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PARALLEL ROSENBROCK METHODS FOR SOLVING STIFF
SYSTEMS IN REAL-TIME SIMULATION*
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Abstract

In this paper parallel Rosenbrock methods in real-time simulation are presented
on parallel computers. Their construction, their convergence and their numerical
stability are studied, and the numerical simulation experiments are conducted on
a personal computer and a parallel computer respectively.
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1. Introduction

In the fields of astronautics engineering and continuous system simulation, many
models are described by stiff ODE’s. In order to simulate (especially in real-time) these
systems we have to use speedy algorithms so as to complete the computation within
the designated time. Papers [5,7,8] present parallel-iterated Runge-Kutta methods and
implicit Runge-Kutta methods. Although these methods have higher stability, a heavier
workload will be imposed by the iteration. And our inability to predict the number
of iteration times in advance will cause us difficulties in the application of the above
methods to real-time simulation.

Aimed at real-time simulation of stiffly large systems on parallel computers, parallel
Rosenbrock methods(PRM) are constructed through a frontal approach. The different
internal stages of Rosenbrock methods are calculated in parallel on different processors.
The methods have higher stability and need no iteration. In each step only one Jacobian
matrix and one LU-decomposition need to be computed.

2. A Class of Parallel Rosenbrock Methods

Counsider the autonomous initial value problems

y'(z) = fy(@), ylzo) =v0, w€l[z0,2m], y€ER" (1)
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here f(y) is assumed to possess derivatives of all orders which will be needed in the
following discussion.
The class of (sequential) Rosenbrock methods has the following form[4]:

S
Ynt1 = Yn + Y cili
i=1

i—1 i—1
(I = hy)li = hf(yn + Y cvijly) +hJ Y vijl;

i=1,2,...,s

where v, «;j, 7;j, ¢ are real coefficients, I denotes identity matrix, J is Jacobian
matrix fy(y,). Through a frontal approach, using the information before time point
tn, a class of s-stage parallel Rosenbrock methods is constructed by the following form:

s
Yn+l = Yn + Z Cilin

=t i—1 i—1 (3)
(I = hyDlin = hf(yn + Y ijlin-1) + hJ D vijljn-1
Jj=1 j=1
i=1,2,...,s
As the quantities y,,lin_1, ¢ = 1,...,s8—1 are known, l1,, lop,...,ls, can be calculated

on s processors in parallel. The information flow that describes the parallel execution
of two-stage formula on two processors P, P, is shown in Fig.1.

Let ¢; denote the CPU time needed to compute each l;,, and ¢, denote the CPU
time needed to compute y, 1 from l;, (or [,,), and let t,, denote the CPU time needed
to exchange information on s processors. Then in each step the sequential costs are
t7 = st; +1t,, and the parallel costs on an s-processor system are tp = t; +ty, + tsyn. SO
the speed-up is

st +t
P=TF .,
ty+ty + tsyn
Particularly, when £, > t5,,, Sp ~ s.
1)1 lln—l. lln-
1)2 l2n—1= n
Yn Yn+1

Fig 1. Information flow of parallel Rosenbrock formula
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The following abbreviations are used:

ai; =0 j2>1, v; =0 j>1
1= i+ g, Yii =Y

I P>
’8”:{0” i

S S
W=y A=Y

Bi = Bijs =Y BB — B
=1 =1

3. Order Conditions for PRM

In the following the consistency conditions for a method of order p are given ac-
cording to the Butcher series theory[l,3]. For the meaning of the denotations, please
refer to [3].

Assume that y(z) is the exact solution of the initial value problem (1), and denote

S
Yn1 = y(@n) + Y ciLlin
im1

i—1 11
(I = by (9(@a)) Lin = hf (y(n) + 3 i Ljn 1) + by (w(@n) S vigLyn 1 D
j=1 j=1
i=1,2,...,s

Then PRM (3) are of order p if and only if
y(@n +h) = yn = O (5)

To derive the order condition equations, we assume that L;, = L;(zy,h) can be repre-
sented as a B-series:
Lin = B(®i, y(xn)) (6)

Hence one obtains
Lin—1 = B(®i,y(xn — h))

Since y(z, — h) can be represented as B-series at y(z,), namely

(t)
D (8)(~1)PD (1) (y ()

y(xn, —h) = B(V,y(z,)) = tze,; o(t)!

where W(t) = (=1)?), V¢ € T, it follows from [3, Theorem 12.6] that

Liyp—1 = B(®;, B(Y,y(zy))) = B(Y®;,y(zy)) (7)
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Denote
I=vo,
it leads that
i1
=1
with
1 p(t) =0
Tj(t) =4 ==
=Y S o(t) > 1
i=1

