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Abstract

In this paper we present a C' interpolation scheme on a triangle. The inter-
polant assumes given values and one order derivatives at the vertices of the triangle.
It is made up of partial interpolants blended with corresponding weight functions.
Any partial interpolant is a piecewise cubics defined on a split of the triangle, while
the weight function is just the respective barycentric coordinate. Hence the inter-
polant can be regarded as a piecewise quartic. We device a simple algorithm for
the evaluation of the interpolant. It’s easy to represent the interpolant with B-net
method. We also depict the Franke’s function and its interpolant, the illustration
of which shows good visual effect of the scheme.

Key words: Spline, interpolation scheme, partial interpolants, barycentric co-
ordinates, splits, B-net

1. Introduction

The smooth interpolation on a triangulation of a planar region is of great importance
in most applied areas, such as computation of finite element method, computer aided
(geometric) design and scattered data processing.

Let A be a triangulation of a polygonal domain Q C R? and Ag, A; and A, the sets
of vertices, edges and triangles in A respectively. Usually the triangulation in practice
is formed by a mass of scattered nodes that, covered by the region €2, are carrying
similar types of data, i.e., positions and derivatives.

We have interest in this paper only the C' case and consider the following interpo-
lation problem

* Received May 19, 1997.
U Supported by the Natural Science Foundation of Guangdong, China.



404 Y.W. ZHAN

To solve problem (1), one efficient way is the local approach(cf. [3]). It is based on a
single triangle. Once a solution of the problem restricted on the triangle is found, and it
satisfies the property that the interpolants on any two adjacent triangles connect with
C' smoothness, the triangle and its interpolant are representative and they together
form an interpolation model or a C! interpolation scheme. Hence on 2, a C! interpolant
is constructed by piecing together the interpolants on all the triangles of triangulation
A. The interpolation scheme such constructed has an another advantage: any change
on a vertex affects only the interpolants on the star region of the vertex. Therefore it
shows local significance.

To construct the interpolants, functions that are easy to formulate and evaluate are
preferable, such as polynomials, rationals, and their piecewise versions, i.e. splines(see
[4] and [6]).

Therefore we consider only the following problem for triangle T' = A; A2 As. Let ¢;
denote the opposite edge of A; and n; the outer normal vector of e;, ¢ = 1,2, 3.

( For f € C}(T), find a function g € C*(T') such that
9(4i) = f(4i),
Se9(Ai) = g5 f(A),  2g(Ai) = £ (Ay), (2)

b . . .
and g and 7n;9 On e; are univariate polynomials

| of degrees 3 and 2 respectively, for i = 1,2, 3.

If the interpolant is a polynomial, derivatives at the vertices of the triangle of order
2 are needed and hence beyond the conditions given in (2)(cf. [7] and [8]). It also
introduces a drawback that the degree of the polynomial reaches as high as 5(see [7]
and [8]).

By splitting the triangle in HCT type(see [5]), one can find a solution of (2). The
interpolant is a piecewise cubics. For a C' scheme, we have shown that the triangle
must be subdivided and each angle of the triangle is split into 2 partsl®l. This is a
crucial rule.

The splitting method lowers the order of interpolation data needed and the degree
of interpolant polynomial. But it increases the computational complication. If we want
the triangle is less split, the rationals instead of polynomials are suitable candidates.
But rationals often introduce singular points which will cause unstable in evaluation.

So, some compromise between splits and rationals or polynomials will better the
cases.

In this paper we find a solution of (2) by a hybrid of polynomials and splits. The
interpolant of (2) is made up of partial interpolants blended with corresponding weight
functions. Any partial interpolant is a piecewise cubics defined on a split of the triangle,
while the weight function is just the respective barycentric coordinate. Hence the
interpolant can be regarded as a piecewise quartics. We device a simple algorithm for
the evaluation of the interpolant. It’s easy to represent the interpolant with B-net
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method. We also depict the Franke’s function and its interpolant of this scheme, the
illustration of which shows good visual effect of the interpolation scheme.

