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Abstract

In this paper, we construct the genuine-optimal circulant preconditioner for finite-
section Wiener-Hopf equations. The genuine-optimal circulant preconditioner is defined as
the minimizer of Hilbert-Schmidt norm over certain integral operators. We prove that the
difference between the genuine-optimal circulant preconditioner and the original integral
operator is the sum of a small norm operator and a finite rank operator. Thus, the pre-
conditioned conjugate gradient (PCG) method, when applied to solve the preconditioned
equations, converges superlinearly. Finally, we give an efficient algorithm for the solution
of Wiener-Hopf equation discretized by high order quadrature rules.
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1. Introduction

Wiener-Hopf equations are integral equations defined on the half-line:
ox(t) -I-/ a(t — s)z(s)ds = g(t), te€RH,
0

where o > 0, a(-) € L1(R) and g(-) € Ly(R"). Here R = (—o00,00) and Rt = [0,00). In

our discussions, we assume that a(-) is conjugate symmetric, i.e. a(—t) = a(t) . Wiener-
Hopf equations arise in a variety of practical applications in mathematics and engineering, for
instance, in the linear prediction problems for stationary stochastic processes [8, pp.145-146],
diffusion problems and scattering problems [8, pp.186-189]. In this paper, we consider using the
preconditioned conjugate gradient (PCG) method to solve finite-section Wiener-Hopf equations:

ox(t) + /OT a(t —s)z(s)ds = g(t), 0<t<T. (1)

Gohberg, Hanke and Koltracht [7] have introduced two circulant integral precondition-
ers, i.e., wrap-around and optimal circulant preconditioners to precondition the finite-section
Wiener-Hopf equations (1). Circulant integral operators are operators of the form

(@) = [ helt—sds, 0st<r,
0
where h, € Li[—T, 7] are T-periodic, i.e., h,(t — 7) = h,(t) for t € [0, 7]. Let
Arx(t) = / a(t — s)x(s)ds, 0<t<m, (2)
0

then the preconditioned equation is given by

(oI + H,) " (oI + Ap)a,(t) = (oI + H) Yg(t), 0<t<r. (3)
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It has been proved in [7] that for sufficiently large 7, the spectra of the wrap-around and optimal
circulant preconditioned operators are clustered around one. Hence the PCG method converges
superlinearly for sufficiently large 7, see for instance [1].

In §2, we construct the genuine-optimal circulant integral preconditioner for the finite-section
Wiener-Hopf equation (1). The genuine-optimal circulant preconditioner is the minimizer of
the following Hilbert-Schmidt norm

I = (o1 + Hy) V(o1 + A,) (0T + Hy) 2|

over all circulant integral operator H, such that (¢ + H,) is positive definite. We prove
that the genuine-optimal circulant preconditioners have the property that the spectra of the
preconditioned operators (oI + H,)"'(oI + A;) are clustered around one for sufficiently large
T.

In this paper, we also consider the discretization of the preconditioned integral equations (3)
by high order quadrature rules. Let the interval [0, 7] be partitioned into N equal subintervals
of step-size t = 7/N. By Newton-Cotes quadrature rules, using s, = kt, £k = 0,1,---, N as
quadrature points, we get the preconditioned matrix systems

(o1, + Cpr)_l(UIp + ApDy)x, = (oI, + Cpr)_lgpa (4)

where p = N + 1 is the number of quadrature points (if the rectangular rule is used, then
the quadrature points are given by s = k¢, K = 0,1,---,N —1 and p = N). Here I, is the
p-by-p identity matrix, A, is the Hermitian Toeplitz matrix with the first column given by
(ta(0),ta(t),---,ta(Ne))? and the N x N principal submatrix of C,, is a circulant matrix with
the first column given by (th,(0), th.(2),- -+, th- (N —1)1))T. We recall that a matrix A, is said
to be a Toeplitz matrix if A, = [a; ;] satisfies a; ; = a;—; and a matrix C,, is a circulant matrix if

it is a Toeplitz matrix and c_; = ¢p—; fori =1,2,---,p—1. In (4), D, is a diagonal matrix that
depends only on the quadrature rule used. For instance, the diagonals of D, corresponding
to Simpson’s rule are given by (%, %, %, %,---,%, %,%,%). We note that if a(t) and g(t) are

smooth functions, then the accuracy of the discretized solutions \/ Eﬁio t(z(iv) — [xp)i)? of the

rectangular, trapezoidal and Simpson’s rule are of the order O(¢), O(:?) and O(1*) respectively,
see [11] for instance.

