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Abstract

In this paper, a least-squares mixed finite element method for the solution of
the primal saddle-point problem is developed. It is proved that the approximate
problem is consistent ellipticity in the conforming finite element spaces with only
the discrete BB-condition needed for a smaller auxiliary problem. The abstract
error estimate is derived.
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1. Introduction

There are many work to investigate the stability of the mixed finite element method
for the saddle-point problems, i.e., to construct the finite element spaces, such that the
so-called discrete BB-codition is satisfied (c.f. [1],[2],[7],[8] and the references therein).
To circumvent the discrete BB-conditon, recently there has been an increased interest in
use of least-squares approach for the solution of the mixed finite element approximation
of the saddel-point problem (c.f.[3]-[6],[10],[12] and [13]).In this aspect, the saddle-point
problem (such as the Stokes problem) is reduced, in general, the first order system by
introducing auxiliary variables (such as the stress for the Stokes problem). Thus the
bilinear form, in the least-squares mixed finite element approximation for the saddel-
point problem, is coercive in the conforming finite element spaces, and the discrete
BB-condition is not required.

In this paper, the least-squares mixed approach, a least-squares residual minimiza-
tion, is introduced for the primal saddel-point problem directly, without use of any
auxiliary variables. The ellipticity in the finite element spaces for the least-squares
mixed finite element approximation of the primal saddel-point problem is guaranteed,
under the assumption of the discrete BB-condition being satisfied for a smaller auxiliary
problem, instead for the primal saddel-point problem. And under the same assumption
presented previously, the abstract error estimate is derived.

The paper is organized as follows. In section 2, we formulate the least-squares mixed
problem and proved the coerciveness of the bilinear form in the case of the BB-condition
satisfied for the primal saddle-point problem. In section 3, as a bridge for theoretical
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analysis but not for practical computing, a semi-finite element approximation is pre-
sented. Without any discrete BB-condition being required, we derive the stability and
the abstract error estimate, which will be used in the next section. In section 4 and 5,
the real finite element approximation is presented, the stability and the abstract error
estimate are derived with only the discrete BB-conditon being required for a smaller
auxiliary problem.

2. The Least-Squares Mixed Formulation for The Saddel-Point
Problem

Let V,Q be two real Hilbert spaces with norm || - |y and || - || respectively, the
norm ||(-, ) lvxg = (|- 1% + | - ||%)%, V' and @' denote the dual spaces of V and Q
with norm || - ||ly+ and || - | respectively, and the dualities of V' and V, Q" and Q be
denoted by < -,- > . For any given f € V', x € Q', we consider the following mixed
variational equations of the saddel-point problem

to find (u,p) € V x Q, such that
a(u,v) + b(v,p) =< f,u> VvelV, (2.1)
b(u, q) =<x,q4> VYV q€eq,

where a(+,-) : V x V — R is a symmetric, continuous bilinear form, and V-elliptic, e.i.,
there exists a = const. > 0, such that

a(v,v) > al|v|3 VveV, (2.2)

b(-,+) : V xQ — R is a continuous bilinear form with the following BB-condition: there
exists 3 = const. > 0, such that

b(v,q)
veV ”U“V

>Blalleq VY q€q. (2-3)

Then the following theorem is well known (c.f.[7], [8])

Theorem 2.1. Assume that (i) V, Q are the real Hilbert spaces, (ii) the bilinear
form a(-,-) is symmetric, continuous with V-ellipticity (2.2), and the bilinear form b(-, ")
is continuous with BB-condition (2.3). Then the abstract problem (2.1) has one and
only one solution (u,p), and the following inequality holds

lull} +llplley < CUFIR + lx1E), (2.4)

where C = Const.> 0.

Since the bilinear form a(-,-) is symmetric, continuous and V-elliptic, the space V
equipped the inner product a(-,-), also denoted (-,-) = a(-,-), is a Hilbert space, and
the corresponding norm is also denoted by || - |- The dual space of V, equipped the
inner product (-,-) = a(-,-), is also denoted by V'. It is easily seen that the inequalities
(2.2)—(2.4) hold.

