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A LEAP FROG FINITE DIFFERENCE SCHEME FOR A CLASSOF NONLINEAR SCHR�ODINGER EQUATIONS OF HIGHORDER�1)Wen-ping Zeng(Department of Mathemati
s, Overseas Chinese University, Quanzhou 362011, China)Abstra
tIn this paper, the periodi
 initial value problem for the following 
lass of non-linear S
hr�odinger equation of high orderi�u�t + (�1)m �m�xm�a(x)�mu�xm�+ �(x)q(juj2)u+ f(x; t)u = g(x; t)is 
onsidered. A leap-frog �nite di�eren
e s
heme is given, and 
onvergen
e andstability is proved. Finally, it is shown by a numeri
al example that numeri
alresult is 
oin
ident with theoreti
al result.Key words: High order nonlinear S
hr�odinger equation, Leap-Frog di�eren
e s
heme,Convergen
e. 1. Introdu
tionIt is well know that the nonlinear equations of S
hr�odinger type are of great impor-tan
e to physi
s and 
an be used to des
ribe extensive physi
al phenomena[1℄.In this paper,we will 
onsider the periodi
 initial value problem for the following
lass of nonlinear S
hr�odinger equation of high order:8>><>>: i�u�t + (�1)m �m�xm�a(x)�mu�xm�+ �(x)q(juj2)u+ f(x; t)u = g(x; t) (x; t) 2 R� Iujt=0 = u0(x) x 2 Ru(x+ L; t) = u(x; t) (x; t) 2 R� I (1.1)(1.2)(1.3)where i = p�1, R = (�1;+1), I = [0; T ℄, u � u(x; t) is an unknow 
omplex valuedfun
tion of x with period L, and u is a 
onjugate 
omplex fun
tion of u; f(x; t); g(x; t),a(x) and �(x) are all real-valued fun
tion x with periodL; u0(x) is given 
omplex-valuedfun
tion with period L; q(�) is a 
ontinuous real-valued fun
tion with real variable,and 
ompound fun
tion z ! q�(z) = q(jzj2) exist a 
ontinuous partial derivative toRez; Imz. Besides, suppose the following 
onditions are true:8<: 0 < m0 � a(x) �Mmax(x;t)2R�Ifj�(x)j; jf(x; t)jg =M1 (A)� Re
eived August 2, 1994.1)Supported by Fujian Natural S
ien
e Foundation.



134 W.P. ZENGwhere m0;M and M1 are all positive 
onstant.In the paper [2℄, there have dis
ussed initial Value problem of system su
h as (1.1){(1.3), introdu
ed a di�eren
e s
heme of 
onservation type, and resear
hed its stabilityand 
onvergen
e. Otherwise, it is an impli
it method and its di�eren
e s
heme is anonlinear system.In this paper, we introdu
e a leap-frog �nite di�eren
e s
heme for the periodi
 initialvalue problem (1.1){(1.3) of a 
lass of nonlinear S
hr�odinger equation of high order, itsdi�eren
e s
heme is expli
it, easily solved. Its 
onvergen
e and stability 
an be proved.Finally, it is shown by a numeri
al example that numeri
al result is 
oin
ident withtheoreti
al result.2. Establishment of the Di�eren
e S
hemeFirst we introdu
e some notations. Let QT = [0:L℄ � I be a re
tangular region,where I = [0; T ℄. We divide the domain QT into small grids by the parallel linesx = xj = jh, t = tn = nk (j = 0; 1; � � � ; J ; n = 0; 1; � � � ; N), where Jh = L, N = hTk i.Let Qh = f(x; t); x = jh, t = nk, j = 0; 1; � � � ; J ; n = 0; 1; � � � ; N). And Let �nj(j = 0; 1; � � � ; J ; n = 0; 1; � � � ; N) denote the dis
rete fun
tion on the grid point (xj; tn).De�ne �+�nj = �nj+1 � �nj ; ���nj = �nj � �nj�1Dt�nj = 12k (�n+1j � �n�1j ); Æ2m�nj = �m+ (aj�m2 �m��nj )h�2mwhere aj�m2 = a((j � m2 )h), �nj denote the dis
rete fun
tion value on the grid point(jh; nk).We also introdu
e the inner produ
t and norms appropriate to fun
tion de�ned onthe latti
e Qh, i.e (v; w) = (v; w)h = h JXj=1 v(xj)w(xj) 8v; w 2 
Jjjvjj2 = jjvjj2h = (v; v)h = (v; v)where CJ is a J-dimensionally 
omplex spa
e.Corresponding to (1.1){(1.3),we 
onstru
t following leap-frog �nite di�eren
e s
heme8>>>>>>><>>>>>>>:
iDt�nj + (�1)mÆ2m�nj + �jq(j�nj j2)�nj + fnj �nj = gnj(j = 1; 2; � � � ; J ;n = 1; 2; � � � ; N = ([T=k℄)�0j = U0(jh) (j = 1; 2; � � � ; J)�nrJ+j = �nj( j = 1; 2; � � � ; J ; r = �1;�2; � � �n = 0; 1; � � � ; N

