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Abstract

A = (a;;) € R™*™ is termed bisymmetric matrix if
Qij = Qj; = Qp—jt+1,n—it1, &6 J=1,2---n.

We denote the set of all n x n bisymmetric matrices by BSR™*".
This paper is mainly concerned with solving the following two problems:
Problem I. Given X,B € R"*™, find A € P, such that AX = B,
where P, ={Ae BSR""| zTAz >0, VzeR"}.
Problem II. Given A* € R™*", find A € Sg such that

A* — Al|p = min ||A* — A4
I IFa jrelgzll |7,

where || - || is Frobenius norm, and Sk denotes the solution set of problem I.

The necessary and sufficient conditions for the solvability of problem I have been
studied. The general form of Sg has been given. For problem II the expression of
the solution has been provided.
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1. Introduction

Inverse eigenvalue problem has widely been used in engineering. For example inverse
eigenvalue method is a useful means in vibration design and vibration control of flyer.
In resent years a serial of good conclussions have been made for inverse eigenvalue
problem [4]. Bisymmetric matrices have practical application in civil engineering and
vibration engineering. However, inverse problems of bisymmetric matrix have not be
concerned yet. In this paper we will discuss this problem.

* Received November 22, 1997.
1)Supported by the National Nature Science Fundation of China.
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We denote the real n x m matrices space by R**™, and R" = R"*!, the set of all
matrices in R™*™ with rank r by R}*™, the set of all n x n orthogonal matrices by
OR™ "™, the set of all n x n symmetric matrices by SR™*", the column space, the null
space and the Moore-Penrose generalized inverse of a matrix A by R(A),N(A), A"
respectively, the identity matrix of order n by I,,, the Frobenius norm of A by ||A|r.

n m
We define inner product in space R"*™, (A, B) = tr(BTA) = Y ¥ aijbij, VA,BE€
j 1

i=1j=
R™ ™ Then R™ ™ is a Hilbert inner product space. The norm of a matrix produced

by the inner product is Frobenius norm.
Definition 1. A = (a;;) € R"*", if

Ajj = Gj; = Qp_j+1n—itl iy =1,2,---,n.

Then we term A as a bisymmetric matrix. The set of all bisymmetric matrices denoted

by BSR™*".

Let
k= [g], [x] is the maximum integer number that is not greater than x.  (1.1)
When n = 2k,

D:%(QZ _;Z>; (12)

and when n = 2k + 1,

. I, 0 I, 0o --- 1
D=—1|0 V2 0 |,S,=1|: - : : 1.3
7 K : : (1.3)

Sp 0 =5 1 -+ 0

It is easy verified that above D are orthogonal.
Definition 2. A € BSR™ " is termed bisymmetric nonnegative definite [positive
definite] if z1 Az > 0(> 0) for every nonzero = in R".
Let
P, ={A € BSR""| zTAz >0, VzeR"}.

Now we consider the following problems:
Problem I. Given X,B € R"*™, find A € P, such that

AX = B.
Problem II. Given A* € R™", find A € Sy such that

A* — Allp = min |A* — A
I IF felfsnE“ 7,

where Sg is the solution set of problem I.

At first, in this paper, we will discuss the geometric constrution of BSR™*"™. Then
we will give the necessary and sufficient conditions for the solvability of problem I and
the expression of the general solution of problem I, and prove that Sg is a closed convex
set. At last, we will prove that there exists an unique solution of problem II and give
expression of the solution for problem II.
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2. The Solvability Conditions and General Form of Solution for

Problem I

At first we discuss the construction of BSR"*" .
Lemma 1.3/ 4 € BSR" " if and only if

A=S,AS,, A= AT

Therom 1.
M HS
2k X2k __ k kxk
BSR _{<SkH SkMSk>‘ M,H € SR }
N C HS;

N,H € SRF*k

(2k+1)x(2k+1) _ T T ) )

BSR C p c*' S, ‘ Ce Rk,pe Rl

SkH SpC SpNS;

whether n is odd or even number, the general form of elements in BSR" " is

0 A22

D ( A 0 )DT7 Ay € SRRXMR) 4 o GRIXE.

Proof. We only prove(2.1). If

A A 2% x 2k
A= € BSR .
( Ag1 Ao )

Then

T 0 Sk An Ap 0 Sk _
A=A (Sk 0 Ag Az S 0 )

(2.4) is equivalent to

(

All A12
A21 A22 '

A=Al Ap=Af, Agy = AD,,
Ao = S A115k (A128k)T = A28k
Let Algsk = H, AH =M.