To formulate the least-squares mixed form of the problem (2.1), it is needed to
introduce the following operators (c.f.[7],[8])

{ AecL(V;V'): a(u,v) =< Au,v >, (2.5)

BeL(V;Q"), BT e L(Q;V'): b(v,q) =< Bv,q >=<v,BTq > .
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Then the problem (2.1) can be formulated in the operators as follows

(2.6)

Au+BTp =f in V/
Bu =x in Q'

For any given (v,q) € V x @, we introduce the least-squares residual in the operator
equations (2.6) as follows:

I(v,q) = |Av+ BT~ fIf}- + | Bv — x|l (2.7)

Then the least-squares minimizing problem is the following

to find (u,p) € V xQ, such that (2.8)
I(u,p) = minI(v,q) V (v,q) € V xQ, ’
for which the equivalent weak form is the following
{ to find (u,p) € VxQ, such that (2.9)
A((u,p); (v,9)) = F(v,q) ¥V (v,q) € VxQ, '
where
A((u,p); (v,q)) = (Au + BT'p, Av + BT q)y + (Bu, Bv)gr, (2.10)
F(v,q) = (f, Av+ B q)v + (x, Bv) g (2.11)
Theorem 2.2. Under the assumptions of the Theorem 2.1, the bilinear form

A((u,p); (v,q9) : (V x Q) x (V x Q) = R is continuous and coercive on V x @, i.e.,
there exists o = Const. > 0, such that

Al©,0); (v,0) 2 |0, DV xq, Y (@) € VxQ (2.12)

Proof. For any given (v,q) € V x Q, let

Av+BTq =g in V',
B =1 in Q.

Then due to the Theorem 2.1, it can be seen that

1ol + llalley < CUlgllyr + Iwll5)
= C{||Av + BT q||} + || Bvlléy
= CA((v,9); (v,9)),

where C= Const. > 0, independent of v and . Thus the proof is completed.

Then by Lax-Milgram Lemma, the following theorem holds

Theorem 2.3. Under the assumptions of Theorem 2.1, the least-equares mized
problem (2.8) (or (2.9)) has one and only one solution.

In order to approximate the least-squares mixed problem (2.9) by finite element
method, it is needed to express bilinear form A((u,p); (v,q)) (2.10) with the bilinear
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forms a(u,v),b(u, q) ect.. To do this, by the Riesz representation theorem, we introduce
the following Riesz canonical operators o and s:

c: V=V, such that (2.13)
< v v >= (ov',v)y = a(ov',v) V o'eViveV, '
the inner product in V' is defined as follows
(W' u Yy = (o', ou)y Vo' u e V7, (2.14)
and
5:Q — Q, such that
6;2 @ , , , (2.15)
<d,q>=(sd,q)q V¢ EQ,qeQ,
and the inner product in Q' is defined as follows
(¢, = (sd,sp")o  Vd'.p €Q. (2.16)
Lemma 2.4.
A=o"! (2.17)

Proof. By the definitions of the inner product in V and the operator A, we have
YV u,v eV,
(u,v)v = a(u,v) =< Au,v >= (0 Au,v)v,

from which, the relation (2.17) is proved.
Lemma 2.5.

A((u,p); (v,)) = alu,0) + blu,q) + b(v,p) + blwy, p) + blu, o), (2.18)
where
wg €V, such that 0.19)
a(wg,v) = b(v,q) YoeV :
and
ry € Q, such that
2.20
{ (T’lHQ)Q = b(U,Q) v qc Q ( )

Proof. By the definitions of the operators o,s, A, B and B”, and the Lemma, 2.4,
it can be seen that

(i) (Au, Av)y = (0 Au, 0 Av)y = (u, 0)y = a(u,v),
(“) (AU, BTQ)V’ = (O'AU, UBTq)V = (U,,O'BTQ)V =< u, BTq >= b(ua Q)a
(iii) (Av, B"p)yr = b(v,p),

and
(iv)(BTp, BT q)y» = (0BT p, 0B q)y =< 0B q, B"p >=< BoBTq,p >= b(cB"q,p).

Let
wy = oBTq=A"'Byq in V,
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which is equivalent to that
Awy = BTq in V'

ie.,
< Awg,v >=< Blq,v >=< Bv,q > YV veV,

then
a(wg,v) = b(v,q) VYV oveV.

We now consider that
(v) (Bu, Bv)g = (sBu,sBv)g =< Bu,sBv >= b(u, sBv).

