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PARALLEL COMPOUND METHODS FOR SOLVING
PARTITIONED STIFF SYSTEMS*

Li-rong Chen  De-gui Liu
(Beiging Institute of Computer Application and Simulation Technology, Beijing 100854, China)

Abstract

This paper deals with the solution of partitioned systems of nonlinear stiff differential
equations. Given a differential system, the user may specify some equations to be stiff
and others to be nonstiff. For the numerical solution of such a system Parallel Compound
Methods(PCMs) are studied. Nonstiff equations are integrated by a parallel explicit RK
method while a parallel Rosenbrock method is used for the stiff part of the system.

Their order conditions, their convergence and their numerical stability are discussed,

and the numerical tests are conducted on a personal computer and a parallel computer.

Key words: Parallel compound methods, Stiff systems, Order conditions, Convergence,
Stability.

1. Introduction

Many stiff systems occurring in practice have a special structure, and they can be split into

two coupled subsystems

y’S(;U) = fS(w,yS(w),yN(ﬂf)), yS(QUO) = Yso, Ys € R"s

(1)

yn (@) = fn(z,ys(2),yn (@), yn(z0) =yno, ys € R™
where ys denotes the vector of stiff components and yn denotes the vector of nonstiff com-
ponents. For such partitioned systems a partitioned discretization method is used, i.e. the
stiff subsystem is solved by a “stiff” method and the nonstiff by a classical method (see [5-8]).
This paper deals with a class of parallel compound methods. The compound method consists
of a parallel explicit Runge-Kutta method [2] for the solution of the nonstiff subsystem and a
parallel Rosenbrock method [3] for the solution of the stiff subsystem. The internal stages of
RK and Rosenbrock methods can be computed in parallel.

The paper discusses order conditions, convergence and numerical stability as well as the
implementation and usage of such compound methods. Test results for three partitioned stiff

initial value problems are given with respect to speedup and efficiency.

* Received August 16, 1998.
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2. Parallel Compound Methods

For simplicity, consider the autonomous partitioned stiff systems

ys(x) = fs(ys(@),yn(z)), ys(wo) =yso, ys € R"™

yn(®) = fn(ys(z),yn (7)), yn(To) =yno, ys € R™

An s-stage Parallel Compound Method(PCM) is defined by:

s
YSn+1 = Ysn + Z Cilin

i=1
s

YNn+1 = YNn + E cikin
i=1
i1 i—1

kin = hfn(ysn + Z ijlin_1, Ynn + Z aijkin-1) (3)
=1 =1
! i1 ! i1 i1
(I —hyJ)lin = hfs(ysn + Zaijljn—la YNn + Zaijkjn—1) + hJZ%’jljn—1
=1 = =1
i=1,2,....5

where 7, oayj, 7vij, c¢; are the real coeflicients, I denotes ng x ng identity matrix, J =

%(ysm ynn). The method (3) can be briefly characterized:
e The nonstiff components yy are computed explicitly, the stiff components ys semi-
implicitly. At each integration step a system of linear equations of ng < ng + ny must

be solved,

e Through a frontal approach the internal stages of RK and Rosenbrock methods k;, and

lin(i=1,2,...,5) can be computed in parallel on 2s processors.

The following abbreviations are used:

a;; =0 Jj >, vij =0 J>i

éj = auj + Vij, Yii =Y
’.., P>
Bij = Y
0, 1 <j

S S s
=Y iy, Bi=Y B Bi=> B
j=1 j=1 j=1
As the quantities vy, kin—1, lin—1 (1 =1,2,...,s — 1) are known, k;y,, l;, (i =1,2,...,5s) can

be evaluated on 2s processors in parallel, and more y,,+1 obtained. The information flow that

describes the parallel execution of two-stage formula on four processors is showed in Fig. 1.
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P, kin—1 kin

P2 -k2n 1 n
P3 ll 1 ll\
e M

Yn Yn+1

Fig. 1. the information flow of PCM(s=2)

3. Order Conditions of PCMs

Assume that f = (fs, fy)T: U — R"T™ ig arbitrarily often differentiable, where U is
an open set in R"ST"™¥_ For the order conditions the power series in h of (Li,, Kin)T and
(Ysn+1, Ynnt1)l must be studied. These turn out to be a generalization of the Butcher series,

the so-called P-series, as defined in Hairer[6]. The notation from [6] stands for:

e TP is the set of rooted P-trees.
e For z € {S,N} we denote by

— ¢, is the P-tree of order 0 with root index z,
— T, is the P-tree of order 1 with root index z,
— t =, [t1,ta,...,t,] that the roots of t1,ts,...,t,, are connected with a new node by
new arcs; this new node becomes the root of the new P-tree ¢ and is labelled by z.
e p(t) is the order of ¢, i.e. the number of nodes of t.

e w(t) is the root index of ¢.

e «aft) is the cardinality of ¢, i.e. the number of possibilities of monotonically labelling the

nodes of ¢ with the numbers 1,..., p(t), starting at the root.