The paper is organized as follows. The B-net method is effective for polynomial
interpolation and we summarize it briefly in §2 as preliminaries. The essential ideas
for the construction of our scheme are described in §3. In §4 we prove Theorem 2, the
main result for the partial interpolants. In §5 we device an algorithm for evaluation of
the interpolant. We end the paper by some remarks in §6.

2. Preliminaries

2.1 B-net method

Given is a triangle T = A; Ay A3. Any point A € R? can be uniquely formulated as

3 3
A=) widi, Y ui=1,
=1 =1

where v = (u1, u2, u3) are the barycentric coordinates of A with respect to A, Ao and
As. For an integer n > 0 and any multiple index A\ = (A1, Ao, A3) with [A| = 33 \; =
n, define the A-th Bernstein polynomial of order n as

!
_ n: A1, A2, A3
Ban(u) = A glhgl L W2 s

Hence any bivariate polynomial p has its Bernstein-Bézier form (short for B-form)

p(u) = D bABu(u)

[A|l=n

where by is the B-ordinate of p with domain point 37 ; \;A;/n.

Suppose A’ = 2?21 v;A; is a point opposite to A; across edge AsAs, and another
polynomial ¢ defined on 7" = A} A2 A3 has {c)} as its B-ordinates relative to A}, Ay
and As. Then we havel!

Theorem 1. For any integer p > 0, the polynomials p and q are C* smoothly joint
on edge AsAs iff the following relations hold

C\ = Z bﬂ+po,)\1 (’U), AL = 0,1,--- s My 1) = (07 >‘27 >‘3)7
lol=A1

where v = (v1, v2, v3).
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2.2 A representation of cubics by B-net method

For 1 = 1,2, 3, denote by B; the middle point of e; and take the normal vector to e; as

€ " €j42
_— 3
€; " €5 ( )

n; = ejro — hje; with h; =

where 7 is counted modulo 3 and - denotes the inner product in R?. Suppose ¢ is a
bivariate cubic of the form

Q(u) = Z b)\B)\(u)J

A£Xo
where By (u) is short for By 3(u) and Ao = (1,1, 1).
For given f € C!(T), suppose
0 0 0 0
A) = f(A) = fiy, —q(A) = —F(A) = faui, —q(Ai) =—f(4;) = [y
(A = FA) = fio 5oa(A) = 5EI(A) = fa Goaldd) = 51 (4] = 1,
Then by Theorem 1, we have

bsoo = f1, boso = f2, boos = f3,

bo1o = f1 + D12/3, bao1 = f1 + D13/3,

bo21 = fo + Da3/3, bi2o = f2 + Da1/3,

bioz = f3+ D31/3, boiz = f3 + D32/3, (4)

where D;; is the directional derivative of f at A; along vector A;A; and can be expressed
by fzi and fyi, i.e. Dij = fui(wj — x5) + fyily; — i)
Now suppose
Ql(u) = (I(U) + szlll(”)? 1=1,2,3.

Take fp; = %f(BZ-). Then by %iqi(Bi) = fni, b* is determined. For i = 1, we have

2
bl = —gfm + [(1 4 h1)boso + (2 + h1)bo21 + (1 — h1)boiz — hiboos — bi2o — bio2]/2. (5)

Usually the normal derivatives are not easy to obtain in practice. Alternatively the
normal derivative %q on e is supposed to be linear. In the latter case

1
bt = §[b120 + b1o2 — h1(2bg12 — bo21 — boos) + (1 + h1)(2bo21 — bozo — bo12)]. (57)

The formulas for b? and b3 are similar.

In the consequent sections, for integers k and d with k > d > 0, we need a notation
SA(A;Q) or SI(A) that expresses the bivariate spline space on triangulation A of
piecewise C¢ polynomials of degrees up to & (cf. [6]).

3. Basic Ideas

Now split T' by connecting A; and B; and denote by T; the resulted triangulation
of T', i = 1,2,3. There are two subtriangles in Tj, and we would rather denote T;; =
A;A;B;, for {i,7,k} = {1,2,3}. See Fig. 1 for the case 7 = 1.
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We also denote by Ty the triangulation of T' by connecting all the lines A;B;,
1 =1,2,3. Ty can be regarded as a composition of the three triangulations T;, ¢ = 1,2, 3.