Then H = HT, M = MT, A12 == HSk, A21 == SkH, A22 == SkMSk

It implies that

4_( M HS
"\ S.H SMS, |

SyH SpMSk
Conversely, it is obvious that for every M, H € S

M  HS, \ _( M  HS
SpH SpMS, |~ \ SuH SipMS,

0 Sk M HSk 0 Sk _
S, 0 SpH SpMSk S, 0]

Hence BSR?F*2k C {( M H Sy ) ‘M,H € SRka}.

kak

and

.
(

M HS;
S.H SiMS,

)
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M HSy,
SpH SpMS),
form (2.2) can be obtained by the similar method. Futhermore, for n = 2k

SkH SpMSy N 0 M-H
we have the form (2.3). For n =2k + 1, D is the form (1.3)
N C HSj
prl ct p COTS, |D
SxH SpC SENSy

From Lemma 1, it follows that € BSR?**?k, Thus (2.1) holds. The

I, 0 S\ [ N ¢C HS I, 0 I
=ilo vz o cr  p  CTS, 0 V2 0
Ik 0 -3 SyH SC SpNSj Sy 0 —Sk
H \f 2C 0
0
N-H
Hence
N C HS N+ H 20 0
ct P cts, =D| V20T P 0 DT
SyH S;C SpNSj 0 0 N-H

It implies that the elements in BSR™*" have the form (2.3) whenn =2k + 1 .
On the other hand, it can be directly verify that matrices in form (2.3) belong to
BSR™" from Lemma 1
Let
SRV™ ={A e SRV™| 2zTAz >0, VzecR"},

which is the set of all symmetric nonnegative definite matrices.
Lemma 2.2 Given Y € R™™, Z € R™™, then there is a matriz A € SRy™"
such that
AZ =Y (2.6)

if and only if
Z'Yy =YTZ € SRy™™,  rank(Z1Y) = rank(Y) (2.7)

and the general solution of (2.6) can be represented as
A=YZ +(YZ)' (I, - 22"+ (I, - ZZY(Z'Y)'YI(I, - ZZ%) + U,GUY,
where Uy € R™(™7) s an unit column-orthogonal matriz and R(Us) = N(XT), G €

SR(()THT)X("#) is arbitrary.
Therom 2. Given X, B € R"*™, let
D'X = < X1 ) ., Xy e Rkm (2.8)
Xo

DTB = ( By > . ByeRM™ (2.9)
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where D is the same as (1.2) or (1.8). Then Problem I has a solution if and only if
XI'B; € SR™™, rank(XI B;) = rank(B;),  i=1,2. (2.10)
And the general solution of problem I can be represented as

A=DADT + D ( U2GLU; 0 ) DT

0  PGyPr
VG, € SRTFTrx i) yg, ¢ gRYFT) BT (2.11)
where .
_ All 0
A = ( 0 A > (2.12)

AV =B X{ + (B X)) T (L — X1 X7)

+(In_k — X1 X{)B1(X{ B1) "B (I, — X1X7"),
AYy = Bo XS + (Bo X)) (I — X2 X3)

+(I, — X2 X ) Bo(X Bo) T By (I — X2 X ).

(2.13)

where 11 = rank(X1), ro = rank(Xy), Us € Rn=k)x(n—k=r1) = p, ¢ REx(k=12) gre ynit
column-orthogonal matrices and R(Uy) = N(X{), R(P,) = N(X7).

Proof. By Therom 1 AX = B, A € P, is equivalent to that exists
A € SR[(]nik)X(nik), A9y € S]%ISXIg such that

A;p 0 Ty _
D( 0 A22>DX_B

Ay 0 X1 _ By
Hence, AX = B, A € P, has a solution if and only if
A X1 = By, A2 X9 = By, An € SR(()n_k)x(n_k), Agy € SREXE,

(2.14)
has a solution. From Lemma 2, (2.14) has solutions if and only if

X!'B; € SRI™™,  rank(X] B;) = rank(B;), i=1,2.
therefore (2.10) holds, and
Ay = B X{ + (B X)) T (L — X1 X7)
+(I -k — X0 X{)B1(XEB) B (I, — X0 X{) + UG UYL,
Agy = Bo XS + (Bo X )T (I, — X2 X51)
+(Ix — X2 X )Bo(XT Bo) T BY (I}, — X2 X)) + P2GoPY,
Gi € SR(()n_k_“)X(n_k_rl), Gs € SR(()k_m)x(k_”),rl = rank(Xy),re = rank(Xs).
Let
A} = B X[+ (Bi X)) (I x — X1 XT)
+(In_k — X1 X{) B (XT B) B (I, — X1X7),
AYy = Bo XS + (Bo X ) (I — XoX3) + (I, — Xo X )Bo (X4 Bo) T BI (I — X2 X5).
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e (%0,