In the PCM (3) the higher derivatives of ys and yn are strongly connected with monoton-
ically labelled trees using two different knots e and o. The knot e stands for fg, a e with one
leg for a partial derivative of fg, etc.; the knot o stands for fy, etc. In the following sketch

examples for the derivation of some trees is given.
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ys = fs PN
y' 0 0

2
v = %yf 3(fs) £5) + gochi—(fs, f)

Ofs Of Ofs Ofs
Bys Oys TS+ Bys ayn IV

9* 9*
oyt U 5) + G U 1)

Ofs Ofn 5f5 Ofn
+ yNaysf St Oyn 0 ny

Assume that y(z) = (ys(z),yn(x))? be the exact solution of (2), and furthermore assume

ygnJrl = yS(iL“n) + Z ciLin
i=1
s

y;\fn+1 = yN(xn) + ZciKzn

i—1 i—1

K, = th(yS(éUn) + Z aiijn,l, yN(;Un) + Z ainjnfl) (4)
— -
’ i1 ! i—1
(I =hyDfs)Lin = hfs(ys(zn) + Zaiijnfla yn(Tn) + Zainjnq)
=1 =1
i1 ! J
+thSZ%'ijn71, i=1,...,s
j=1

where D fs = ggs (ys(zy),yn(zyn)). The PCM is of order p if and only if the local truncation

errors satisfy

ys(@n +h) = Y& = O(RPT)

YN (@n + 1) = YRy = O(APH)

The application of [6,8] to PCMs leads to a recursive description of the coefficients of the
map ®;(t) associated with (L;,, Kin)?.
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Lemma 1. (L;,, K;,)? can be represented as a P-series:

>

Lin

~ P(®iy(an) = | IO @it)at)F (1) (y(en) Loy (6)
K Z p(t)!
teTPuw(t)=N
where the coefficients are recursively given by:
Vz € {S,N} <I>l(¢z) = 0, (I)i(‘l'z) =1
t a,F ts, l t:Z [tla"'atm]a m22
p(t) Z H 3o L. () f t=n [h], or (t =5 [t1], w(ty) = N) (7)

‘I>z(t) _ G1eejim s=1
P BiiTj(t) +v&i(t1)], if t =s [t1], and w(ty) = S
J

The application of the linearity of P-series leads to

Ys +1
| = P@y(a) (8)
y}k\fn+1
with
1 p(t) =0
(1) =9 < (9)
> i), p(t) > 1
i=1
Lemma 2. The ezact solution y(x) can be represented as a P-series:
y(@+h) ~ P(I1,y(z)) (10)

with [1(t) = 1, Vt € TP

From (5),(8),(10) we can obtain directly the following theorem:

Theorem 1. (Consistency order of PCMs) The parallel compound method (3) has order of
consistency p, if ®(t) =1, Vt € TP, p(t) < p, ®(t) is defined by (7),(9).

4. Construction of PCMs

From Theorem 1 we can get the order condition equations that are listed in Table 1.
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Table 1. Order condition equations for PCMs up to 3

Order Trees Equation

1 . ) Yei=1

2 I Scioi = %
! S =}
3 \/ \/ S e =1
> > > Y ciaya; = §
> Scillja; =%~
> > ciais ) = 3
> S cif8=%—v

Remark. All summation indices 4, j are in range 1,2,..., s, x stands for a e or o.

we can easily obtain the following corollaries by virtue of the order condition equations:

Corollary 1. There exist PCMs with order p = 1, stage number s = 1.

Corollary 2. There exist PCMs with order p = 2, stage number s = 2.

For the implementation of an efficient stepsize control, embedded methods are of special
interests. in order to get the necessary information about the local truncation error after one
integration step, two solutions of different orders are compared. A PCM with order p and stage

number s is embedded by a PCM with order p — 1 and stage number s — 1:

s—1
Usn+1 = Ysn + Z Cilin
i—1
s—1
INnt1=Ynn+ ) Eikin
e i1
kin = hfNsn + O Qijlin-1, Ynn + Y ijkjn_1)
j=1 j=1
i1 i1
(I = by D)lin = hfssn + Y ijlin-1, ynn + Y ijkjn-1)
— —
- i i
+hJZ’Yijljn71; 1=1,...,s—1
i=1

For the PCMs with embedded technique we have
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Corollary 3. There exist PCMs(1)2 with stage s = 2. Rosenbrock part is A-stable, if

y=1+ \/Lg
Two sets of the coefficients of PCMs(1)2 are shown in Table 2.