We will give an efficient method to find an approximation of (¢, + C,D,)~! in O(plogp)
operations. We note that if the rectangular rule is used, (4) is basically a circulant precon-
ditioned Toeplitz system which requires only O(plogp) operations in each iteration by means
of FFTs [13] and the convergence rate of these systems has been analyzed for instances in
[2, 9, 10, 14]. If high order quadrature rules are used, the discretization matrices of the cir-
culant preconditioners oI, + C,D, are in general not circulant and it is difficult to find the
inverse of (oI, + C,D,) ™" efficiently.

The outline of this paper is as follows. In §2, we construct the genuine-optimal circulant
preconditioners for (1) and prove that the spectra of the preconditioned operators are clustered
around one. Numerical results are given in §3 to illustrate the efficiency of circulant precondi-
tioners. In §4, we propose an efficient algorithm for solving (4) and give numerical results to
show the fast convergence and the stability of our algorithm.

2. Genuine-Optimal Circulant Integral Preconditioners

Let H; be a circulant preconditioner. We then solve the preconditioned equation
[(of + H,) Yo + Az (t) = (o + H,) g(t).
A natural idea is to find the circulant operator H, such that the Hilbert-Schmidt norm

W = 4,1P = [ [ (alts) = bt = 9){alto) = Frle = s
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is minimized, from which the optimal preconditioner P(A;) is obtained [7, 4]. The kernel
function of P(A,) is given by (9). It is also natural that we expect the operator (cI+H,) ! (ol+
A;) to be as close to the identity operator I as possible, i.e., we want to find the circulant
operator H, which minimizing

11 = (oI + H)™ (o] + A7)
From that the super-optimal preconditioner, which is given by
Pl(ol + A;) (oI + AX)|[P(oI + A%)| ™' — ol (5)

see [14, 3], is constructed. Generally, (oI + H,) '(cI + A,) is not self-adjoint and in practice
we solve the preconditioned equation

(ol + H.) Y2 (0l + A;) (ol + H,) M2y, (t) = (oI + H,) " Y%g(t), 0<t<T,
and z,(t) = (o1 + H,;)~'/?y.(t). Thus, it is reasonable to find the minimizer of
11 = (o1 + Hy) ™2 (01 + A )(ol + H) /2| (6)

over all circulant integral operator H, such that (oI + H,) is positive definite. Let V; be the
minimizer of (6), we call (61 + V;) the genuine-optimal preconditioner of (oI + A;).

In the following, we will obtain the solution of (6) and prove that the genuine-optimal
preconditioner is a good preconditioner. For this purpose, we need the following results.

1. Let By and B> be integral operators defined as
B;x(t) = / bi(t,s)z(s)ds, 0<t<m,
0
where b;(t, s) are functions in L»[0, 7]*. Then the kernel function of the composite operator
B = Ble is
bit.s) = [ butmbaln, ) )
0

2. Let B; be an integral operator with kernel function b, € L»[0,7]* and vy, n, = (Brtm, un)r,
where

1 ...
ug(t) = ﬁez’”ktﬁ, kel. (8)

Then the kernel function of its optimal preconditioner P(B;) is given by [3]

t—s Z l/kkuk Uk ) (9)

k=—o00
It follows that the eigenvalues of P(B;) are {vg i }72 _ ., see [6, p.106].

Before we give the solution of (6), we prove the following lemma which is about (oI + H,)'/?
and (o + H,)~4/2,

Lemma 1. Let 0 > 0 and H, be any circulant integral operator with kernel function h, €
Lo[—7,7] such that (oI + H-) is positive definite. Let A\p = /T(hr,ur)r = /T [; hr(t)ur(t)dt,
k € Z (the kth-eigenvalue of the operator H;), then

(o + H)'Y? = /oI + H,, (10)
where H, is a circulant operator with kernel function given by

B9 = S (Vo T A — Vo (0 (s). (11)

k=—o0
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Similarly,

%I -0, (12)

where Q is a circulant operator with kernel function given by

Z ViTo- 7
Vo(o+ M)