Let
ry = sBv in Q

which is equivalent to that

s tr, = Bu in @,

ie.,
< s Yy, g >=< Bv,q >= b(v, q) YV g€ qQ,

and

< S_ITvaq >= (Tan)Qa
then

(ro,q)g = b(v,q) ¥V q€Q.

Thus

(Bu, Bv)gr = b(u,ry).

Summarizing (i)-(v) and the expression A((-,-); (+,-))(2.10), the proof is completed.
Similarly we have
Lemma 2.6.

F(v,q) =< f,v>+b(of,q) + b(v, sx) (2.21)
where of € V, such that
a(of,v) =< f,v > V vev, (2.22)

and sx € Q, such that

(sx,9)Q =< x,q > V geQ. (2.23)

3. The Semi-Finite Element Approximation

In this section, we present the so-called semi-finite element approximation for the
least-squares problem (2.9). It will be seen that the semi-finite element approximation
is used for the theoretical analysis of the real finite element approximation in the next
section, but not for the practical computing.
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Let Vj, and @, be the finite element subspaces of V andQ respectively, then we have
the following approximation of the problem (2.9)

to find (up,prn) € Vi X Qp, such that (3.1)
A((un, pn); (n,an)) = F(vn, qn) V' (vn,qn) € Vi X Qn, '
where by the Lemma 2.5 and 2.6,
A(({l’\;laﬁ): (Uha qh)) = a({l’\;la Uh) + b(%a Qh) + b(vhaﬁ)
+ b(wg, , pn) + b(Un, 7y, ), (3.2)
F(vhyqn) =< f,vn > +b(a f,qn) + b(vs, sX), (3.3)

and wg, , 7y, ,0f and sx are the "exact” solutions of the problems (2.19), (2.20), (2.22)
and (2.23) respectively. Thus the approximate problem (3.1) is called the semi-finite
element approximation of (2.9).

Then due to the Theorem 2.2, it can be seen that

A((vn, an); (0n,qn)) = & (on, an) gV (vhsan) € Vi X Qn, (3.4)

which means that the continuous bilinear form A((-,-); (-, ")) is V}, x Qp— elliptic. Thus
by the basic theory of the conforming finite element method for the elliptic problem
(c.£.[9]), the following error estimate holds

~2 ~2 . 2 . 2
U —U + ||lp — <C(inf |lu—v + inf — . 3.5
(lu—all? + o~ 7rl3) < CCint o —wnlly+ int o —anlly). (35)

4. The Finite Element Approximation

In this section, we present the real finite element approximation of the problem (2.9)
for the practical computing. To do this, the solutions wy, , 7, ,0f and sx of the problem
(2.19), (2.20), (2.22) and (2.23) must be approximated by finite element methods. It
turns out that , instead of the problem (3.1), the real finite element approximation of
(2.9) should be presented as follows,

{ to find (up,pn) € Vi X Qp, such that (4.1)

Ay ((wn, pr); (Wnsan)) = Fa(on,qn) Y (0n,qn) € Vi X Qp, '
where
A;L((uh7ph,)) (UhJ qh)) = a(th Uh) + b(“hu qh) + b(vhaph)

+ b((wg, ), Pr) + b(un, (1o, )n), (4.2)

(wg, ) € Vi, such that (4.3)
a((wg, )n,vn) = b(opr, qn) Vo oop € Vi, '

(1o, )1 € Qn, such that (4.4)
((ro, )nran)@ = b(vn, qn) V' qn € Qp, '
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and
Fn(vnyqn) =< fyvn > +b((0f)ny qn) + b(vn, (5X)n), (4.5)
{ (0f)h € Vs,  such that ",
a((0f)n,vn) =< fyvn > ¥V v, €V,
{ (sX)n € Qn,  such that o
((sX)nsan)@ =< x> qn > Y qn € Qp.

In the problem (4.3), the finite element space Vj» C V is another space, which is, in
general, different from the space V}, and will be indecated in the following.

In what follows, let C, C’ and C” denote the generic positive constants independent
of h, and may be of different values in different places.