A = A(l)l + U2G1U2T, Aoy = A(2)2 + PQGQPZT

Then

According to Therom 1 the general solution for problem I has the expression (2.11).
Definition 3. Suppose x € R" satisfies Spx = x we term x as symmetric vector;
if x satisfies S,z = —x we term x as anti-symmetric vector.
Lemma 3.2 Suppose X € R™™ A = diag(A\1, A2+, A\m). Then AX = X\, A€
SR{™™ has a solution if and only if

)\z207 (>\Z_>\]).’EZT.’EJ:07 27]2172,,'”7/,

where x; is the i-th cloumn of X

From [6] we known that there are symmetric vector and anti-symmetric vector for
bisymmetric matrix A .

Corollary 1. When n = 2k suppose X € R***™ and X has following form

_ X1 Y
X = ( SX, —S.Yi ) (2.15)
which of them X, € RF*! 'y, € RF*(m=1),
A= ( /[‘)1 [82 ) , (2.16)

where
A1 = diag(Al,---,)\l), A2 = diag()\l+1,---,)\m)

Let B = XA, then problem I has a solution if and only if
Ai20, (A= Aeiz; =0, ij=12-1, (2.17)
Ni>0, N=N)ylyj =0, 4,j=1+1,2--,m, (2.18)

where x; is the i-th cloumn of Xy; y; is the j-th cloumn of Y.
Proof. From (2.3) it follows that AX = XA is equivalent to

D A11 0 DT X1 Y1 . X1 Y1 A1 0
0 A22 Sle —Skyl o Sle —SkYI 0 A2

A 0 VvV2X; 0 [ V2XaA 0
0 A 0 Vv ) 0 V2Y1 Ay
Hence AX = XA has a solution if and only if A11X1 = X1A1, A22Y1 = YlAl, AH, A22

€ SRE** has a solution. From Lemma 3 it follows that (2.17) and (2.18) hold.
Corollary 2. When n = 2k + 1 suppose X € R*T1X™ and X has following form

X, Yi
X = ol o”
SpX1 —S1

: (2.19)
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where X1 € RF*! Yy € RFX(m=0 ol = (a1, ay,---,q;) € R, 0T = (0,0,---,0) €

Rlx(m—l)_
A= ( /[‘)1 [32 ) , (2.20)

A1 = diag()\l,---,)\l), A2 = diag()\lﬂ,---,)\m)
Let B = XA, then problem I has a solution if and only if

where

Ni>0, N—=X)yly;=0, 4,i=1+12--m, (2.22)
where x; is the i-th cloumn of \/02:7)1(1 ); y; is the j-th cloumn of Y;.
Proof. From (2.3) it follows that AX = XA is equivalent to
X Y, X Y
An 0 T T T _ ’ T A 0
D 0 A D o 0 = fe% 0 0 A ,
2 SkX1 —SkYh SpX1 —SkYa ?

Ay € SR(()k+1)><(k+1)

Ay 0 ( ﬁfl ) 0 ( ﬁfl >A1 0
0 Ay @ - @
0 Y: 0 V2Y1 A,

Hence AX = XA has a solution if and only if

2X 2X
An ( \/_T ' ) = ( \/;T ' >A17 ApY1 =Y1As, Ay € SREF Ayy € SREXF

(87

1.e

has a solution. From Lemma 3 it follows that (2.21) and (2.22) hold.

3. The Expression of the Solution for Problem I1I

Lemma 4.1 Suppose V is a real Hilbert space, (-,-) denotes inner product , | - ||
respresents norm produced by inner product, K C V is a closed convex cone whose
vertex is located at the zero point. K* is the dual cone of K in (K+)*. Then, for every
u €V, there is an unique ug € K+, uy € K, —u_ € K* such that

(ug,u_) =0, u=ug+ Uy +u_

and
lu— vl <flu—vl, VYoveEK,

where K+ is the set of all elements which are orthogonal to set K.

