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Abstract

The main results of this paper are as follows: (1) Suppose an s stage Runge-
Kutta method is consistent, irreducible, non-confluent and symplectic. Then this
method is of order at least 2p + (1 < p < s — 1) provided that the simplifying
conditions C(p) (or D(p) with non-zero weights) and B(2p + [) hold, where | =
0,1,2. (2) Suppose an s stage Runge-Kutta method is consistent, irreducible and
non-confluent, and satisfies the simplifying conditions C'(p) and D(p) with 0 < p <
s. Then this method is symplectic if and only if either p = s or the nonlinear
stability matrix M of the method has an (s — p) x (s — p) chief submatrix M =
0. (3) Using the results (1) and (2) as bases, we present a general approach for
the construction of symplectic Runge-Kutta methods, and a software has been
designed, by means of which, the coefficients of s stage symplectic Runge-Kutta
methods satisfying C(p), D(p) and B(2p + ) can be easily computed, where 1 <
p<s50<1<2s<2p+1<2s.

Key words: Numerical analysis, Symplectic Runge-Kutta methods, Simplifying
conditions, Order results.

1. Introduction

For a given s stage Runge-Kutta method

uw| A

- (1.1)

with A = [a;j], p = [p1, p2, - ps]” and y = [y1,72,--+,7]" # 0, we introduce the
following simplifying conditions as in Butcher [1]
T,i-1 _

B(p) 27 M 1 221723 iy 2
C(p) ZA:U‘l 1_Ma . 2-21,2,"',[7,
D(p) : ZAlea‘g( ) = Y= dla‘g(fY):u‘la 1= 17 23 iy 2

and make the notational convension
M= [mzy] = diag(y)A + Aleag( ) — ’Y’YTa
Uim = [p1(1), pr1(1)s -+ -5 pm (1)1
Vi = [p1(1), o1 (1), -+, o (W],
Blm = [blubl-i-la 7b ]7 Clm = [Cl,CH_l,"',Cm],
Dlm = [dladH—b ) m]7
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where | < m, p;(z),i =1,2,3,---, are arbitrarily given i-th polynomials with the prop-
erty that pZ(O) =0,
pi(v) = [Pi(l/l),ﬂz(
pi(v) = [p(v1), pi(

ci = Ap;(p )_Pi (1),

Note that B(p), C’( ) and D(p) are equivalent to By, = 0,C1, =0 and Dy, =0
respectively. We shall always denote B 4, C 5, D1 and Vi 3 by B,C, D and V respec-
tively, and frequently refer the following two theorems in the sequel.

Theorem 1.1. (¢f. Butcher [1]) B(p),C(n) and D(§) with min{n+£+1,2n+2} >
p implies that the method has order at least p.

Theorem 1.2. (c¢f. Sanz-Serna [2] and Lasagni [3]) An irreducible Runge-Kutta
method is symplectic if and only if M = 0.

i(v2), - pi(vw)]

2),“‘,p;'(VN)]T7 forV:[Vl,VZ""ayN]TERN’

2. Order Properties

Lemma 2.1. Suppose B(q) holds. Then we have
d} py(n) — cf diag(v)pf(n) = 0 for i+j<q. (2.1)
Lemma 2.2. Suppose that

di, 05, (1) = cj, diag(7)ply () =0, ix+jx =k for k=23, ¢
(2.2)
Then B(1) implies B(q).
Corollary 2.3. The following implications hold.
(1) B(q) and C(p) == d pli(n) =0 forj <p,i+j<q,
(2) B(g) and D(p) = cf diag(v)pjj(u) =0 for j <p, i+ <q,
(3) B(p+q) and C(p) = D{ Vi, =0,
(4) B(p +4q) and D(p) = Cf ,diag(7)V1, =0,
(5) B(1), Cf ,diag(y)Vi,y =0 and Df Vi, = 0= B(p+q),
(6) B(1), C(p) and D(q) = B(p +q).