We will find a solution of (2) in S}(Tp) C C1(T). For this purpose, we consider at
first the partial interpolation problem.

For f € CY(T) and i € {1,2,3}, find a function g; € S3(T}) such that
9i(A7) = fis  359i(A)) = fujs 559(A5) = fujy (6)
72-9i(Br) = fuk, for j,k =1,2,3,k # i.

Ay

Fig. 1 Split T7. Fig. 2 Stencil of B-net of g;.

It is easy to see that dim Si(7;) = 13 (cf. [6]), while the number of data given in
(6) is 11, 3 at each vertex and 1 on each edge other than e;. To determine the other 2
parameters of g;, we need a restriction in addition to (6) that

gi on ¢; is an overall polynomial. (7)

Theorem 2. Under restriction (7), there is a unique solution of (6), g; € Si(T5).

We will prove this theorem in the next section. Then with simple calculation, we
can conclude that

Theorem 3. Let g; be the partial interpolant of (6) under restriction (7), 1 = 1,2, 3.
Define

3
g(A) = uigi(A).
i=1

Then g is a solution of (2). In detail, for a function f € CY(T), g is uniquely determined
by the following conditions,

9(4;) = fi,
oA = fuir
8.Tg 1) — JXTy 8yg
0

5 9(B) = T, for i=1,23
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Note again that g; € S3(7;). Then by the definition of g, it is easy to see that
Corollary 4. g € S}(T)).

4. Proof of Theorem 2

To prove Theorem 2, it needs only to investigate the case = 1. The others are
similar.
Suppose g; satisfies (6) and (7). The stencil depicted in Fig. 2 illustrates the B-net
of gi-
For a point A on the plane, its barycentric coordinates are supposed to be u =
(w1, ug,uz) with T, u! = (u},ul,u}) with Ty, [ = 2,3.
Let
g(u) = { g12(u?) = 2o Aj=3 3By (u?), if A € Tyo,
913(u3) = Z‘/\|:3 ciB)\(u3), ifAe Tis.
Note that As, B; and Ajs are collinear, the B-net of g1 is composed of layers, each of
which is parallel to e; = AsAs. Therefore the continuity between g12 and g¢13 can be
identified layer by layer. Each layer can be regarded as the B-net of a univariate spline
of two pieces.

Recall the discussion in Section 2.2. The C° continuities between the layers of

2
m,0,3—m

g12 and gi3 simply imply that ¢ = 02%0,37"1, m = 0,1,2,3. By interpolation
conditions on the vertices, c4og, Chors Chins Chaos Chizs and cloy are then determined,
and hence c};; by normal derivatives, [ = 2,3. Then by C! continuity, ¢, = ¢}y, =
(et +cti1)/2.

At last, under restriction (7), i.e. gi2 and g3 are identical on e, g; on e; is an overall
cubic with only 4 unknowns, while there are just 4 Hermite interpolation conditions
given at the end points of e; so that make the univariate cubic uniquely solvable. This

ends the proof of Theorem 2.

5. An Algorithm for Evaluation

Now suppose g is the interpolant defined in Theorem 3. For a point A € T, let
(u1,ug2,u3) be its barycentric coordinates with 7. The symbols in this section keep
their meaning in §2.2 and §3.

The above discussion has introduced a procedure to evaluate g but it is too compli-
cated. We will derive a simple algorithm instead. The key point is that, any piece of
the partial interpolant can be transformed to a polynomial defined on the barycentric
coordinates system u = (u1, us,us) with 7.

There are two subtriangles in 7; and they can be characterized as

Tij={AeT:u; >w}, {15k} ={1,23}.