Table 2. Coefficients of PCMs(1)2

a2 Y V21 c1 Ca é1
1 1 1
: 1+ — —(1+ —= 0 1 1
2 Ve t+
1 1 1 1
1 1+ — —2(1 4 — : i 1
+\/3 (+\/§) 5 5

Corollary 4. There exist PCMs(2)3 with stage s = 4 and 8 function evalutions per step.
The parameters vy, oz, asz, P32, Ba3, ca are free.
A set of coefficients of PCMs(2)3 with stage s = 4 are listed in Table 3.

Table 3. Coefficients of PCMs(2)3

v =3.20

Y21 = —1.2

Y41 = 117.2450434
a1 = 0.5

¢1 = —0.01032366071

v31 = 191.3297297
Va2 = —28.76035714
Q31 — —-7.0

¢ = 1.020647321

Y32 =0
Y43 = —0.01982142857
32 — 8.0

¢s = —0.01032366071

c1 = 0.1666666667 c2 = 0.6666666667

c3 = —0.1666666667 cs = 0.3333333333

In the following discussion we will focus on the convergence of PCMs. Denoting

esn = Ys(Tn) — Ysn, enn = YN (Tn) — YNn, n=0,1,...
dsn = max{|lesnll,- .-, [lesn—s+1ll}
onn = max{|lennll, ..., [lenn—s+1ll}, n=s-1s,...

Alip = Lin, — lin, Akin = Kip — kin

Subtracting (3) from (4) we obtain

S
€Sn+1 — €Sn + Z czAlzn + TSnJrl
= (11)
ENntl = €Np + Z cikin + TNpt1
=1

where T's;+1, Inn+1 denotes the local truncation error.



646 L.R. CHEN AND D.G. LIU

Using the mathematical induction we get

Lemma 3. There exist positive numbers dsy, bsk, dnk, by (K=1,2,...,5s), such that

1Y cidlinll B dskllesn kol + 7 bskllenn krall

i=1 k=1 h=1
s s s (]‘2)
1) cildkinll < 2~ dnkllesn—rall + 7Y bkllenn—kiall
i—1 k=1 k=1

From (11) and the above lemma it can be easily verified that the following theorem holds:

Theorem 2. For PCMs if
(1) the local truncation errors Ts,, Ty satisfy Ts, = O(hP™), Ty, = O(hPT1)

(2) the errors of starting values satisfy

dss—1 = max{|less—1ll,- .-, [lesoll} = O(R7)

Ons—1 = max{llens—il,- -, [lenoll} = O(RP)

then for the global errors it holds that

lesall = OM?),  llenall = O(R"),  n=ss5+1,...

5. Numerical Stability of PCMs

Consider the linear test differential system

ys = pys + ayn, ys(zo) = yso

YN = bys + kyn, yn(zo) = Yno, x € (20, TM]

where
(1) p< k<0

(2) a-b:=c<pux, a,be R

Definition 1. A PCM is called absolutely stable for the stepsize h if, when applied to (13),
Ysn — 0, ynp — 0 (n — 00) hold for any initial values yso, yno-

Definition 2. Ay, is called an absolutely stable bound of a PCM, if the PCM is absolutely
stable for all h € (0, hmag)-

Since the parallel compound method PCM1 has the same form as CRKR1, please refer to
[4,5] for the stability of PCM1. In the following discussion we shall investigate the stability
behavior of PCMs(1)2.
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Application of PCMs(1)2 to (13) yields

YSnt1 = Ysn + Cilin + c2lap
YNn+1 = YNn + C1kin + c2kop

kin = hbysn + hkynm,

(15)
kgn = hbysn + hl’»‘yNn + hbazllln_l + hl@azlkln_l
_ __hu ha
lin = 1= h,yuySn + 1= hv,uyN”
___hp ha hp ha
l2, = 1= h,WySn +1= h’y,uyN” +1= h,}/uﬂ2llln 1+ 7= h’Y,Uazlkln_l

Using the consistency condition of order 2, coaa; = %, coflo1 = % — 7, and denoting

we obtain

th'u [yNn + ((% - 7)” + %)yNn—l] (]_6)

Ynnt+1 = hb(ysn + %(U +v)ysn—1) + (L +0)ynn + i(w +0)yNn—1

Ysnt1 = (1 +w)ysn + (5 — Nu® + L)ysn—1 + 1= ha

By virtue of z-transformation we have
A11(2)U*(2) + A12(2)V*(2) = S1(2)
A21 (Z)U*(Z) + AZQ(Z)V*(Z) = SQ(Z)

where U*(z), V*(z) are the z-transformatiom of sequences {ysn}, {ynn} respectively. Si(z),

S2(z) are polynomials with the degree not greater than two. A;;(z) have the forms:

An(z) =22 — (1+uw)z — (2 —y)u? - Jw
Ap(2) = -1 _hgw (z+ (L = u+ L)
Ay (2) = —hb(z + L(u +v))

Ap(2) =22 — (1 +v)z — F(w + v?)