Lemma 5.1 Suppose the set of all n x n anti-symmetric matrices denoted by
ASR™ ™. the set of all matrices which are orthogonal to SR{*"™ by (SR{*")*, the
dual cone of SRY™™ in ((SRy*™)1)*L by (SRy*™)*, then

(SRan)L — ASR"XTZ, (ASRan)L — SR”XH,
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(SROan)J_ — ASRan [(SROan)J_]J_ — SRan’ SROan — (SROan)* (31)

In Lemma 4 taking K = SR}™" and by Lemma 4, Lemma 5 we obtain
Lemma 6. For every given F € R™ ", then there exists an unique Fy € ASR™",
Fy € SRy, —F_ € SRy™" such that

(Fy,F_) =0,

2
F=Fy+F, +F_ (32)

and
IF—Fyll= min |F - M]|.
MeSRp*™

From Lemma 6 we know that every matrix F' can be decomposed as sum of an
anti-symmetric matrix Fp, a symmetric nonnegative definite matrix F; and a sym-
metric nonpositive definite matrix F_. If (Fy,F_) = 0 the decomposition is unique.
We denote the symmetric nonnegative definite matrix and the symmetric nonpositive
definite matrix above unique decomposition of F' by [F]; and [F]_ respectively.

Lemma 7. When solution set Sg of problem I is non-empty, then Sg is a closed
convex cone with vertex DAygDT, where Ay is determined by (2.12), (2.13).

Proof. Taking any two matrices of Sg

UG U 0
0 PGy PY
VG, € SR F Xk )y, o gRU )Xk

A, = DADT + D DT,

UQGIU2T 0
0 P,GoPF
V@, € SR FTIX R ya, ¢ gRikrax k)

Ay =DAyDT + D DT,

let
F =DAyDT + a(A; — DADT) + B(Ay — DADT), Yo, > 0.
then
Us(aGy + BG1)US 0 T
F=DA D" +D - D ep,
o ( 0 Py(aGy + BGo) P € &y
Us(aGy + BG1)US 0
FX =DAD"X +D _ DTX
° " ( 0 Py(aGs + BG)PY
X3 UQ(aGl + ﬁél)UzT 0 X1
=DA D _
0 ( X > * ( 0 Py(aGs + BG)PT |\ X,
_ By ) _
o) s
and

Vi >0,Vu >0,t+pu=1,(tA; + pA2) X =tA1 X + pAs X =tB+ uB = B.
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From the definition, we know that S is a convex cone with vertex DAyDT, it is clearly
closed.

Therom 3. Given B, X € R"™™, A* € R™" and X, B satifies conditions of the
Therom 2. Aq is the same as (2.12).

Let
DTA*D _ AO — ATI ATZ
Ay A
Then Problem II has an unique optimal approximate solution which can be represented
as
] Uy G UY 0
A=DAyDT + D 2 R DT
v ( 0 RGPS ’
Gi = [UF A}\ Uy, G2 = [P ALP,

(3.3)

where 1 = rank(X1), ro = rank(Xs), Us € Rn—k)x(n—k=r1) = p, e REx(k=12) gre ynit
column-orthogonal matrices and R(Uy) = N(X{), R(P,) = N(X7).

Proof. Because X and B satisfy the conditions of the Therom 2 the solution set Sg
of problem I is nonempty. From Lemma 7 we know Sg is a colsed convex cone. Hence
the coresponding problem II has an unique optimal approximate solution. Choose Uy,
Py such that U = (Uy,U,) € OR(—k)x(n—k) p — (P, P;) € ORF*k. Attention to
U, P, D are orthogonal matrices. From (2.11) we have

T 2
A — A*|)* = HDAODT +p( B 0 > DT — A

0 PGy Py
_ UsG\Us 0 PN
= ||Ao + 0 PyGoPT DT A*D
_ || U=G1U5 0 A AP

IUzGlU%T — AR |I* + IIz;{’i‘gll2 + IIA’ﬁlllz + | PGo P — A3, |)?
; ]

(e o O, Y[ vl
( ~Pl AP —P{A3P >
—PFA5, P, Gy — PFAS Py
= | = U AL U + || = UF AL G| + || = US AL UL + |Gy = U3 A Us|” + [ AL, |12
H A5 12+ || = PFAS PP + || = PRASPo||? + || = PS A5, PL| + (|G — P A3y Pol|?.

2
+

Hence A € Sg such that ||A — A*|| = min is equivalent to
IG1 — UF A, Us|| = min, G, € SRy* " xtnhmm),
|Gy — PL A5, Py|| = min, Gy € SRy %), (3.4)
From Lemma 6 the solution (3.4) have the following expressions
G = Uy AUy, Go =[P A3 Py (3.5)
Taking (3.5) into (2.11) we obtain (3.3)
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4. The Algorithm Description and Numerical Example

According to Theorem 3 we now give an algorithm of the optimal approximate
solution of problem II as the following steps:

(1) according to (2.8) and (2.9) calulate X;, B;,i = 1,2.