Proof. Because h, € Lo[—7,7], we have Y ;A2 < co. Note that oI + H, is positive
and lim |0, Ak = 0, we see that there exists § > 0 such that o + A, > ¢ for all k. Thus

((TI + HT)il/Z =

uk (t)ur(s). (13)

t—s

Ak \/)\k—l—a—\/_
0<VM+0o—Vo<=% and 0<
- R G —af

Hence h, and g, are functions in Lo[—7,7]. It is easily seen that 2\/EPNIT + H.H, is a circulant
operator. Moreover, its kernel function at the point (t,s) is given by

2\/_2 (Vo + X — Vo)ug(t)ag (s Z (Vo + X — Vo) 2u(t)dg(s)

k=—oc0 k=—o00
= Z Ak () (s)
k=—00
Therefore, 2\/cH, + H,H, = H,. Thus, (/oI + H;)?> =0l +2\/oH, + H,H, = oI + H, and
(10) follows. We prove (12) by proving that

(Vo +B)7 = 1= (14)

In fact, from (7), (11) and (13), it is easy to check that —/cQ, + WFIT—QT}NIT = 0. Therefore,

1 ~ - ~ 1 - -~
T Q)oI+H)=1-oQ, + —H, —Q.H, =1.
(51— Qnol+Hr) VoQr + ol =@
Hence, (14) follows.
The following lemma gives the solution of (6).

Lemma 2. Let vy, p, = (Artm,upn)r. Suppose that (6) has a solution V.. Then the kernel
function v, of V, is given by

t—S Z emum um )

where {0y, + o }2__ o satisfy
2(0 + Vinom)? e
—_— — =2 Z. 15
b o + 3 6 1o (0 +Vmm), mE (15)
n#m

Remark. Let yn, = 57— +U, then {ym,}9__ . is the solution of the following linear system

2(0 + Vinm ) *Ym + Z Vo l*yn = 2(0 + vmm), m € Z.

n=—oo

n#m
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1 .
Proof. By Lemma 1, we have that (o + H,)~'/? = T[ — @,. Therefore we consider
(2

minimizing the Hilbert-Schmidt norm of the operator
1 ~ 1 ~
—I-Q:)(cl+A)(—=I—-Q~
751~ Qo+ A (=T = Q)
~ <~ 1 1 ~ 1 ~ ~ ~

= 2 T z_ _AT _AT T —F TAT - TAT T 1
VoQr —oQ7 — —Ar + 5 A+ 50 QrA-Q (16)

o0
over all circulant operators Q,. Let ¢, (t —s) = Z QU (t)um (s). Note that a,(t —s) =
m=—00
> =0 VmntUm (t)un(s), by using (7) we have that the kernel function of A,Q, at the point
(t,s) is

I—(

o0

[ ot =mi == Y vanun (i),

m,n=—00

After simplifying, the kernel function of (16) at the point (¢, s) is found to be

o0

> (1= (0 + Vi) (@)t (D (5) = D Vin Gt ()1 (5),

m=—0o0 m,n=—o0
n#m

where &, = yy — % From Lemma 1, we see that y,, = (6,, +0) = (a,, — %)Z =a2. It

easily follows from the above formula that

I = (o1 + H)V2(ol + Aol + Hy)™ |2

00 00
= Z ((J + Vm,m)ym - 1)2 + Z ymyn|ym,n|2-
m=—0o0 m,n=—o0
n#m

It is clear that the above expression is minimized if and only if

oo

2(0 + Vinom)*Ym — 2(0 + Vi) + Z Vmnl?yn =0, m € Z.

‘ngm
That is,
o0
2(c + vam)2ym + Z |1/m,n|2yn =2(c +vmm), mEL.

n=—oo

Lemma 3. [7, 3] Let a(t) € Li(R) () L2(R), A, be defined as in (2) and P(A;) be the
optimal circulant preconditioner of A,. Then for each € > 0, there exist a 7* > 0 and an
integer p > 0 such that for T > 17,

P(A;) — A, =S; + R;,
where the self-adjoint operators S; and R, satisfy
[|Sr]| < € and rank(R;) < p.
Moreover, let vy, = (A, Un)r, we have
o0
lim sup Z [Vm.nl® = 0. (17)

T—00 meZ

n=—oo
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Now, we prove that the genuine-optimal preconditioners V; produce clustered spectra.