It follows from [3, Corollary 12.7] due to I'j(¢) = 1 that

i—1

hf(y(@n) + Y ijljn 1) = B}, y(zn)) (8)
j=1
with
Ff(d)):O Li(e) =1
Ll(t) = p()Ti(t1) -~ Ty (tm) (9)
= p(t) Z gy @, Uy (81) - Ty ()
J1dm

where t = [tl,tg, ce ,tm].
From [2, Lemma 15] we obtain that

OF (@) - i Ljnos = B y(a)) (10)
=1
with
1—1
PI () = P(t)jz::l%ij(tl) t=[tl,  plt) 21 )
0 otherwise
and 5
h’)’a_i(y(xn))Lin = B(®;,y(zn)) (12)
with
Hence

Lin = B(U,y(2n)) + B}, y(x0)) + B(®i,y(2a)) BT + T + 84,y (za))  (14)
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From (9),(11),(13) it follows that

Bi(g) =0,  By(e) =1
Z Qijy *** Qg ]l(tl) ij(tm) t= [t1’t27"'7tm]7 m > 2

() = Jiim
i) Zﬁm (t1) +Pi(t1)) t=[ti], p(t1) > 1
(15)
Thus, using (4) we obtain
Yn+1 = B(®,y(2n)) (16)
with
1 p(t) =0
PO= S plt) 2 1 "
i=1

where ®;(¢) is determined by (15). A comparison of (16) with the expansion of the
exact solution

AP
y(@n +h) = B(®,y(zs)) = 2 ma(t)F(t) (y(zn))
yields
hP)
y(@n +h) = yp = —a(t) (1 — @) F(1)(y(zn)) (18)

iz (0!

From (5) and (18) one obtains directly the following theorem:

Theorem 1 (Consistency order of PRM ). The parallel Rosenbrock method (3) has
order of consistency p, if ®(t) =1Vt € T with p(t) < p, ©(t) is defined by (17).

The order condition equations are listed in Table 1.

Table 1. Order conditon equations for PRM up to 4

Order Trees Equation

1 E C; = 1

2 Sefi=1

3 Yocia? = %
2 citi =G

4 Yol = 21[

Wl <o
&
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Remark. all summation indices ¢, j are in range 1,...,s.

4. Construction of PRM

We can construct PRM of two-stage third-order and three-stage fourth-order by
virtue of the order condition equations.

Corollary 2. There exist PRM of order p = 3 with stage number s = 2.

In this case the order condition equations are:

c1+c =1

c1y + (B +7) = §

€203 = %

a1y’ + (v + 267y — Bu) = %
In (19), we take ap = a9y as a free parameter. A coefficient set of the real-time PRM
with two-stage third-order is shown in Table 2.

(19)

Table 2. Coefficients of PRM with p =3, s =2

611 CJZ ajl 71 4 = 1
I T T s
3 3 P 1+ 75 1 1t R)

Corollary 3. There exist PRM of order p = 4 with stage number s = 3.

The order condition equations are:

cirt+c+ce3=1

1B} + cafy + 3B = %
C1q1 +C2q2 +C3q3 = ¢
0204% + 0304% =1

A=

coy + c;;a% =1 (20)
11

Ca00001 3] + czazas1 B + czazazafy = —

11 7 24

303205 = — — =7
12 3
11

7

In (20), we take g, s as free parameters. A coefficient set of the real-time PRM
with three-stage fourth-order is shown in Table 3.



Parallel Rosenbrock Methods for Solving Stiff Systems in Real-time Simulation 381

Table 3. Coefficients of PRM with p =4, s =3

I 2
Qg = g a3 = g
v = 3.205737064E + 00
a1 = 3.333333333E — 01 az; = —1.205988612E + 01 a3 = 1.272655279E + 01
Vo1 = —4.100542740E — 01 31 = 7.212090006 E + 01 Y32 = —7.573506302E + 01
c; = 8.125000000E — 01 ¢z = —7.500000000E — 01 c3 = 9.375000000F — 01

5. Convergence of PRM
Denote

lin = Ui(Yn, Yn—15- -, Yn—it1, h), Lip = Li(y(zn), ..., y(@n—it1), h)
Alln:Lln_lma i:1,2,...,8

and
en = Y(Tn) — Yn 0p = max{|lenl],. .., len—s+1[/}
Lemma 4. There exist positive real numbers dy, (k =1,2,...,s) such that
S S S
1Y cilin =Y cilinll <h Y dillen xiall (21)
i=1 i=1 k=1
Proof. Tt is easy to see that we only need to show that for any i (i = 1,2,...,s) there
exist positive real number d;i,d;o, ..., d; such that
i
1ALl < R(Y_ dikllen—k+1l)) (22)
k=1

First, we start with ¢ = 1.