(2) Calculate Cholesky decomposition X! B;,i = 1.2. If X!'B; is a symmetric
nonnegative definite matrix go to (3), otherwise go to (13).

(3) Calculate rank(X] B;), rank(B;). If rank(X} B;) = rank(B;) go to (4), other-
wise go to (13).

(4) Find unit orthogonal basis of linear equations X{ z = 0 and Y{'t = 0. We can
get unit column-orthogonal matrix Us and P.

0
(5) According to (2.13) calculate A, AS,, Ay = < A011 A% )
22

A7, Al
6) Calculate DTA*D — Ay = el
©) ( Ay A
(7) Calculate k = [%]
Uy A1 Uz + Uy (A7) Us
2 y M1 Z

(8) Calculate eigenvalues of
corresponding unit eigenvectors uy, ug, . .. Up_-
Py A5, Py +2P2T(A§2)TP2

(9) Calculate eigenvalues of , 01 >0y, > -+ > 0, and
corresponding unit eigenvectors wi,wo, . .. wk.

(10) Find the minimum positve eigenvalue and write it as u;, (10 < n — k). Calculate
N io
Gi = 21: uZuZuZT

(11) Find the minimum positve eigenvalue and write it as 6;,(jo < k). Calculate
N Jo
G2 = Z OiwiwiT .

1

(12) Acoording to (3.3) calculate A.

(13) Stop.

In above steps we can calculate Ay by using stable singular values decomposition.

In [1] stability has been analysed for step (10) and step (11). Hence, this algorithm is
stable.

Example 1. Taking

-06 -12 01 04 -12 -24 0 0
Y = 1.2 24 -02 -038 . B= 24 48 00 ,
1.2 24 02 08 24 48 00
-06 -12 -01 -04 -12 -24 0 0
1 0 1 0
0.5 —4 0
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We obtain
—0.8487 —1.6973 0 0
1.6973 3.3946 0 0
DX =
0 0 0.1414 0.5658 ’
0 0 —0.2829 —1.1315
—-1.6973 —3.3946 0 O
3.3946 6.7893 0 O
T _
DB = 0 0 0 0|’
0 0 0 0

x. _ [ 08487 —1.6973 0 0 x,_ (0 0 01414 05658
D=\ 16973 33945 0 0 /)7 “27\o0 0 —02829 —1.1315 )°

5o_ [ 16973 33946 0 0 p_(0000
L7\ 33046 67893 0 0)> "2 {oo0o00)’
7.2022 144045 0 0 000 0
14.4041 28.8086 0 0 000 0
xI'p, = xI'p, =
121 0 0 00 > 7277 000 0
0 0 00 000 0

We can verify X! B; € SRy**,i = 1,2, and rank(X} B;) = rank(B;). Hence X, B
satisfy the conditions of Theorem 2. The singular values decomposition of X; and Xo

_ X 0 T _ ro T

are

where
0.4472 —0.8944

00
0.8944 0.4472 0 O
0 0 1 0
0 0 01

0 0 1 0

0.4472  0.8944 0 0 —0.6356 —0.7720
( —0.8944 0.4472 > , D=1304 Q= 0.2425 0 0.7490 —-0.6167
0.9702 0 -0.1872 0.1541

¥l =0.2357, ! =0.7669.

[ —0.4472 0.8944
N 0.8944  0.4472

) , Y =42433, V=

P=

—0.0471 0.0943 0 0
—0.0943 0.1885 0 0
+ + _
X = 0 0 ’ Xy = 0.0832 —0.1663 |’
0 0 0.3327 —0.6655
04 —-08 0 0
08 1.6 0 0
Ao = 0 0 00 |’
0 0 00
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1.6006  2.3005  1.0003  2.5008
0.5499 —-0.8498 0.7502 —2.2507
—1.0003 —2.5008 0 —1.5005
0.7502 —2.7508 —0.2501 —3.7511

DTA*D — Ay =

Uy A} Us + Uy (A}) Uy
2

Py A5 Py + P) (A3)" Py
2

= 2.2509, = —1.4504.

G1 = 2.2505, Gy = 0.
We obtain the unique solution of corresponding problem II as

1.1005 0.0501 0.0501 1.1005
0.0501 1.0254 1.0254 0.0501
0.0501 1.0254 1.0254 0.0501
1.1005 0.0501 0.0501 1.1005

A=
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