Theorem 1. Let a(t) € L1(R) () L2(R) and A, be defined as in (2). If there exists ¢ > 0
such that ||(ocI + P(A;))7Y|| < ¢ for all T, then there exists 71 > 0, such that for T > 17, the
genuine-optimal preconditioner V. for (1) is the unique solution of (15). Furthermore, for each
€ > 0, there exist a positive integer p and a 7 > 0 such that for each T > 7%, there exists a
decomposition

A =V, =8 + Ty,

where the self-adjoint operators S; and T, satisfy
[|S-]l2 < € and rank(T;) < p.

It follows that at most p eigenvalues of (oI + V;)~Y2(ol + A,)(oI + V;)~'/? lie outside the
interval (1 —efo,1+¢€/0).

2
Proof. We first prove that the equation (15) has a unique solution. Let e, », = WLU
2(0 +vm,m)
1
for m # n and p,, = ——— , then (15) becomes
O+ Vm,m
y +Ey =p, (18)
where y = {Ym } = —oor B ={€mn}psne—oco (€mm =0 form € Z) and p = {pm};-_. From
o0
[[(cI +P(A;))7| < ¢, we see that ||E||c = sup Z lem,n| < o0. Moreover, by using (17)
mespn—_

we get that there exists 7f° such that for 7 > 77, ||E||coc < 1/2. Tt follows that the solution of
(18) is given by

y=p- > E"p. (19)
n=1

Furthermore, ||y — Pl < [[P|loo/(1 = 1/2) = 2[|p||co-
Now, we prove the rest of the theorem by using Lemma 3 and proving that lim ||V, —
T—>00

P(A)||l2 =0, ie., lim sup|fy, — Vpm,m| = 0. In fact, by (17) again, lim ||E||cc = 0. That is,
T—00 4, T—00

for each € > 0, there exists 75 > 0 such that for 7 > 7, we have ||E||oo < €. Therefore, from
(19), we see that for 7 > max(7y,75),

€
|ym_pm|<1—_€||p||ooa ’ITLEZ.

This implies that lim y,, = p,, uniformly for m, i.e., lim sup|6,, — Vm,m| = 0. Hence the
T—>00 T—>00 m

result follows.

To end this section, we would like to emphasize that the genuine-optimal circulant precon-
ditioner is different from the super-optimal circulant preconditioner. We recall that the eigen-
values of the genuine-optimal circulant preconditioner are given by 6,,, m € Z, where 6,, is the
solution of (15). In the other hand, from Lemma 5 of [3], we have that the mth-eigenvalue of the

super-optimal circulant preconditioner is given by (Zzo:_oo |1/m7n|2 + O'I/m’m) /(0 + Vinm)-

3. Numerical Examples

In this section, two examples are tested. In both cases, we set o = 0.01, g(t) = 1 for ¢t < 1024
and g(t) = 0 for ¢t > 1024, and the kernel functions are

1

1. al(t) = —1 +e|t‘;
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1

2. az(t) = m

We discretize the integral operators by the rectangular rule with different step-size « = 7/N
(¢ £0.25). We recall that the discretized equation is given by (4) with D, = I,. The numerical
results are shown in Table 1. All computations are done by MATLAB. We select the same
random vectors as initial guesses. The stopping criterion is ||g — (oI, + Ap)xg“)Hz < 1076,
where x,(,k) is the approximation solution of the kth iteration. In Table 1, the symbols O, W, S,
G and I denote that the optimal, wrap-around, super-optimal, genuine-optimal preconditioner
and no preconditioner are used respectively. We note that all the above preconditioners can be

obtained within O(plogp) operations, see [10].

a(t) = 1/(L+ el as(t) = 1/(L+£)
T N | 512 1024 2048 4096 | 512 1024 2048 4096
0] 9 9 9 9 6 7 7 7
w 9 9 9 9 6 6 6 6
64 S 16 16 17 17 8 8 9 9
G 10 10 10 10 7 7 7 7
1 96 97 100 99 62 67 73 71
0] * 9 9 9 * 6 6 6
w * 8 9 9 * 6 6 6
256 S * 11 11 11 * 6 7 6
G * 9 9 9 * 6 6 6
I * 117 120 120 * 63 77 84
1024 | S * * * 10 * * * 6
I * * * 128 * * * 66

Tablel. The number of iterations for different preconditioners.