Proof. Corollary 2.3 follows directly from Lemmas 2.1 and 2.2. Lemmas 2.1 and

2.2 can be easily verified by using the following identity and simple induction.

df pfy () — ¢ diag(y)pf () = b)) — pi(1)bj, 0,5 =1,2,3,-++, (2.3)
where

09) =4 (i) ) ems — i3 (1),

Theorem 2.4. Suppose the method (1.1) is irreducible and symplectic. Then we
have the following implications for 1 < p < s.
(1) B(1) and C(p) = B(2p);

(2) B(1) and D(p) = B(2p);
(3) B(1) and C(p) with distinct abscissae = B(2p) and D(p);
(4) B(1) and D(p) with distinct abscissae and nonzero weights

B
B
= B(2p) and C(p);
(5) C(1) and D(p) with distinct abscissae => B(2p);
D(1) and C(p) with distinct abscissae => B(2p) and D(p);



Order Properties and Construction of Symplectic Runge-Kutta Methods 647

(7) C(1) and D(p) with distinct abscissae and nonzero weights
= B(2p) and C(p).
Proof. Since

Mpji(p) = AT diag(v)pi(p) — vpi(1) + diag(y)pi (1)
+ diag(7)[Ap; (1) — pi()] — YY" pi (1) — pi(1)]
= d; + diag(y)c; — b,

we have

VIMV = (D + diag(y)C — vB)'V, (2.4)

and therefore, in view of Theorem 1.2, irreducibility and symplecticness implies

Q = (d; + diag(7)e; — b)) pj(p) =0, i, =1,2,--,s. (2.5)
On the other hand, from (2.3) we find that
Q = df oy () + ¥ pi(n) = b7 + pj (1)bi = bilby + p; (1))
= df o)) + df pi() - b — biby, (2.6)
and that

Q:#m@Mmu+éJ—m0h+J@m>¢w bi(b; + (1))
= cTdiag(v)ply() + L diag(v)p} (1) + 57 — pi(1)b; — p;(1)b; — bib;. (2.7)
Thus, by simple induction, (1) follows from (2.5) and (2.7), (2) follows from (2.5)

and (2.6). (3)—(7) are direct consequences of (1), (2) and (2.5). Note that the results
(3) and (4) of Theorem 2.4 have also been obtained in paper [4].

From Theorem 2.4 we see that for any consistent irreducible symplectic Runge-
Kutta method with distinct abscissae and non-zero weights, the maximum natural
number p such that C(p) holds is the same as that such that D(p) holds, and the
maximum natural number ¢ such that B(g) holds is not less than 2p. So without loss
of generality we can expect a symplectic Runge-Kutta method to satisfy C(p), D(p)
and B(q) with g > 2p.

Theorem 2.5. Suppose an s stage Runge-Kutta method of the form (1.1) is con-
sistent, irreducible, non-confluent and symplectic, and satisfies C(p) (or D(p) with
non-zero weights) and B(2p +2), where 1 < p < s —1. Then this method is of order at
least 2p + 2.

Proof. We first note that in view of Theorem 2.4, the assumptions of Theorem 2.5
implies that the simplifying conditions C'(p), D(p) and B(2p+2) are all satisfied. Let T
denote the set of all rooted trees with no more than 2p + 2 nodes (cf. [5,6]). With each
tree t € T we associate two numbers 7(¢) and §(¢), and an r(t)-th polynomial o(¢) in
the coefficients a;;,y; and p;. Here r(t) denotes the number of nodes in ¢, 6(¢t) denotes
the product of r(u) over u where for each node of ¢, u is the subtree formed from that
node and all nodes that can be reached from it by following upward growing branches.
To form ¢(t), attach labels 4, j, k, - - - to each of the nodes of ¢, with ¢ the label attached
to the root, form the product of ; and of aj; for each upward growing branch from j
to k, and then sum over each label from 1 to s. Note that in writing formula for ¢(t)
we can always use the abreviation ), aj; = p; since C(1) holds. Following Butcher
[5], we thus need to prove that ¢(t) = 1/6(t) for all ¢ € T. Suppose a tree ¢t € T has
a node, other than the root, from which exactly £ nodes branch and each of these &
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nodes is a terminal, where & < p. Then, as C'(p) holds, we have

S S 1
_ . ko_ il =
l;w( ) Zalm:u'm k+12<ﬁl =75170);