For the coerciveness of the bilinear form A} ((+,-); (+,-)) : (VA %X Qn) X (v, x Qn) = R,
we have

Theorem 4.1. Assume that (i) the bilinear form a(-,-) is symmetric, continuous
and V-elliptic in the sense of (2.2), (ii) V), C Viy C V and (iii) the bilinear form b(-,-)
s continuous and the following discrete BB-condition is satisfied

b(vn, qn
sup DL S oo Y g€ Qn, (48)
UhIEVh/ “Uh/HV

with ' = Const. > 0. Then A} ((,+); (-,+)) : (Vi x Qn) X (Vi x Q) — R is symmetric,
continuous bilinear form and the following coerciveness holds

AL (W, qn); (on,qn)) = & (lonllS + lanlly) Y (vr,Qn) € Vi X Q. (4.9)

where o = Const. > 0, independent of h.
Proof.  The continuity of the bilinear form A} ((,-);(-,-)) is obvious. And the
symmetry of Aj ((-,-); (-,-)) can be deduced from the following relations

b((th)h"ph) = a’((wph)h’a (wlIh)h’) = a’((w%)h’a (wph)h’) = b((wph)h’th)a (4'10)

and

b(un; (o) )n) = ((rup Jhs (ro)n)@ = ((Top ) (Tuy Jn)@ = b(0h, (1w, )n), (4.11)
since (4.3) and (4.4).

Finally, we consider the coerciveness of the bilinear form A} ((-,-); (-,-)). By (4.3),
(4.4) and the assumption (ii), from (4.2) we have

AL ((Vh, qn); (Vns qn)) = alvp, vn) + 26(vn, qn) + b((wg, )ar» Gn) + b(vn, (rv, )n)
= a(vn,vn) + 2a((wg, )nr, vn) + a((wg, ), (Wg, )nr) + (o, )hs (Tw, )0) @
= llvn + (we)w I + 1(ro, )nll5- (4.12)

With use of the technique in [12], it can be seen that

1ro)nlley = (e, ) +vanlley = 2v((ron)ns an)e = 7*lanlld,
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and by (4.3), (4.4) and the assumption (ii), we have
((ro, )ns an)@ = b(vn, qn) = al(wg, )nr; vn),
from which, the following equality holds
1Cru) G = 1o )i +vanllE — 2va((wg, s, vn) =7 lanlld (4.13)

where the parameter v > 0 will be determined in the following. We now rewrite
|vn, + (wg, ) ||?- into the following form

lon + (wg wllf = lonlle + 1l (wg, ) lIF + 2a((wg, Ja, vn)- (4.14)
From (4.12)—(4.14), we have
AL ((0n,qn); (vhs an)) = (1o, )n + Y41l

+ {llonll} + 1 (wg, ) 17+ 2(1 = v)al(wg, ) on)} =Y lanllf

= [|(ro, )+ vanllG + llon + (1 = 7) (wg, w1

+7(2 = ) (we )} = 7¥*llanllE- (4.15)
By the assumption (iii) and (4.3), it can be seen that

l(wg)wllv > Bllanlle ¥ an € Qn. (4.16)

From (4.15) and (4.16), we have

Ay ((Wn,0); (0, an)) > (1o )+ Y@ lID + lon + (1 =) (wg, e 1%
(27— #)rqumn% > O'|[(wg, w13
(4.17)

where C' = (2 — vy — ﬁ) = Const. > 0, and the parameter 7 is determined in

2 2
From (4.16) and (4.17), we have
Ay (s an); (0nyqn)) = Cllanlly, (4.18)
with C = Const. > 0. We now assert that
A ((Whsan); (0nan)) = Clloplli: Y (v, qn) € Vi X Q. (4.19)
In fact, we have
lonllt < 2llvn + (wg, w3 + 21 (wg, )17, (4.20)

and by (4.3)

1(wa, w11} = al(wq, ), (wg Jwr) = b((wg, )1, an)
< oIl - I(wg, ) llv - llgnll

from which we have
| (wg, ) v < 1611 - llgnll - (4.21)
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Then from (4.20) and (4.12), it can be seen that

lonlly < 20w + (wg, w15 + 211601 lgnl15
2|16||?
< 245 ((vn, qn); (vn,qn)) + H—OHA;L((UMQIL); (Vnsqn))
< C" Ay (v, qn); (Vh, an)) V(vhsqn) € Vi X Qp,

from which the assertion (4.19) is proved. Thus by (4.18), (4.19), the proof is completed.