(2.1)(2.2)(2.3)In di�eren
e s
heme (2), if �1j (j = 1; 2; � � � ; J) is given, it 
an be 
al
ulated level bylevel expli
itly. And �1j 
an 
al
ulate by the s
heme with same 
onvergen
e order ofthe s
heme (2), example 
onservation type di�eren
e s
heme in [2℄.
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e and StabilityFor 
onvergen
e of the di�eren
e s
heme (2) we have following:Theorem 1. Assume u is the solution of the periodi
 initial value problem (1:1){(1:3), u 2 
3(I;C2(m+1)(R)), 
ondition (A) is true, andjju0 � �0jj+ jju1 � �1jj+ max0�r�[T=k℄ jj �gr jj) = O(h12 )If there a 
onstant � with 22mM� � � < 1, then there exist positive 
onstants 
s(s =1; 2; 3) independent of k and h su
h thatjjun � �njj �
3(k2 + h2 + jju0 � �0jj+ jju1 � �1jj+ max0�r�T=k jj �gr jj) (n = 1; 2; � � � ; N = [T=k℄) (3.1)for k � 
1; h � 
2. Where � = k=h2m, M de�ned by the 
ondition (A), �grj= g(jh; rk)�grj . Proof. Suppose en = un � �n, �n is the lo
al trun
ation error of the di�eren
es
heme (2.1), i.e�nj = iDtunj + (�1)mÆ2munj + �jq(junj j2)unj + fnj unj � g(jh; nk) (3:2)then expression (3:2){(2:1) obtain�nj =iDtenj + (�1)mÆ2menj + �j [q(junj j2)unj � q(j�nj j2)�nj ℄ + fnj enj� �gnj(j = 1; 2; � � � ; J ;n = 1; 2; � � � ; [T=k℄ � 1) (3.3)obviously, �nj = 0(h2 + k2), expression(3.3) �(en+1j + en�1j ) h, then Summation from 1to J for j and taken imaginary part:(jjen+1jj2 � jjen�1jj2)=2k + Im(�1)m(Æ2men; en+1 + en�1)=Im(�n � fnen � �[q(junj2)un � q(j�nj2)�n℄+ �gn; en+1 + en�1)(3.4)where �; fn; q(junj2); q(j�nj2) are all net fun
tion. Be
auseIm(Æ2men; en+1 + en�1) = Im(Æ2men; en+1)� Im(Æ2men�1; en)Let En = jjen�1jj2 + jjenjj2 + 2k(�1)mIm(Æ2men�1; en) (3.5)Expression (3.4) �2k and substitute into it by expression (3.5), we obtainEn+1 �En = 2kIm(�n � fnen � �[q(junj2)un � q(j�nj2)�n℄+ �gn; en+1 + en�1) (3.6)