Lin = hf(y(zn)) + h'ny(y(xn))Lln
lin = hf(yn) + by fy(yn)lin
which yields
Alyy, = hfyen + h'nyyenLln + h'nyAlln

Here the variables in partial derivatives f,, fy, are omitted. Assuming ||f,|| < L, taking
a small positive number hgy such that ho|y|L < 1, we have that when 0 < h < hy,

1
I—hyf) Y < ——

Furthermore, assuming |y||| fyy ||| Lin|| < My, i=1,2,...,s, we obtain

L—l—Ml
Al <K h—m—|len 2
800 < b 23
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L—l—Ml

Set dy1 = W, and it is showed that the formula (22) holds with i = 1.
— ho
Next, we assume (22) holds with ¢ < m (m < s). When i =m
m—1 m—1
Lmn = hf(y(xn) + Z amijnfl) + hfy(y(xn)) Z 'ijLjnfl + h')/fy(y(xn))Lmn
=1 =1
m—1 ! m—1 !
7j=1 7j=1

Omitting the variables in partial derivetives fy, f,,, we obtain

m—1 m—1 m—1
Al = hfyen + hfy Z amjAljn—l + hfyyen Z YmjLijn—1 + hfy Z ’ijAljn—l
j=1 j=1 j=1

+hy fyyenLimn + by fyAlin

m—1
Suppose || fyyll D [¥mjlllLjn-1ll < My, m =1,2,...,s. it yields that when 0 < h <
j=1
ho
bl < 0 (B Yy LS Gl D 8Gal) @)
e Qi j in_
N A T A 7 = R
From the assumption that for ¢ < m there exist positive real numbers d;q, ..., d; such
that )
(2
1ALl < B dikllen—k+1ll)
k=1
it leads to

J
||Al]n*1|| < h(z d]kHen—k“)? J=L12...,m-1
k=1

Substituting the above formula into (24), we obtain

L+ M, + M, hoL =l J
Al | < =g o : : dirllen_
| Al || < ~hoIL el + _hOMLJZZJI(I%JI+|%ny|)k§::1 ik llen—rkl|
L+M1+M2“ I
holy|L “n

h()L m <m 1 >
L e Q| + [Yoni i o
Tz 2o (2 Qo]+ sl ) e

j=k—1

=h
+h

Setting

L+ My + M»
1 — holv|L

d o mE (| | + [Ymi|)d k=2
[67%°%1 1 e — "
mk — 1 h | |[J — mj mj jk—1, ) )

dml =
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it follows that (22) holds when ¢ = m. Hence for any i (1 < i < s) the formula (22)
holds and Lemma 4 is proved.

For PRM with order p and stage number s, we have

S
Y(xnt1) = y(@n) + D cilin + Tnia

1=1
i—1 i—1
(I — by fy (y(an)) Lin = hf (o) + 3 03 Lins) + 1y (@) S piiLms )
j=1 j=1
i=1,2,...,5

where T;,11 denotes the local truncation error. Subtracting (3) from (25) we obtain
S
éntl = €n + Z CiAlin + Thyt (26)
i=1
From Lemma 4 and (26) it can be easily verified that the following theorem holds.

Theorem 5. For PRM with order p and stage number s, if the error of starting values

satiesfies

051 = max{[les1],..., [leol[} = O(R”)

then for the global error it holds that

lenl] = O(hP),  n=s

6. Numerical Stability of PRM

Appling two-stage third-order PRM in Table 2 to the test equation y' = Ay, denoting
z = Ah, A € C™, we have

2
2 Yn—1

)Yn, +

1 _
Yn+1 = (1 + (i 7)Z

1=z (1—~2)
Hence the corresponding stable polynomial is

~1 —-1 — 1)
A(r;z) — 7‘2 + + (’Y )Z’I“ + (7 2)Z2
1-7z (1—2)

When v =1+ %, the two-stage third-order PRM is A-stable. In fact, it suffices to
show that II(r) = (1 — y2)?A(r; z), namely

(r) = (1 = 272 +722°)r® = (1 = (2y = Dz +7(y = D22)r + (v - %)zQ
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is a Schur polynomial for all Rez < 0. Define the polynomial

f(r) = (v — 2)322 — (1 — (2y = 1)Z + 7(y = D)7 + (1 — 275 + 1272)