H=rd, 6t = (k+1)5(D),

where ;(t) are some (2p + 1 — k)-th polynomials, rooted tree ¢ is the same as t except
that the k nodes referred to above are all moved one step closer to the root. This means
that ¢(t) = 1/0(¢) is equivalent to ¢(t) = 1/4(¢). Thus all trees with the property that
characterised ¢ can be removed from consideration. With all the trees removed in
aforementioned way, there remain only trees of the form

in
“e
-
L “n .
ti1,12,~ cip = “ ig .‘
° o0
iy f
—_ T
Te »
where 41,149, - -, i, are nonnegative integers, 7,, > p whenever n > 1. It is easy to varify
that
. n
tllyl27 : 7Zn Z Zl + < 2p + 2’
=1
n n
5(tllyl27 ";Zn H Z Zl + (2.8)
j=ll=j
n—1 ) )
P(tirinyin) =77 ] (diag(u™) ).
\ =1
We thus only need to prove that
1 S
O(tisigyin) = = for Y (i +1) < 2p+2, (2.9)
5(ti1;i27"'7in) =1

where 7,, > p whenever n > 1. The truth of (2.9) for n = 1 is a direct consequence of
B(2p +2), and it is also easy to show the truth of (2.9) for n =2, i. e.

vl diag(putt) Ap'? = m for i1 +is < 2p,io > p. (2.10)
In fact, since i1 +1i2 < 2p and i3 > p, we have i; < p. (2.10) with 4; < p follows directly
from D(p) and B(2p—+2). Furthermore, since the method is irreducible and symplectic,
(2.5) and (2.7) hold. Choose p;(1) = p?, i = 1,2,---,5. Then (2.5), (2.7) and B(2p+2)
yield

; . . . ) - 1 .
(YT diag(y) At + (u/ )T diag(y)Ap' ™t = G for i,j =1,2,---,p+ 1.
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Letting i = j = p + 1, we find that (2.10) with i; = i35 = p also holds. We now only

need to prove that
1 m+1

————— for Y (ij+1)<2p+2,
6(ti1:"':im+l) =1

under the inductive assumption that (2.9) with n = m holds, where 2 < m < 2p +
2,tmy1 > p. Since

(p(til;"'aim+l ) =

m+1
im1 =P, it imer+2< Y (0+1) <2p+2,
=1

we have i) < p, and therefore in view of D(p) and the inductive assumption
m
@ty i) = (AT ding(7)u)T [ (ding () )it
1=2

= i (y — diag(y)u" T [T (ding () At

=’ lUQ(diag(u”)A)uim“ — 7 diag(p" 41 A l[[g(diag(u” )A)pim+]

1 m+1m+1 m+1 m+1 m+1
= - 1{[H DG+ =D+ ) I Y G+
n+ s o —1 j=3 1—j
1

O(tiy i)
This completes the proof of Theorem 2.5.

Using Theorems 2.4, 2.5 and 1.1, we get the following Corollaries:

Corollary 2.6. Suppose an s stage Runge-Kutta method of the form (1.1) is
consistent, irreducible, non-confluent and symplectic. Then this method is of order at
least 2p(1 < p < ) provided that C(p) holds, of order at least 2p +i(1 < p < s—1)
provided that both C(p) and

bap+j =0, g=12 -4 (2.11)
hold, where 1 =1,2.

Corollary 2.7. Suppose an s stage Runge-Kutta method of the form (1.1) is
consistent, irreducible, non-confluent and symplectic, and the weights v; # 0, © =
1,2,---,s. Then this method is of order at least 2p(1 < p < s) provided that D(p)
holds, of order at least 2p + i(1 < p < s — 1) provided that both D(p) and (2.11) hold,
where 1 = 1, 2.

Note that The first part of the results of Corollary 2.6 (resp. 2.7) has also been
obtained by Aiguo Xiao and Shoufu Li [4].

Theorem 2.8. An irreducible Runge-Kutta method satisfying B(1),C(p) and
D(p), with 0 < p < s and p1,pa, -, s distinct, is symplectic if and only if either
p=s or

Vi sMVys=0. (2.12)

Proof. Since B(1),C(p) and D(p) implies B(2p) (cf. Corollary 2.3), it follows from

(2.4) and the symmetricness of the matrix M that

0 0 for 0 < p <
VIMYV =< [0 V5 MVyyr, rUspPss,
0 for p = s,
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where V is non-singular because of p1, po, - - -, s distinct. Hence, M = 0 is equivalent to
either p = s or V;5; ;M V41 s = 0, and therefore in view of Theorem 1.2 the conclusion
follows.

Theorem 2.9. An irreducible Runge-Kutta method satisfying B(1),C(p) and
D(p), with 0 <p < s and p1,p2, -, s distinct, is symplectic if and only if the matriz
M has an (s —p) x (s — p) chief submatriz M = 0.