Remark 4.1. If for any given g5, € Qp, the exact solution wg, of the problem (2.9)
with ¢ = qp, can be obtained, then it is not needed to approzimate (2.19) by (4.3), and we
can take b(wg, ,pn) instead of b((wg, )n,pn) in the expression of A} ((un,pn); (vn,qn))
(4.2). Thus we can obtain the coerciveness of A ((-,-);(,-)) without the discrete BB-
condition (4.8). For the first order system, the least-squares mized finite element method
is just the case presented previousely (c.f. [3]-]6], [10], [12] and [13]).

5. The Error Estimate

In this section, we establish the error estimate of the finite element approximation
(4.1) as follows:

Theorem 5.1. If the assumptions (1)—(iii) in the Theorem 4.1 are satisfied, let
(u,p) and (up,pp) be the solutions of the problems (2.9) and (3.2) respectively, then the
following error estimate holds

|(w,p) = (un,pn)llvxg <C{  inf (s p) — (vns a1 o
(Vh,qn)EVR X Qp
+ lnf Wy, Ty) — "Ny,
(Dpr WR)EV XQp [(wps 7u) = (s vn)llv <@
+ inf of,s — (wp, ’
(Whyuh)EVhXQhH( Fr5x) = (wns ) llv <@} 65.1)

where wy, and r, are the solutions of the problems (2.19) with ¢ = p and (2.20) with
v = u respectively, and of and sx are the solutions of the problems (2.22) and (2.23)
respectively.

Proof. (i) With use of the triangle inequality, we have V (vp,qp) € Vi, X Qp,

1w, p) = (un, pu)llv@ < (w,p) = (vns an)llv x@ + l(un, pr) = (vns an)llvxq-  (5:2)

By the Theorem 4.1 and since (u,p) and (up,pp) are the solutions of the problem (2.9)
and (4.1) respectively, it can be seen that

|| (un, pn) = (s a3 e < A (un = vn,prh — an); (wn — vn,pr — an))
= Ap((un, pn); (un = vn,pn — an)) — Ap((vns an); (un — vn, pr — qn))
= Fn(un — vn,pn — qn) — A((u,p); (un — v, Pr — qn))
+ A((w — vh, p — qn); (un — Vhs Ph — qn))
+ A((vn, qn); (un — vy pr — an)) — AR ((Vn, qn); (wn — vh, Ph — qn))
= (Fn(un — vn,pn — qn) — F(un — vn,pn — qn))
+ (A((vns qn); (un — vr, P = qn)) — AL ((vhs qn); (un — Vh, P — )
+ A((u — vn,p — qn); (un — Vn, Ph — qn))- (5.3)
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From (5.2), (5.3) and by the continuity of A((,-);(+,-)), it can be seen that

| (w, p) — (un, pn)llvxq SC{( inf (1w, p) — (vn,qn)llvxq

Vh>qn)EVR XQp
|A((vn, qn); (wp,rn)) — A3 (0, qn); (wi, 7))

+ sup
() EVx @ [Cwn, m)llvxa )
N sup |F (wh, ) — fh(wh,rhﬂ}_ (5.4)
(Wh,Th)EVE X Q4 ||(wharh)||VXQ
(ii) By (2.21) and (4.5), we have
Flwp,rn) — Fr(wp,rn) = b(of — (0 f)n,7h) + blwp, sx — (sX)n)
< C(lof = (afnllviiralle + llsx — (sx)rllollwnllv)
1
< C{llof = ()l + llsx — (sx)nlley} 2 “(wharh)HVxQ(- )
5.5

Since (o f), and (sx)p are the solutions of the problems (4.6) and (4.7) respectively,
that means that (o f), and (sx); are the finite element approximations of the solutions
of the problems (2.22) and (2.23) respectively, then

lof = (ef)nllv < w’ifg/h lof —wnllv, (5.6)

and
[sx = (sx)nlle < inf [lsx — pnllq- (5.7)
HREQH

Form (5.5)—(5.7), we have

| F(wh,rn) — Fr(wp,rp)|

su < C( inf —w + inf ||sy — .
(wh,rh)el‘)/thh ||(wh7 Th)“VXQ > (whEVh ||Uf h”V LR €O “ X /“Lh”Q)
(5.8)
(iii) By (2.18)and (4.2), and taking account of (4.10), (4.11), we have
A((vn; qn); (wry 1)) = AL ((0r, an); (why m4))
= (b(wy,, qn) — b((wr, )15 qn)) + (b(vn, Tw,) — b(vn, (rw, )n))
= (b(thﬂ"h) - b((w%)h’vrh)) + (b(whvrvh) - b(wh7 (th)h))
< CO(lJwg, = (wg, ) IvIiralle + llrv, = (roy)nll@llwnllv)
< C{ll(wqy s mv,) = (wgy s (ro ) v <@l (why 7r) v < @- (5.9)

