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A POSTERIORI ERROR ESTIMATES IN ADINI FINITE
ELEMENT FOR EIGENVALUE PROBLEMS *

Yi-du Yang
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Abstract

In this paper, we discuss a posteriori error estimates of the eigenvalue A given
by Adini nonconforming finite element. We give an assymptotically exact error
estimator of the \,. We prove that the order of convergence of the Ap is just 2
and the Ap converge from below for sufficiently small h.
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Consider eigenvalue problems: Find pairs (\,u), A € R,u € HZ(Q),||ullo = 1, such
that
afu,0) = \(u,0), Vo € H2(G) (1)

and their nonconforming finite element approximations:Find pairs (A, up), A\p € R, up €
Vi, l|lunllo=1, such that

ap(up,v) = Ap(up,v), Yo €V (2)

where a(u,v) = 3 [(j,10;0ju0L0v + apgOpudqv) is the symmetric, continuous, HZ-
elliptic bilinear form, (u,v) = [;uv;V} is a nonconforming finit element space associ-
ated with a regular triangulations

T, ={T}, V) ¢ Hg(G), ap(u,v) = ZZ/T(aijklaiajuakaﬂ) + apqapuaqv)
T

are uniformly V}, -elliptic; i,j,k,1=1,2; p,q=0,1,2; 0; = 8% 0o = a% ,00 = id, 0109 =
52

oxdy*

Let( A\p,up) and (X u) be an eigenpair of (2) and of (1), respectivery, and (Ap, up) con-

verge (A,u). In [3], the abstract error estimates has been presented and the following

estimates has been proved for Adini finite element:

v — Al < CR2 (3)
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In this paper ,we discuss a posteriori error estimates .We prove that the order of con-
vergence is just 2, and give an asymptotically exact estimator for Adini finite element.
Consider the steady state problems: Find w € H3(G) , such that

a(w,v) = (f,v), Vv e HZ(G) (4)

In the case of f = up, let u* and uj € V}, denote the exact solution and nonconforming
finite element solution, respectively. It is obvious that u} = Agluh.

Lemma 1. The following estimates hold

=X A
2\ = (U Uh) (U* - ’U/Z,U) (5)
lup — ulls < Cllu* —uzlls, s=0,1 (6)

Proof. Let Py be the orthogonal projection operator of the Lo(G) onto eigenspace
V) corresponding to the eigenvalue A. Taking u:HgT“h%.

(’U/* - UZ,’U/) = (’U/* - Aleuhuu) = A_l(thU’) - )\,ZI(U}“U)
= (A=A (s w)

which is just (5). The proof of the (6) is the same as that of [5, (1.4)].
In the case of f = Au,it is obvious that the exact solution of the associated (4) is just
u and nonconforming finite element solution u% €V}, satisfies

ap(u),v) = Mu,v), Yv eV, (7)
Lemma 2. The following inequality holds
lur, = ulln < llup = ulln + CllAwun — Xullo (8)
Proof. From (2) and (7) we have
ap(up, —up,v) = (Apup — Au,v)
Taking v=uj — u?b, we get by uniformly elliptic

lup —uplli < Can(up — up),up — up)

VAN

< CllAnun — Aullollun — ujllo
and hence

lun —uplln < CliApun — Aullo

using the above inequality and the triangle inequality we obtain (8).
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Lemma 3. The following equality holds
A=A = ap(u—up,u—up) — N|u —up||g + 2Dy, (9)
where Dy, = ap(u,up) — (Au,up,).
Proof. From (1) and (2) we have

ap(u —up,u —up) = ap(u,u) + ap(up, up) — 20, (u, up) = A+ X —2(Au, up)—2D),
= A — A+ A2 —2(u,up)) — 2Dy,
= M= A+ Alu—up|l§ — 2Dy

it is jast (9).
The above lemma valid for all nonconforming finite element methods . Let V¥ be the
piecewise constant functions space given by

Vi = {v,ulr € By(T),T € Ti}
and P be the orthogonal projection of Lo(G) onto V2. From [6] we easily prove that

Lemma 4. Assume w € W1 2(G), then

[Pw —wllo < Chllw] (10)

In the remainder of this paper, we shall essentially discuss Adini finite element. For
simplicity, we consider the biharmonic equation:

~A%u = du in G; u:%zo on 0G (11)
oy

where G is a rectangle. In this case, we have a(u,v) = [;[AulAv+ (1 —v)(2012u012v —
O11u099v — (922’[1,8111))] and qy (’U,, 1)) = ET fT[I/A’U,AU + (1 — I/) (811u8111) + Oggudoov +
2010u012v)] . 0;j = 0;0j, Oijr = 0;0;0k. Let T} be a triangulations made up of
rectangles T' = (zp — hr,z7 + hr) X (yr — kr,yr + kr) with the center (z7,yr) and
V}, the Adini finite element space associated with T},. h = maxy \/h2. + k2. Denote
that Al(u) = Au— (1 - I/)aggu, Bl = aluh - /\Taluh, Ag(’u) = Au— (1 - u)auu, Bg =
Oqup, — ArO2up, Ar denotes the bilinear interpolation operator ( see [1] P302-P309).