Proof. In view of Theorems 1.2 and 2.8, we only need to prove that M=0 implies
that (2.12) holds. Suppose the matrix M is formed by removing the i1, 4, - - -, i-th rows
and 41,172, -+, %p-th colums from the matrix M. Thus we can reorder the elements of
the set {1,2,---,s} such that {1,2,---,s} = {i1,i2, -, 4p;ips1, - ,is}. Since M =0,
we have

M, =0 forl,r=p+1,p+2,---,s. (2.13)
Letting
q—1
/
pq(x): H(x_:ufil)a g=p+Lp+2---,s, (214)
=1
we get
P:;(Nz'l) =0 fori=1,2,---,q—1. (2.15)
It follows from (2.13) and (2.15) that the (7, k)-element of the matrix
vﬁlLsﬂlv%+1#
is equal to

s
T
Py () Mpp (1) = migi, Py (1)) Py (i)
l,r=1
p+ji—1 s s p+k-1 s s
=02 D+ 20 Do+ D D )Mai Py (b )Py (i)
=1 r=1 I=p+j r=1 l=p+j r=p+k
:07 jak:1727"'73_p'

This means that (2.12) holds and completes the proof of Theorem 2.9.

3. Construction of Symplectic Methods

Using the results obtained in the present paper, we can easily make a thorough
discussion and establish general approach for the construction of symplectic Runge-
Kutta methods. In fact, Theorem 2.9, Corollaries 2.3, 2.6 and 2.7 lead directly to

Proposition 3.1. Suppose the method (1.1) with 1,72, ,7s # 0 and p1, po, - -, s
distinct is irreducible and satisfies C(p), B(2p +1) and

DY B, =0,  EjAE, = Adiag(ypi1, %), (3.1)
where 0 <p <s, 1=0,1,2,
. . Qp+ip+l "7 Opils
Ep:[€p+1,"',€5], A: ,
Qs pi1 . Qs
where «;; are any given real numbers satisfying o +aj; =1, i, =p+1,---,s,

ej denotes the s-dimensional vector with all components equal to zero except the j-th
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component equal to 1. Then this method is symplectic, satisfies D(p), and has consis-
tency order 2p + . Furthermore, for the case of vi,7v2,--+,7s > 0, the method is also
algebraically stable.

Let

S

p(z) = [[ (= — ).

k=1
Then it is readily shown that for any given integer g € [0, s, the simplifying condition
B(2s — g) holds if and only if the equations

S
ZZ’Y]:U‘;_I :1712 1327"'733
=1

.2a)
1 3.2b)
/xk_lp(w)dxzovk:1327"'33_q .
0
are satisfied (cf. [7]). For ¢ = 0 equation (3.2b) leads to
_ 1 1
1 1 1 -1 1 2 s+1
2 5 11 1
1 1 1 2 3 s+2
p(z) = | det | 2 3 s+1 det | ... ... .. |, (3.3)
11 1
1 1 1 s s+1 2s
s s+1 25—1 1 o o
and for 0 < ¢ < s, to
q
p(z) = p(x) [T (@ — pi), (3.4)
m=1
where
( [ 91 g2 Gs—q+1]
g2 g3 Gs—q+2
p(z) = cldet ,
9s—q YGs—q+1 " 92(s—q)
L 1 x T A
1 q (3.5)
gl:fxlil H(QU—Mim)d% l:172a37"'a
0 m=1
gl g2 .o gs—q
¢ = det g2 g3 gs—q+1
\ 9s—q Y9s—q+1 " G92(s—q)—1
For the case of ¢ > 0, the real numbers p;,, p1,, - -, pi,, which are ¢ distinct roots of

p(z), should be appropriately choosen in advance such that the polynomial p(z) defined
by (3.4) and (3.5) is of degree s and has s distinct real roots (cf. [7]). Now we are
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in a position to present the following general approach for the construction of s stage
symplectic Runge-Kutta methods of the form (1.1) satisfying C(p), D(p) and B(2p+1),
where the natural numbers p and [ satisfies 1 <p <s5,0<1 <2, <2p+1 < 2s.

Step 1. Determine abscissas. For 2p +1 = s, pui,p2, -, s may be any given
distinct real numbers, for 2p + [ = 2s, choose pi1, 2, -+, s as s roots of the poly-
nomial p(z) defined by (3.3), and for s < 2p + 1 < 2s, we first choose appropriately
Wiy s Pigs "+ iy With ¢ = 25 — 2p — [, and then compute all the roots p1, pg,- -+, ps of
the polynomial p(z) defined by (3.4) and (3.5).

Step 2. Determine weights. Compute y from (3.2a).

