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Abstract

After giving the representation of moment generating function for the S-A type
random variable by solving a differential equation, we prove that this type random
variable is of regular n-r order moment. Furthermore we establish the higher
order asymptotic formula for generalized Feller operators by making use of the
generalized Taylor formula.
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1. Introduction and Notations

The generalized Feller operators which include many famous operators, such as
Bernstein, Szasz-Mirakjan, Baskakov, Meyer-Konig and Zeller operators, can be con-
structed by making use of the probabilistic method. In the paper [1][2], Xu Jihua
provided a general scheme for its construction, and Zhao Jinghui showed that the
Feller type operators are of good approximations for unbounded functions.

Our purpose is to present representation of moment generating functions of the sum
of S-A type random variable sequence {{;} and to prove that {;} is of the regular n-r
order moment. The importance of the regular moments for studying the approximation
of the probability type operators is due to the fact that the asymptotic constants
are heavily dependent on them. This can be seen from the discussion in [4]. From
our results the asymptotic constants of generalized Feller operators will be deduced.
Furthermore we establish the higher asymptotic formula for these operators.

We briefly recall some basic concepts and elementary facts concerning probability
and sketch the constructive process of the probability type operators for the paper more
self-contained and completeness, refer to [1][2] for further details.

Suppose S(z) is a nonnegative function which can be expanded as a power series
with nonnegative coefficients py and convergent radius Rj:

S) =3 prat. 1)
k=0
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Let A(x) be an increasing monotone indefinitely differentiable function from [0, R;) into
[0, R) with A(0) = 0. We call S(z) and A(z) the original function of derivation and
extending factor respectively. Here we note R; and R may be finite or infinite.

Let {¢;} be an independent identically distributed random sequence. If its lattice
probability .
pr(A(z))

where pi, > 0, k= 0,1, .., satisfy (1), we call {{;} the S-\ type random variables.

Let n, = > i, &. Its distribution function is denoted by Fj, ;(t). Let §(u) :=
uS'(u)/S(u), o(x) := 0(A(z)), and let o%(z) := A(z)0 (A(z)). The inverse of function
©(x) is denoted by 1 (x) whenever it exists.

The generalized Feller operators which deduced by original function of derivation
S(z) and extending factor \(z) are of the following form

Lalf.) = B (G@ED) = [T 50 dFs ) @)

k=0,1,..,

These operators are briefly called PP A operators in [1]. They also have the following
series representation

La(f,2) = e S P (E))P (A@)F, = € (0,R). (3)

Here R may be finite or infinite, pgcn) satisfy the recurrence formula

k
p](cn) _ Zpg'nil)l’/(clf)jv where pg,)j = Pk—j-
=0

The paper is organized as follows. In next section we represent moment generating
function for S-A type random variable by solving a differential equation. It is important
to describe the regular n-r order moment for the random variable, which is done in
section 3. Finally in section 4 applying the generalized Taylor formula, we give the
higher order asymptotic formula for PPA type operators and present two examples.

2. Moment generating functions of S-\ type random variables

Concerning the numerical character for S-A type random variables {¢;}, we have

(see [1])
E¢ = o(x), D& =o0*(x),

where E denotes the expectation of ¢;, and D the variance. For n, = Yi' | &, En, =
np(x), D, = no?(x). In order to calculate the moment generating functions of
the random variable 7, we establish the following lemma.
Lemma 1. Let {L,} be the PPA type operators, defined by (2) and (3), deduced
by S-\ type random variable. Then
[S(A(@)e™)]"

Ln(e™™%,0) = SR @r
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and

S(A(z)e ™))"

o) oy _ L £)ea/n
L (p(t)e™*", ) SO@)T O(A(z)e™™)
Proof. By (3), we have
RTINS SENE < PNV (P WSS SRR () RGP
Ln(e*?, z) [S(A(x))]”g) P (A(x)) ST kz::OPk (Alw)e™™)".