Since (wyg, )pr and (ry, ) are the finite element approximations of the problems (2.19)
with ¢ = g and (2.20) with v = vy, respectively, then

— ly < inf — o 5.10
g, — (v < inf g, — el (5.10)

and
7o, = (rou)nlle < inf [[ry, —vallg- (5.11)
VREQR
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From (5.9)—(5.11), we have

|A((Uh7 qh)7 (wha Th)) - A;z((vha qh)7 (wha Th))|
sup
(Wh,Th)EVR XQp “(whalrh)“VXQ

<C inf Wy, s Tu, ) — LY ' 512
> ((¢h/,Vh)€Vh/><Qh“( qn h.) (¢h h)||V><Q) ( )

Summarizing (5.4), (5.8) and (5.12), the following estimate is established

1w, p) = (un, pr)llvxq

=¢ inf ’ B ’ + inf ; — ’,
B {(Uhth;rethXQh(H(u P) = (vnan)llvxe (‘i)hr,uhl)rEth/XQh”(wqh o) = (@0, vn) v Q)

" it Tl 5.13
(Wh:lth)EthQhH( f X) ( h Mh)“VxQ} ( )

(iv) Choosing v, = up,qn = pp, in (5.13), where (up,pp) is the solution of the
semi-finite element approximation (3.1) of the problem (2.9), we have

1(w; p) = (un, p)llv g < C{ll(u, p) — (n, Pr)llvxq

+ inf W~ ,r~) — Ny,

(1 Wh)EV XQp, it Pn Uh) (#n h)||V><Q

+ inf of,s — (wp, )
(wh:#h)GVhXQhH( fr8X) — (wny o) v <@} _

By the error estimate (3.5), we have

| (w,p) = (un,pr)llvxg < inf l(w,2) = (vhs an)llv xq- (5.15)
(Vh»qn)EVA X Qh

We now estimate the second term on the right hand side of (5.14). Firstly we have

it g = dully < o — pull < llug = wplly + llup — @wpluly. (6.1
Since w- and wy, are the solutions of (2.19) with ¢ = pj, and p respectively, then it can
be seen that

a(wp—wﬁl,v):b(v,p—j)vh) Y vev,

in which let v = w, —w;- € V, and taking into account that b(-,-) is a continuous
bilinear form, we have

lwp — wg I} = b(wy — wy,p = pr) < Cllwy —wy; vl - Prlle,

then
lwp —wy [lv < Clip — phllg- (5.17)
From (5.16) and (5.17), we have
inf |wz = dwllv < {llp = Prllo + llwp = (wp)wllv}- (5.18)
b1 EViyr

Next, we have

Jinf firg =l < lIrg; = (ruullo < lIrg, = rullo + lIru = alle:— (5:19)
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Since ;- and ry are the solutions of (2.20) with v = uy, and u respectively, then it can
be seen that

(TU—T@,Q):()(U—%,Q) v qua

from which, in the similar way as above, we have
7w =7l < Cllu = upllv. (5.20)
Then we have

inf |lr> —wnllg < Cllu —unllv + [lru — (ru)nlle}- (5.21)
VR EQR

And since (wp)y and (r,), are the finite element approximations of w, and r, of the
problem (2.19) with q= p and problem (2.20) with v= u respectively, then by the
standard error estimate of the finite element method(c.f.[9]), it can be seen that

(5.22)

{ lwp = (wp)w|lv < Cinfzbh,evh, |wp — ¢ llv,
Iru — (ru)nlle < infy,eq, T — vallg-

Summarizing (5.14), (5.15), (5.18), (5.21) and (5.22), the proof is completed.
The abstract analysis presented previously can be applied to the Stokes problem
and plane elasticity.
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