We see from Table 1 that the convergence of the PCG method of different preconditioner is
the same when 7 is large and that the number of iterations of the PCG method is independent
of 7 while the CG method without preconditioner is very slow especially for large 7.

4. Numerical Treatments for High Order Quadrature Rules

In [12], we constructed matrix preconditioners for
(cI+A,D,)xp, =8p (20)
based on operator preconditioners, where D, # I,,. Our idea was obtaining the kernel function
of M, from %I — M, = (oI + C,;) ! and discretizing the operators M, and A, by the same
quadrature rule. More precisely, we solved the following preconditioned system
1 1 1 1 1 1 1 1
(;Ip — Dy M,Dg) (oI, + Dy A,Dj )%, = (;IP -D;M,D})g, (21)
1 1
where x, = D3 x, and g, = D7 g,,.
Numerical results showed that (21) can be solved by the PCG method efficiently provided
that the step-size ¢ is small enough, see the numbers of iterations in Tables 2-3. However, the

PCG method may converge very slow if the step-size is not small enough. For example, let
o = 0.01 and a(t) = e %, We observe that for the case 7 = 256 and N = 1024, the PCG
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method converges slower than the CG method (the numbers of iterations of the PCG method
and the CG method are 954 and 172 respectlvely, cf. Table 3). Recently, we found that for

Simpson’s rule, the matrix preconditioner ;I D M, D may be not positive if the step-size
is not small enough. For example, for the kernel function a(t) = e~ %/ with ¢ = 0.01, the
minimal eigenvalue for the case 7=16 and N=256 is about -33.

In the following, we discuss how to solve (20) efficiently. We only discuss the use of Simpson’s
rule here. Our method can be modified to handle other high order rules. Let N = 2n and e;
(i=0,1,---,2n) be the (2n + 1)-dimensional (i.e. p-dimensional) vectors defined as

1, j=i+1,
b= 0 jzitt
and P be the permutation matrix defined as
P= (e07e27 t,€2p-2,€1,€3," -, e2n717e2n)-

Let t; = wa(ji), j = 0,%1,---,£N. It can be easily proved that
1

Al A2 u 3

2
21,
PTAPP = AE A1 Uy and PTDpP = gl éI ’ (22)
ui u; fo 3Ty
3
where u; = (tgn,tzn_z, tee ,tz)*, U = (tzn_l,tzn_g, tee ,tl)*, and A1 and A2 are TOGplitZ
matrices given by
to t_a o to2n-2) to1 tz o t_(2n-3)
t2 to et (2n-4q) t1 i1 t_(2n—5)
Al = A . and A.2 =
t2n—2 t2n—4 te to t2n—3 t2n—5 . t_1
respectively. Similarly, let ¢; = th-(j¢), j = 0,1, -+, £N, we have
C1 Cz V1
P'c,p=| C; C v |, (23)
vi vy ¢
where vi = (can, Can—2, - ,¢2)*, va = (C2n—1,C2n—3, -, c1)", and C; and C, are circulant ma-
trices with the first columns given by (co, ¢, -+, can_2)T and (c_1,c1, -+, can_2)T respectively.

On the other hand, we have that the preconditioned system (4) is equivalent to
P’ (01, + C,D,)"'PP*(¢1, + A,D,)PP'x, = P* (01, + C,D,)'PP'g,,
i.e.
(oL, + (PTCPP)(PTD,,P))_l (oL, + (PTA,P)(P'D,P)) (P'x,)
= (oL, + (PTC,P)(PTD,P)) ' (P'g,).
Let E = (P'D,P)? = diag (ﬁ fln 2L, —), A = PTA,P (cf. (22)), and C =
PTC,P (cf. (23)). The above equation is equivalent to
(oI, + ECE) ' (oI, + EAE) (EP'x,) = (oI, + ECE) ' (EP'g,). (24)

It is still expensive to get the inverse of (oI, + ECE). In order that the cost per iteration
of the PCG method is minimized, we replace the matrix ECE in (24) by