Theorem 1. Assume that the eigenfunction u € H*(G),(An,un) is the Adini
etgenpair, then

M-A = 2% /T (FO1 A, (u)daarun + Eds As(u)diaun} + O(h?) (12)
T

where E = %((x — xT)2 — hQT),F = %((y — yT)2 — k%)
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Proof. 1t is well known that (see [1],[3])

Ch?lulls,
Ch?|lulla

lu* —uplls <
lu —ublln <
Substitute (13) into (6) and (14) into (8), we have

Ch?|luls,
Ch?|lulls

lup —ulls <
lup —ullp <

From [1] P298-P309, we have

Y.D. YANG

(13)
(14)

Dy = XT:[/T{ A (u) B, _/T; Al(u)Bl]+;[/T; Ag(u)Bg—/T; Ay () By]

(17)

Using the identity argument (see [3]) and F, ||B1|lo = O(h?),|| B} = O(h), 0122 B1 = 0,

= D, +D}
we have
D,ll == Z/TFalgg(Al(u)Bl)
T

= Z/TF(alAl (’11,)8221’U,h + 8122A1(U)B1 + 282141 ('U/)812Bl) + O(h3) (18)
T

Notice that F=0 on T2' and T, using the Green formula, we have

XT:/TF8122A1(U)31 = ;[—/TaglAl(u)ag(FBl) + 0] = O(hg)

Using the Green formula and (10) we have

;/TFagAl(u)algBl == ;—/TGQ(F@Al(u))GlBl
= ET: — A O F 0 Aq (u)81B1 + O(hg)

= X -PhAw) [ B.F0B +OK)
T

T
= 04 0(h*

Substitute (19) and (20) into (18), we have

= o)

D,ll = Z/TF81A1(U)8221uh + O(hg)
T

(19)

(20)

(21)

Notice that since (C*°(G))~ = H*(G), the closure being understood in the sense of
the norm || e ||4, the (21) holds as long as the u € H*(G). And similarly we have

D%L = Z/TEGQAQ(U)aHQU}L + O(hg)
T

(22)
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Substitute (21) and (22) into (17) and combining relations (15), (16), (17) and (9), we
get (12). The theorem is proved.

Corollary 1. Assume that eigenfunctions u € H*(G) , then
2
AL — A = — g Z(h%/TBQAQ(’U,)BHQ’U, + k%« /T81A1 (u)8221u) + O(h3) (23)
T
2
AL — A = — g Z(h%/TBQAQ(’U,h)aluuh + k%« A 014 (uh)8221uh) + O(h3)(24)
T
Proof. Using (16) and (10) we deduce
Z/ Fo Ai1(u)doorup, = Z/ FoA1(u)dao1u + O(hg)
T T T /T
= Y P(01A1 (1) P(9r210) /T F+0(h%)
T

— Z—ék%/TP(ﬁlAl(u))P(amlu)+O(h3)

T
1
= Y-8 [ aA@mu+ O (25)
- T
Similarly, we can prove
1
Z/ E0; Az (u)Or12un = Z——hZT/ 0y Az (u)d112u + O(h?) (26)
T /T T 3 U

Substitute (25) and (26) into (12) we get (23).

From (16) and (23) we get (24).

The (23) shows that the order of convergence is just 2 for the Adini finite element
eigenvalue. The (24) shows that —2 Y 7(— — —) is an asymptotically exact estimator of
the A\, and the corrected eigenvalue A\, + %ZT(— — —) increases the accuracy from
O(h?) to O(h3).

Corollary 2. Assume that rectangulay mesh is uniform and u € H*(G) , then

2

Ap—A = —
h 3

[ (@oo1)? +0(Br120)’) - 2K [ [@uz)? 4 v(@aar? +OUF) (21)
Proof. Since T}, is an uniform mesh, from (23) we have
M A = — %hZT /G O Ao (1) Dr19 — %k% /G 1 A1 (u)daaru + O(h) (28)
from the Green formula [1, P34] and u:%zo, on 0G, we deduce

/G 01A1(u)021u = /G(<9111u + O122u — (1 — ) O122u) D221 1
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