We are also easy to see that
o0
> o (A@)e/™)E = S (A(@)e/™).
k=0

Furthermore it leads to by direct calculation

L6, 5) = e 3 Lt )
- SoET e ékp’(“n)(k(x)ea/n)“
- SoET e S"(“)];wea/n
= e [sowern] " sowe)
- St Soam e
B

Theorem 1. Denote the moment generating functions Ee™™ of S-X type random
variable n, = Y11 & by G(7). Then

G(r) = "), (4)

where a(t;2) = [§ O(A(z)e') dt, and the parameter z fized.
Proof. Set 7 = a/n. Then

G(2) = Ee®™ = Ly (e, x).

Differentiate for « in the above equation,

It follows that
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From this and Lemma 1, we have

=nf(\(x)e"). (5)

Solving differential equation (5) with the initial condition G(0) = 1, we have
G(r)=¢" Jo O(A(z)e)dt, (6)

Write -
a(T;x) :/0 O(\(z)e")dt, (7)

giving the proof of Theorem 1.

Differentiate for 7 the first and second derivative in equation (7), set 7 = 0 and
note O(A\(z)) = ¢(z), ¢ (\(z))\(z) = 0?(z), we get from Theorem 1

Corollary 1. d/(0;z) = ¢(z), a"(0;z) = o?(z).

Put m, = Y& — E&) = >m1(& — ¢(z)) and denote the moment generating
function of 7, by g(7) = Ee™™ . In this situation, Theorem 1 gives

Corollary 2. Keep the notions above, the moment generating function

g(T) — ena(r;a:)fmp(a:)r‘ (8)

3. The Regular n-r Order Moment for the Random Variables

We first start from the definition.
Definition 1. Let {{;} be an independent identically distributed random sequence,
let B¢ = ¢(x) and let D&; = o®(z). The quantity

Thr = Tn,r(x) = E(Z(gz — ()"

is called the n-r order moment for {&;}.

Remark. The n-r order moment in this paper is similar to one in [3], but it differ
in factor n" from one in [4].

Applying representation (2) for the generalized Feller operators we can easily deduce

that
Toy(z) = E(nn —ne(z)" =n"E( —p(z))"

= n"Ln((p(t) — ¢())" ).

It is known from (9) that the moment T}, ,(z) of the random variable sequence {;}
is corresponding to the moment of the generalized Feller operators. This moment is of

(9)

essential importance for approximation by operators L.
Definition 2. The n-r order moments of random variables {&;} are called regular
if their moments satisfy estimates

Tpor(z) = (2k — D nFo? (2) + O(nF 1), (10)
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Tk +1(z) = O(nF). (11)
Not all random variableshave regular n-r order moments. More than there do not
exist finite n-r order moments for some random variables. The following theorem will
point out that it has regular n-r order moment to S-A type random variables.
Theorem 2. The n-r order moments of the S-\ type random wvariable sequence
{&} are regular, i.e. it satisfied estimates (10) and (11)
Proof. We differentiate g(7) r-th for 7 in equation (8) and obtain

=1
Set 7 = 0. Then .
9" (0) = B (& — ¢(2)))" = T (12)
i=1
On the other hand, g(7) = e"®(™@)=n¢(@)7 Write h(7) = n(a/(7;z) — @(x)), we have
g'(7) = T TDIT (nd! (75 2) — nip(x)) = g(7)h(7). (13)

Applying the Leibniz formula in (13), we have

g () = g (O (7) + (

1) g VORI () 4+ 4+ g O ()R (7).

Notice that ¢ (0) = g(0) = 1, A9(0) = r(0) = 0, KV (0) = na”(0;z) = no?(z), K" (0) =
na™tY(0; z), and ¢ (0) = 0, ¢@(0) = na"(0;z) = no?(z). Furthermore applying
mathematical induction we get by calculation

g0 (0) = (2k — D ke (z) + O(nF), (14)

and
g (0) = O(nk). (15)

Combining estimate (14), (15) with (12), we complete the proof.

The n-r order regular moments of the S-A type random variables determine that the
PP A type operators have good behaviour for approximation. As a corollary of Theorem
2, we know that the asymptotic constants (see [4]) of PP A type operators have a unified
formula. In order to state the formula we set WM = {f : e Lippra} and

r () .
B, Lyra) = suwp  [Ln(fa) = 3 2, oy,
feWT+aM ]_0 j

Corollary 3. For PPA type operators Ly, the following relations hold

r+3a—2

, for r odd,
) e (r+a)---(1+a)yn
lim E(M, Ly, r+ o, z)(n“Tp2)” 2 (z) =
n—00 MZTJEQI‘(’"JF‘;“)

for r even.