Step 3. Determine Runge-Kutta matrix. The matrix A can be determined by
condition C(s) for p = s, and by C(p) and (3.1) for p < s. For more detail, C(p) means
that

A[:U‘Oa 2M17 o 7p/-1‘p71] = [M17M27 o 7“17]7

equation (3.1) is equivalent to

where

el 12
. (3.6)
L el
1—p 1—ps
1 1 . ~ 2 .
m = [1-- " -, | diag(Y) Ep, n2 = Adiag(ypi1,--+,7%s);
Hy 1—ps
\ P P
and therefore we have
AV = (Q, (3.7)
where
V= [/1'072“17"'7p/1'p717EA'p]7 Q: [/1'17/1'27"'7/1'1273717]]' (38)

Since V is evidently nonsincular, the matrix A can be uniquely determined by (3.7),(3.8)
and (3.6).

In view of Proposition 3.1, for any given natural numbers s, p,! satisfying 1 <p <
5,0 <1<2,5 <2p+1 < 2s, the relations (3.3)—(3.8) and (3.2a) thus determine a class
of s stage simplectic Runge-Kutta methods of order at least 2p+1 with %(s —p)(s—p+
3) — I free parameters ju;,,, m =1,2,---,2(s—p)—l,and «;j, i =p+1,---,s—1, j=
14+ 1,---,5.

It should be pointed out that Geng Sun [8] has presented techniques based on the

W -transformation of Hairer and Wanner, by means of which he has also constructed
two classes of high order symplectic Runge-Kutta methods.
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Example 3.1. It is easily seen from Corollary 2.6 and Theorem 1.1 that the one
stage symplectic Runge-Kutta method

TE
— ol

is of order 2 for p = %, of order 1 for u taking any other values.

Example 3.2. It is easily seen that the 2-stage Runge-Kutta method

M1 | a11 Q12
U2 | a21 Q22

72 ’ (3.9)

with 1,72 # 0 is consistent, irreducible, non-confluent and symplectic if and only if
the following conditions are satisfied:

Nty2=1 7,7 #0, p1# pe, 510
71 = 2a11, Y2 = 2a22, 71612 + Y2021 = Y172 (3.10)
The simplifying condition C(1):
M1 =a11+ a2, M2 = a2 + a2 (3.11)
together with (3.10) is evidently equivalent to
— _1=2py _ o _1=2py
L= I —pa)> M2 = H1 ™ qu—ps)»
_ (1=2p2)(1=4p1 +2p2+4pT —4p1 p2) — _2m-1 12
a21 = 4(1—2u1)(u1—u21) 9227 ) (3.12)

Y1 =2a11, 2 =2a2, pi,peF 5, 1 F g
The relations (3.9)-(3.12) can be regarded as a class of 2 stage symplectic Runge-Kutta
methods with p;, o being two free parameters, and in view of Corollary 2.6 methods

of this class are all of order at least 2. For example, letting p; = 1/4, uo = 3/4, we get

the 2nd order diagonally implicit symplectic Runge-Kutta method

1
1
3
1

N[ (N[ =
W= = O

For the methods of aforementioned class to satisfy simplifying condition B(3), it is
necessary and sufficient that

1
[@ = )@= p)ds =0,
0

or equivalently
2-3
M2 = 3(1,7%7 p1 # % (3.13)
In view of Corollary 2.6 the relations (3.9)-(3.12)-(3.13) with free parameter

determine a class of symplectic Runge-Kutta methods of order at least 3. For example,
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by letting p1 = 1, (3.9)-(3.12)-(3.13) yields the 3rd order symplectic Runge-Kutta
method

1
L1 g
1) =1
3 | ™

| |oojwe ool~1

Ll

Especially, letting 1 = 1/2 + v/3/6, a root of the shift Legendre polynomial 6x? —
6x + 1, we get the well known 2 stage Gauss-Legendre Runge-Kutta method, which is
symplectic and of order 4.

