IIZ—IIZ@ yiri = Gird) I <k + 1) Bllyirs — disll. (3.19)

Jj=0 j=0
Then

n

n k
S No®E)yi—a)l* < (k+1)> 87 IIym’ — Girjl?
i=0 Jj=0 i

k n+k—1
<K+ 8 > v — 3ill* + (k+ DBillyntr — Gnsrll* (320)
=0 =0

Let A; and A2 denote the maximum and minimum eigenvalues of the matrix G respectively. It
is easily seen that

n n k-1 n+k—1
Dolleille <MY Mg = GersIP) < kA Y v — Gl (3.21)
i=0 i=0 j=0 =0
and
len+1ll” > Aallynsr — sl (3.22)
Substituting (3.14) with (3.18) ,(3.20),(3.21) and (3.22) leads to
k—1 n+k—1

Ytk —Gnirll® < doh®P(n+k)h+ds Y lyi—Gill* +dah D llyi=dill>s 1€ (0,ho), (3.23)
=0 =0
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where

he = h1 Cy = 0,
O™ min(hy, Ao/ (8ca(k +1)B32)), c2 #0,

dy = 202(2es8} ¥ A +6(1+ler 2 MET v -
d3:2)\1/>\2, ( ) )

dy = 2(]9)\1 + 402(]9 + ].) Xk: 512 + 125)/)\2
7j=0

By the discrete Bellman inequality, we have
Yntk = Gntill* < (dotniixh® +k(ds +da) JJnax lyi — Gill*)exp(datnsr), b € (0,ho]. (3.25)
In view of (3.11), we have

gt = y(Enai)ll < lor[Moh® + [V dotn i h” + v/ k(ds + da) ([ max [lys = y(t)l + |er|Mah?)]

1
exp(§d4tn+k), h € (0, ho], (326)

which shows the method is D-convergent of order p,p =1 or 2.
Remark 3.1. For solvability of the equation (2.9) with (2.11), we refer to [6].
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