(16)
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Proof. Notice T, 2(z) = no?(z), and combine (12), (14) with (15) we have

T
lim —%2% — (2k — 1), (17)
n—00 Tﬁ2
and T
. n,2k+1
Jim TR =0. (18)

From (17) and (18), similar to the proof of Theorem 1 in [4], we obtained (16).

4. Higher Order Asymptotic Formula for PPA Operators

In his paper [3], R. A. Khan obtained the higher order asymptotic formula for Feller
operators L, (f,z) by making use of probabilistic method. This reads as (we keep the
same notions as in [3])

2k—-1
n=%

lim n* <Ln(f,x) — f(b(l)(x) - Z ?Tn,sf(s)(b(l)(x))>: <

n—00
s=1

b () \* R (b1 (2))
)

(19)
In order to get the result Khan first took the Taylor expansion of f (Sn—") at b (z), and
then considered the expectation

2k—1  _g p(s
Ef(%) = Lo(f,2) = fOD (@) + 3 ° FO00()
s=1

m Ths(z) + Ry

By estimating the remainder R,, as usual arrived at the asymptotic equation (19).

However it is point out in [5] and [1], only when E¢; = z Ef(S,/n) is Feller oper-
ators. When E¢; = ¢(x), the corresponding approximation operators are L, (f,z) =
Ef(¢(Sp/n)) which are generalized Feller operators. Therefore (19) is true only for
b = g,

We use a different method to deal with this topic. In our situations, function f
may be unbounded having exponential increasing f(z) = O(e®?(®)), where ¢(z) tends
to infinite as x — oo.

Above all we generalize the classic Taylor formula into the following form. Let ¢(x)
be an indefinitely differentiable function defined on the interval I (finite or infinite).

Lemma 2. Let f(")(t) € C(I), i.e. f is n times continuous differentiable on I.
For x € I fized, we have

£(0) =F@) + A@0 ~ @) + 22 (o) — o))+ + 2D (1) — payr
e )(e(t) ~ p@)",
where fi(x) = %,fg(x) = ﬁ,gg,fk(x) = %, and &(t,z) is bounded in the

neighborhood of . Moreover for every € > 0 there exists § > 0 such that |£(t,x) < € if
|t — x| < 9.
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Proof. Assume first that f(¢) is an n-th polynomial with respect to ¢(t). Therefore
we can write f(¢) as the form

() = co + cr((t) — p(2) + c2(p(t) = (2))* + - + ealp(t) — ()"

The coefficients ¢;, j = 0,1, ..,n, are determined by equations

Co :f(x)a

o @) fi(z)

LT R T

P /1 CO R 1C)

CURY@) R
_faa(®) _ fulz)

tonlg'(z)  nl

For n times continuous differentiable function f(t), we put

50 = 3 D o0) — ()t = Bat ).
k=0 ’

An analogous approach similar to the calculations for remainder of Taylor expansion
gives

R (t,2) = (8, 2)(p(t) — ()",
where £(t, x) satisfies the statements of Lemma 2.

Lemma 3. Let {&;} be a sequence of S-X type random variable and let n, = Y i &;.
Then for every d > 0 there exists p > 0, 0 < p < 1, such that

P(nn — ne(z)| = nd) < 2p". (20)
Proof. Put & = & — ¢(x). We have E{; = 0 for i = 1,2,...,n. Write 7, = 1, &.
From Lemma 3 in [3], we have for every J > 0 there exists p > 0, 0 < p < 1, such that
P(n] > nd) < 2"
That is
P(|nn — nep(x)| = nd) < 2p".

Theorem 3. Let L,(f,z) be PPA operators and let an unbounded function f(x)
satisfy f(z) = O(e®®), a > 0, with finite 2kth derivative f**)(z). Then

. S _ (2@ fula)
fin ot (g0 = 3 e ptat)= (S7) HE @

Proof. Applying the generalized Taylor formula (see Theorem 3) for f(¢) in the
interval (0, R), we have

2k 4 (0 '
F)=fz)+3 %(w(t) —¢(@)) + &, 2)(p(t) = p(x))", (22)
—~ gl
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where f;(z) are defined as in Theorem 3 and &(t,z) = O(e®?®)) (t — 00). Furthermore
for every ¢ > 0 there exists ¢ > 0 such that |£(t,z)| < e if |t —z| < 4.