Then we have
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Lemma 5. For a multiple index (i,j, k) with {3,j,k} = {1,2,3}, let Tjj, = {A €
T :u; <uj <ug}. Then we have

Tijk = Tij N Tip, N Ty, (8)
and the subtriangles in Ty are just {Tijy : {1,7,k} = {1,2,3}}.
Let gij := g;|T3j. If A € T}, then by Lemma, 5,
9(u) = uggrj(u) + uigir(u) + ujgik(u). (9)

Note that g;; differs from ¢ only in two items that include wjupuz and uzu% Fig. 3
shows the stencil of g;(u) in the barycentric coordinates system (uj,ug,us3). We can
rewrite g;; as

9ij (u) = q(u) + 6biju1u2u3 + 3cz~juiuz, (10)

where the B-ordinates b;; and c;; are easily formulated as

bij =0b0F, ¢y =t -0k (11)
Therefore,
g(u) = wuglg(u) + 6bgjuiugus + 3ijukuz2]
+u;lg(u) + 6bjruiugus + 3CikUiU§]
+Uj [q(u) + ijkuluQU3 + 3cjkuju%]
= q(u) + 6b111ul’u,2U3 + 3(ckjuk)uku% + 3(czkuz)uzu3 + 3(cjkuj)uj-u$ (12)
where
bin = ukbkj + u;bip + Ujbjk = ukbi + U,Zb] + Ujbi
= w4+ (1 — )b’ =b' + u; (V) —b°). (13)
b030 b021 b012 b003 b030 b021 b012 b003
Left: glz(u). b23 = b102 + (bz — b3) nght glg(u) b32 = b120 + (b3 — bz)

Fig. 3 The stencil of g;2 and g3 in the same coordinates system (uy, ug,us).
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Then we can establish a simple algorithm for the evaluation of g at a point u.
Step 1 Order the coordinates

imax = the index of max{u;,ug,us},
imin = the index of min{u;,ug,us},

tmed = the other index .

Then take
brin = b 4 g (bPmed — pPmin)
Step 2
If up <wug then byg+ = uy(b® —b?)
else b+ = up(b? —b3)
If w3 <wu; then byt =uz(b! —b%)
else byo+ = ua(b® — bh)
If wu; <wuy then byg+ = us(b?® —bl)
else bpo1+ = ug(bt — b°)
Step 3 Use de Casteliau Algorithm to evaluate g(u) with B-ordinates {by : |\| = 3}.

6. Remarks

In [2], T.N.T. Goodman and H.B. Said derived a C' scheme(short for GS scheme),
the interpolant of which can be rewritten as

uu3b® + udu3b' + uiuib?

2

P(u) = 6 b b(u) =
(1) = alw) + Guruaush), bw) =

We can compare GS with our scheme in many ways.

(1) In GS, before using de Casteliau Algorithm to evaluate P(u), it needs at least
6 multiplications, while our scheme needs only 4 multiplications;

(2) The interpolant P(u) of GS is a rational, while g(u), the interpolant of our
scheme, is a piecewise quartics. The vertices of the triangle are singular points of P(u).
The singular points are removable, but it may cause unstable in evaluation of P and
the derivatives of P at these points. It is also difficult to do integration with rationals.
Our scheme can overcome these drawbacks.

(3) Now take the Franke’s function f(z,y) as a test.

= 0.75e(92=2)?+(9y=2)*)/4 | () 75— ((92+1)/49+(9y+1)/10)
f(xay) 0.75¢ +075€
10.50e (97D +0y=3)2)/4 _ (5 90y~ ((97—4)*+(9~7)?)

Table 1. Errors of Franke’s function with the interpolants

interpolants Max error Mean error
GS scheme: P 0.045273 0.004627
our scheme: g 0.042543 0.004593
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Fig. 4 shows the triangulation of unit square [0, 1] x [0, 1] used in many papers(cf.
[2] and the references therein). The surfaces of Franke’s function f is illustrated in
Fig. 5, and the difference (scaled by factor 100) between the interpolant g and f on the
triangulation is illustrated in Fig. 6. The comparison of errors is shown in Table 1. It
is seen that both the max error and the mean error by using our scheme are less than
those by using GS.

Fig. 4 A triaugulation of [0, 1] x [0, 1]
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Fig. 5. Franke function with 25 x 25 samples
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Fig. 6. Error between Franke function and its interpolant (scaled by factor 100)
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