Example 3.3. To construct 3 stage symplectic Runge-Kutta methods of order at
least 4, we would use the general approach based on Proposition 3.1 with s = 3 and
p = 2. For | =2, we have 2p + [ = 2s, and (3.3) leads to

S

1 3 2
= | | — = — — + 122 -1
p(z) (x — pk) 20 (20z° — 30z z —1)

k=1
and
1 V15 1 1 V15
M1 2 10 > M2 23 3 D) + 10 ) ( )

for | =1, we have 2p + 1 = 2s — 1, (3.4)-(3.5) with ¢ = 1 leads to

p(0) = (0 — ) (o? - 2L Lo 2 8) 1007~ 10 43
5(6u% — 6uy + 1) 10(6p2 — 6y + 1)

and

158 — 1601 +3 /30044 — 600ps5 + 38443 — 8411 + 6
5(6u2 — 61 + 1) 10(642 — 61 + 1) ’

2,3 = (315)

and for [ =0,2p+1 = 2s — 2, (3.4)-(3.5) with ¢ = 2 leads to

6pu1p00 — 4(p1 + p2) +3
(6p1p2 — 3(py + p2) +2)

p(z) = (z - m)(@ - p)(z - 3 )

and

Gpipr2 — 4(p1 + p2) +3
= . 3.16
1 2(6p1p2 — 3(p1 + p2) +2) (3.16)

From (3.2a) we get
Mntryrt+r=1,

M1yl + poy2 + H3Y3 =
13+ 32 + s =

W= N

and therefore
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(1 1, o 1
n = Ry lzns(ps —p2) = 5 (ks — p3) + 3(u3 p2)],
— ~fugpn 1 — 13) — 5 (5% — i) + = (1 — )]
Y2 = A M3 {1 — U3 5 K1 — K3 3 M1 — 3)], (3.17)
_ 1 1y oy, 1
13 = xlmpz(nz — ) = 5 (82 = pi) + (k2 — )],
VA = (g — p2) (s — p) (B2 — ).
From (3.6),(3.7) and (3.8) we get
(om0
Vi =amm | T2 3 0 |
LM3 — H2 Bl — p3 M2 — M1
513}
1, — | &
B 77 - ﬁ; 9
2 1
pr pg O3
Q= | M2 s Oa3
2 V3|’
L B3 M3
where
3
di3 = 77[(1 — p13)(2u2 — p3 — 1) +y3(p3 — p2)],
271 (p2 — p1) (3.18)
Y3 )
Gp3 = —— 2 [(1 — pg)(—2 1 -
5= e — 1) [(1 = p3)(=2p1 + p3 + 1) + y3(p1 — ps)],
and therefore
. ) 1 l@ 013 H2 — 0
A=QVt= s (e pg —3 3 0
B3 M3 5 M3 — 2 p1 — B3 p2 —
2p1 p2 —p} +2(p3 —p2)d13 —p7+2(p1 —p3)d1s 5
2(p2—p1) 2(u2—p1) 13
_ p3+2(ps—p2)d23 —2p1 p2+p3+2(p1 —p3)d2s 5
2(p2—p1) 2(p2—p1) 23
2p2p3—p3+y3 (U3 —p2) —2pipatpi+ys(pi—ps) g
2(p2—p1) 2(p2—p1) 2
(3.19)

Thus, for [ = 0, (3.16)-(3.17)-(3.18)-(3.19) determines a class of 3 stage 4-th order
symplectic Runge-Kutta methods with two free parameters p; and uo satisfying 6461 po—

3(p1+p2)+2 # 0, as an example, letting p; = 0, ue = 1, we get the 3 stage Runge-Kutta
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method
11 1
0 12 12 6
1 1 5
s © &
105 1 1
2 24 24 3
11 2
6 6 3

which is symplectic and of order 4. For I =1, (3.15)-(3.17)-(3.18)-(3.19) determines a
class of 3 stage 5-th order symplectic Runge-Kutta methods with one free parameter
p1 satisfying 6u? — 6uy + 1 # 0, as an example, letting 41 = 0, we get the RadaulB
Runge-Kutta method

0 1 —1-v6 —14+v6
18 36 36
6—v6 | 52+3V6 16+v6 472—217/6
10 450 72 1800
6+v6 | 52—3v6  472+4217/6 16—v6
10 450 1800 72
1 16+v6 16—6
9 36 36

which is well known to be symplectic and of order 5 (cf. [8]). At last, we note that
for the case of | = 2, (3.14)-(3.17)-(3.18)-(3.19) leads to the 3 stage Gauss-Legendre
Runge-Kutta method, which is symplectic and of order 6.

Recently, based on the formulas (3.2a),(3.3)-(3.8), we have designed a software, by
means of which, the coefficients of s stage (2p + [)-th order symplectic Runge-Kutta
methods (with £ (s—p)(s—p+3) —1 free parameters) satisfying C(p), D(p) and B(2p+1)
can be easily computed, where 1 <p <s5,0<1<2,s<2p+1<2s5,5=1,2,3,---.
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