We first note that the PP A operators are of the basic properties L, (1,z) = 1 and
forj=1,2,...,n,

La((¢(t) = ¢(2)), 2)= 07 E(nn — n(@))] = 07Ty 5(2).

Now taking the operators L, in both sides in (22) gives

& I fi(x)

Lu(f,z) = f(z) + Y

j=1

Tnyj(x) + Rn,2k- (23)

Here R, ok = Ln(&(t,2)(p(t) — ¢(z))?*, z) denotes the remainder.

In order to estimate the remainder term we introduce the characteristic function
I4(w) of a set A:
1, if we A,

IA(w):{o if wd A

With the aid of the characteristic function we can write the remainder as
n n
Bkl = BIEW(™E, ) - (12 — ()]

= B[(2 — (@) ¢ (2, 0) L piay) <)

n
n n
+ B[ = (@) e D) T2 gy 0]
=J1 + Jo.
It is easy to see that
Jp < 6n*2an,2k(x). (24)

We next estimate Jo. Applying the Cauchy-Schwartz inequality two times

Jy < ME[(%n — p(z))%* - eann/n"[{\%f@(w))\Znﬁ}]
1/2
< M{ B — pla)) - 2} PG — p(a) > )]

1/4
< M {8 — ) B [P~ ()] 2 o))

Combining (9) with (10) leads to

Lemma 1 to

[S(A(z)e*/™)"
[S(A=)]"

Ee4ann/n — Ln(€4o¢<p(t)7x) — N 640¢£p(x) (n N OO),
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while Lemma 2 to
P(lnn — np(z)| > nd) <2p" (0<p<1).

Therefore we finally get

Jo =07k p7). (25)
We have R, 2, = ,n~F by (24) and (25). Finally (23) and (10) give the proof of
Theorem 4.

We present two examples as follows.
Example 1. Baskakov operators
Baskakov operators are defined as

> n+k—1 zF

Its original function of derivation and extending factor are S(x) = 1/(1 — z) and
AMz) = z/(1 4+ z), see [1]. The associated S-A type random variable {¢;} submits to
negative binomial distribution.

E¢ = x, D& = 0?(x) = (1 + ), p(x) =z = 1(z), which belongs to Feller type
operators.

For a function f(z) defined on [0, 00) with 2k-th derivative and f(z) = O(e**), we
have

z € [0, 00).

. R (o1 +2)\* for(z)
lim nk<Bn(f,{E)—jzjlfj(x)Tnyj(x)>_( . ) w2 s e o,00)

n—00

where ‘
film) = f9(=), =12 .2k
and
Thi(z) =0, Ty 2(x) =nz(l + ), Ty3(zx) =nz(l +z)(1 4 2z), ...

Example 2. Meyer-Konig and Zeller operators
Meyer-Konig and Zeller operators are defined as

> g [nTk—1 n k
M (f.) = Zf(m)< ; )(1 —ayat, wel0)
k=0
Its original function of derivation and extending factor are S(z) = 1/(1 — z) and
A(z) = =z, see [1]. The associated S-A type random variable {¢;} submits to geometric
distribution.
E& = p(z) = 1, D& = 0%(z) = 7%5z. The inverse function ¢ (z) of ¢(z) is
T

T4z This operator belongs to generalized Feller type operators.

For a function f(z) defined on [0, 1) with 2k-th derivative and f(z) = 0(e“T7), (o>
0), we have by Theorem 3

2k—1

Jim o (M () = 3

=

nfj

fj(w)Tn,j($)>= <2(1$_ $)>kf2’;§(!x), z € [0,1),
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where

filz) = (1 —a)*f'(z),

fo(w) = (1= 2)*[(1 = 2)*f'(x) — 2(1 — 2)° f" ()],

f3(x) = (1= 2)[6f'(2) — 6(1 — 2) f"(x) + (1 — 2)* " (w)],
and

x z(1+ z)

Thi(z) =0, Tyo(x) = nm, Th3(z) = nm,
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