We can easily obtain the following theorem:
Theorem 3. A parallel compound method PCM(1)2 is absolutely stable if and only if the
zero points zj of determinant |A(z)| of matriz A(z) = (A;j(2)) satisfy ||z;]] < 1, namely, the

roots zj of equation of polynomial

(22— (14+uwz— (3 —Nu? — tw)(2* — (1 +v)z — $(w +v?))

—w(z+ (3 —YVu+v)(z+ 3(u+v)) =0
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satisfy ||z;]] < 1.
Fig.2 shows the absolutely stable bound h,,q, for ¢ = —100, k = —2 as function of the
coupling-parameter ¢ for the PCM(1)2 with v =1 + \/Lg

hmaz

\

100 80 60 —40 20 0 20

Fig. 2. The absolutely stable bound h,q. of PCM(1)2

6. Numerical Results

Example 1. (see [7]).

20

y; =i—0.1 Z Y; — 0.0lyir19i—1 + iy
i=1

y:(0) =10, i=1,2,...,20
with
Yo = Y20, Yo =Y1, T2 = —1000, r;=0.1,¢=1,2,...,19

xzp = 10.0, Ys = Y1, Yn = (y27y37 s 7y20)T
Example 2. (see [8]).

y1 = 250((R — 1)y + 12), y1(0) =1
y2 = 0.1(y1 — y2), y2(0) =1
ys = 93y1 — 0.26(y3 — ya), y3(0) = 660.2
yy = 0.87(y3 — ya) — 11(ya — y5), ya(0) = 302.2
yt = 1.8(ys — y5) — 13(ys — 270), y5(0) = 273.9

with R = —0.0048(ys — 660.2) — 0.032(ys — 273.9).
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zy =1.0, ys =y1, yn = (yz,yg,y4,y5)T-
Example 3. ( see [8]).

y = —10%y1y3 + 10*y2ys, y1(0) =1
ys = —10*y1ys — 10*yays, y2(0) =1
Ys = —Ys —ys + 1, ys(0) =1
Yy = —2y4, ya(0) =1
Yyt =2 —ys, ys(0) = -1
yh = —y6 — 0.5y5 + 0.5, y6(0) =0

with 2y =10.0,  ys = (y1,52)", yn = (y3, Y4, 95,96)" -
Because the parallel methods are constructed by aiming at large systems, we increase inten-
tionally the number of equations in testing speedup and efficiency. For instance, we shall use

the following system instead of Example 2

for(i=0; i < N; ++1i){

Yy = 250((R — L)y1 +y2), y1(0) =1
ys = 1.8(ys — ys) — 13(ys — 270), ys(0) = 273.9
}

where N > 1 is cycle index representing the computation complex of right-hand functions.
The computations are performed in double precision on a parallel computer S10. Tppcs
and Tpcy stand for the computing time to solve the problems by a PCM(1)2 using four
processors and one processor respectively; Tgpar stands for the computing time by the GEAR
version "DRIVE” using one processor. The test results are listed in Table 4. Two kinds of

speedup and efficiency shown in the table are defined by

SPP:M, SG:M; EPP:@; EPGZSP;G
Tppcm Tppcm 4 4
Table 4. Speedup and efficiency of PCM(1)2 , N=1000
Example Spp Sra Epp Epa
1 2.71 3.87 638% 97%
2 2.76 3.30 69% 82%
3 2.54 2.82 64% 70%
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On a personal computer a PCM(2)3 is performed in parallel in a six-processor simulated
circumstance. In Table 5 the speedup and efficiency, in comparison with PCM(2)3 performed

in serial, are listed

Table 5. Speedup and efficiency of PCM(2)3

N 500 1000 2000

Example 1 Speedup 4.39 4.49 4.57
Efficiency 73% 75% 76%
Example 2 Speedup 3.62 4.04 4.32
Efficiency 60% 67% 2%
Example 3 Speedup 4.31 5.10 5.09
Efficiency 72% 85% 85%

At each integration step the PCM has to solve systems of linear equations of dimension ng,
GEAR or other implicit and linearly implicit methods have to solve systems of dimension
ng +ny. So, PCM is especially efficient for systems of higher dimension with a small number

of stiff components. This is shown by the results of Example 1 from Tables 4,5.
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