~ NeS C, C 0 NG

¢ = 2 C; C, 0 2
f 1 0 0 Co f 1
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e, 2£c, 0

e R

0 0 Co
That is, we replace E by diag (\/gln, \%In, %) and set the vectors v; (i = 1,2) in (23) to
zero vectors. Obviously, C is the sum of ECE and a matrix with rank less than 4. Thus, the

preconditioned systems are

(01, + C)7' (oI, + EAE) (EP"x,) = (oI, + C)™ (EP”g,). (25)
The inverse of oI, + C can be obtained efficiently by using the well known property of
circulant matrices that an n x n circulant matrix can be diagonalized by the Fourier matrix
F,, of order n [5]. Let C; = FXA;F,, i = 1,2, where A; is the diagonal matrix with diagonals

given by F,,C;eo. We note that F,,C;ey is obtained in O(nlogn) operations by using the FFT
to the first column of C;. Then

2FiAF,  22F;AF, 0

ol, +C = oI, + 22p<NL,F, 4F:AF, 0
0 0 Co
F;, o+ 2A BZNA, 0 F,
= F;, 228, o+iA 0 F,
1 0 0 o+ co 1

Let A; = diag(Ai1, Aiz, -+ -, Ain), ¢ = 1,2 and

-1
0—.+.%—/\1j 23ﬁ/\2j
Z—\Sﬁ)\zj o+ %)\U

Let Q;; = diag(wg), e ,wl(;.b)), i,j = 1,2, then

) NNE))
w Wy )
(—%Jl) %JZ')>’ j=12n.

Wia  Waa

} F7 i M 0 F,
(oI, +C) ' = F; Q2 Qoo 0 F,
1 0 0 L 1

From the above discussions, we see that (61, + C)~! can be obtained from (oI, + C) by two
FFTs of n-dimensional vectors and the inverses of n matrices of size 2 x 2. The total cost is
O(nlogn) operations. Moreover, for any (2n + 1)-dimensional vector x, the main cost of the
matrix-vector multiplication (0T, + C)~'x is 4 FFTs of n-dimensional vectors.

Finally, we show numerical results to compare the performance of the method introduced
in [12] and our new method. The numerical results are shown in Tables 2-3. In the tables, the
symbol M denotes that we use the PCG method to solve (21) and the symbol C denotes that
we solve (25) by the PCG method. As in [12], we select two kernel functions az(t) = 1/(1 + t?)
and a4(t) = e~ The right-hand side functions are chosen such that the corresponding
solution for the Wiener-Hopf equation is

_ [ a6-12 0<t<16,
s(t) = { 0, t>16.

In the test, we set ¢ = 0.01 and use the same random vectors as our initial guesses for all
methods. The stopping criterion is

I (PTgp) - (UIP + (PTAPP)(PTDPP)) (PTXP) ll2 = llgp — (oIp + Apr)xék)||2 <107°,
where xl(,k) is the approximation solution of the kth iteration. In the tables, the symbol “***”
denotes that the number of iterations exceeds 1000.



638

F.R. LIN

From Tables 2-3, we observe that the numbers of iterations for C' keep small for different

7 and + = 7/N. The PCG method for solving (21) is very efficient for small step-size ¢ but it
may converge very slow if the step-size is not small enough. We conclude that our new method

is more stable than the method given in [12].

T=64 T7=256 7=1024
N M C I | M C I | M C I
512 | 10 13 101 | 57 11 98 * * *
1024 | 10 13 106 | 11 11 129 | * * *
2048 | 10 12 106 | 10 12 132 | 58 10 102
4096 | 10 12 109 | 10 12 134 | 11 11 138

Table 2. Number of iterations for as(t) = ﬁg and o = 0.01 with Simpson’s rule.

[1]

=

T=64 T7=256 7=1024
N M C I | M C I M C I
512 | 47 13 84 | *** 12 139 * * *
1024 | 24 12 86 | 954 11 172 * * *
2048 | 16 12 89| 226 11 190 | *** 10 216
4096 | 11 12 89| 80 11 199 | *** 10 271
__—0.1]t|

Table 3. Number of iterations for a4(t) =e and o = 0.01 with Simpson’s rule.
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