2
where z is the complex conjugate of z, and
1 - .
Mi(r) = —[L(0)II(r) — TL(O)IL(r)]

By a theorem of Schur[6], II(r) is Schur polynomial if and only if
(1) [61(0)] > 1L(0)]
(2) IIi(r) is a Schur polynomial.
Clerely, when v = 1+ %, IT1(0)| > |TI(0)] for all Rez < 0. II;(r) has only root r. After
simple computation we have
<1

on the whole imaginary axis. Since r is an analytic function in the left-half plane
C~ ={z|Rez < 0}, by the maximum modulus princile, we have

Ir] <1, zeC™

That is, for all Rez < 0,1I;(r) is a Schur polynomail, and the PRM is A-stable.
Applying three-stage fourth-order PRM in Table 3 to y' = Ay, we get
7 ¥ -27+3 4

z 2
+ 2y + ER T
T 0 U A af *

NO[—

Yn+1 = (1 +

The corresponding stability polynomial is
-1 -1 1 2 4oy — 2
+tr =Dz, (0 2)2Z2T s Y
1 -z (1 —z) (1—12)
When v = 3.205737063, three-stage fourth-order PRM is A(«)— stable with « ~ 87°.

A(r;z) =1 +

7. Numerical Experiment

Example 1. Stiffly linear ordinary differential equations

yh = —29998y; — 59994y, y1(0) = 1
yh = 9999y, + 19997y,, y2(0) =0

The eigenvalues of system are Ay = —10000, Ay = —1. The exact solution is

1
Y1 (t) = m(29997e_10000t — 19998¢7Y), yp(t) = e=t — 710000,

Example 2. Stiffly nonlinear ordinary differential equations

yi=—(e '+ 2y +ey3, y1(0) =1
yh =11 —y2 — 3, y2(0) =1
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where € = 1075, The smaller € is , the more serious the stiff of system is. The exact

solution is
n(t)=ys(t), ) =e"

Example 3. Weakly damped oscillatory differential equations

y' = Ay, y(0) = yo
where
~0.01 ~1 ~1
A= 2 —100.005 99.995 |, wyo=

2 99.995  —100.005

The exact solution is

y1(t) = e7 00 (cos2t — sin2t)
yo(t) = e 90 (cos2t + sin2t) + =200
y3(t) = e 00 (cos2t + sin2t) — e 200

Applying PRM of two-stage third-order and three-stage fourth-order to examples
1-3, the computation results are listed in Tables 4-5. The error of ¢ — th component is
given by

erry = ;
Yr

vyl — yi(T) ‘

Here y%., y;(T) are the numerical solution and exact solution at the endpoint 7" of the
interval respectively.

Table 4. a, = 0.5, T'=10.0

h errl err2 err3
Example 1 0.1 1.079E-02 1.079E-02
0.01 1.270E-05 1.270E-05
Example 2 0.1 4.389E-02 1.079E-02
0.01 2.280E-04 1.270E-05
Example 3 0.1 3.457E-01 1.265E-01 1.265E-01
0.01 2.402E-04 2.016E-04 2.016E-04
Table 5. ay = %, asg = %, T =100
h errl err2 err3
Example 1 0.1 1.259E-02 1.259E-02
0.01 2.349E-06 2.349E-06
Example 2 0.1 7.283E-02 1.259E-02
0.01 4.076E-05 2.349E-06
Example 3 0.1 3.888E-01 5.645E-01 5.645E-01
0.01 1.923E-04 4.604E-05 4.604E-05
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Because the parallel methods are constructed by aiming at large systems, we in-
crease intentionally the number of equations in testing speed-up and efficiency. For
instance, we shall use the following system instead of Example 1

for(t=0; i <N; ++1) {
Yl = —29998y; — 59994y,
yh = 9999y, — 19997y,

}

where N > 1 is cycle index representing the computation complex of right-hand func-

tions.
PRM for two-stage third-order and three-stage fourth-order are implemented on a
parallel computer S10. The results are listed in Table 6 and Table 7 respectively.

Table 6. Two-stage third-order PRM for solving Example 1

N 500 1000 2000 5000
Speedup 1.08 1.14 1.45 1.76
Efficiency 54% 57% % 88%

Table 7. Three-stage fourth-order PRM for solving Example 2

N 500 1000 2000 5000
Speedup 1.47 1.64 2.16 2.51
efficiency 49% 55% 72% 84%

From these results we can conclude that PRM for solving stiffly large ODE’s is
efficient and applicable.
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