136 W.P. ZENGsummation from 1 to N on n for the expression (3.6), then we obtainEN+1 �jE1j+ 2k NXn=1 j�n � fnen � �[q(junj2)un� q(j�nj2)�n℄+ �gn; en+1 + en�1)j (3.7)Suppose q�; �q�=� (ImZ); �q�=� (ReZ) are bounded provisionally, where q�(Z) =q(jZj2), and let maxz2
 fjq�(Z)j, jq�0(Z)jg =M2, therefore,j�[q(junj2)un � q(j�nj2)j�n℄; en+1 + en�1)j � j� q�(�n)en; en+1 + en�1)j+ j(�[q�(un)� q�(�n)℄un; en+1 + en�1)j�M4(jjenjj2 + jjen+1 + en�1jj2)=2 (3.8)where M3 = max(x;t)2R�I ju(x; t)j, M4 =M1M2(1 +M3) are all positive 
onstant.Let � = k=h2m, prove easily, when 22mM� < 1, we have0 <(1� 22mM�)(jjenjj2 + jjen�1jj2) � En�(1 + 22mM�)(jjenjj2 + jjen�1jj2) (3.9)by expressions (3.7), (3.8) and (3.9), we obtain(1� 22mM�)(jjeN+1jj2 + jjeN jj2) � E1+ 2k NXn=1[(jj�njj+M1jjenjj+ jj �gn jj)jjen+1 + en�1jj+ 14M4(jjenjj2 + jjen+1 + en�1jj2)℄�E1 + k NXn=1(jj�njj2 + jj �gn jj2) + k NXn=1 �M1 + M42 �jjenjj2+ k NXn=1(2M1 + 4 +M4)(jjen+1jj2 + jjen�1jj2)�M5[jje0jj2 + jje1jj2 + max0�n�[T=k℄(jj�njj2 + jj �gn jj2℄+ k NXn=1 M61� � (1� �)(jjenjj2 + jjen+1jj2)where M5 = max(1 + �; T ), M6 = maxf2M1 +M4; 4M1 + 8 + 2M4g are all positive
onstant.We 
an obtain by Gronwall inequality(1��)(jjeN+1jj2+ jjeN jj2) � eM6T=(1��)M5[jje0jj2+ jje1jj2+ max0�n�[T=k℄(jj�njj2+ jj �g2 jj2)℄
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hr�odinger Equations of... 137So jjeN+1jj2 �M7[jje0jj2 + jje1jj2 + max0�n�[T=k℄(jj�njj2 + jj �gn jj2)℄where M7 = (M5eM6T=(1��))(1 � �) is a positive 
onstant, therefore, expression (3:1)is true.Finally, we point out the supposed of boundary of q�; �q�=�(ImZ), �q�=�(ReZ)
an be o�set[4℄. The proof is over.Corollary 1. Under the suppose of Theorem 1, 
0s (s = 1; 2; 3) is existent and theyare a positive 
onstant, when h � 
01, k � 
02, we havejj�njj1 � 
03 n = 1; 2; � � � ; [T=k℄:With the proof of theorem 1, we 
an get the following stability theorem:Theorem 2. If 
ondition (A) is true, and 22mM� � � is true for any positive
onstant � < 1, and jj�1� ��1 jj � 
4jju0� �u0 jj is true, then di�eren
e s
heme (2:1){(2:3) is stable on square norm for the initial value and right term, i.e C5 is existentand it is independent of h and k,jj�n� ��n jj � 
5jju0� �u0 jj+ max0�r�[T=k℄ jjgr� �gr jj (3:10)where �� is the solution of 
orresponding di�eren
e problem (2:1){(2:3), under the 
on-dition that initial value and right side term of problem (1) have disturban
e u0� �u0 andg� �g 
orrespondly.Note. Di�eren
e s
heme (2.1){(2.3) is 
onditional 
onvergen
e, we must sele
t hand k approx satisfy 22mM� � � � 1 to guarantee di�eren
e s
heme (2) 
onvergen
eand stability. 4. Numeri
al ExampleConsider the following problem8><>: iut + uxxxx + 6juj2u� 150(sin2x)u = 0u(x; 0) = 52p2(1 + i) sinxu(x+ 2�; t) = u(x; t) (4.1)(4.2)(4.3)It has a 
lassi
al solution u = u(x; t) = 5 exp(i(t + �4 )) sinx. Let h = �=10, k =1=2 � 10�3 then � = k=h4 = (5=�4) < (1=16), u1 is 
al
ulated by the a

urate value,when it is 
al
ulated until N = 2000 (i.e, T = 1) by the s
heme is this paper, jj juj2 �juN j2jj1 � 10�4. The a

ura
y is the same with that of 
onservation s
heme in [2℄,seetable 1) when 
hoose h = �=10; k = 10�3, and (1=16) < � < (1=8) then over
ow atN = 25. It is shown that numeri
al result is 
oin
ident with theoreti
al result.



138 W.P. ZENGTabel 1. Result at t = 1, when h = �=10, k = 1=2� 10�3, N = 2000
lassi
al solu juj2 Num. solu juNh j2 Error juj2 � juNh j2�=10 2.38728757 2.38728432 0.000003242�=10 8.63728755 8.63727872 0.000008833�=10 16.36271240 16.36270065 0.000011764�=10 22.61271241 22.61270032 0.000012095�=10 25.0000000 24.99998816 0.000011846�=10 22.61271246 22.61270035 0.000012117�=10 16.36271249 16.36270041 0.000012088�=10 8.63728764 8.63727810 0.000009539�=10 2.38728762 2.38728378 0.00000384� 0 0 011�=10 2.38728751 2.38728487 0.0000026412�=10 8.63728747 8.63727932 0.0000081513�=10 16.36271232 16.36270106 0.0000112614�=10 22.61271236 22.61270062 0.0000117315�=10 25.00000000 24.99998837 0.0000116316�=10 22.61271251 22.61270072 0.0000117917�=10 16.36271257 16.36270095 0.0000116318�=10 8.63728772 8.63727887 0.0000088519�=10 2.38728767 2.38728440 0.000003272� 0 0 0Referen
es[1℄ B.L. Gou, Pro
eedings of the 1980 Beijing symposium on Di�erential Geometry & Di�er-ential Equation, 3 1227{1246.[2℄ H.Y. Chao, J. Comp. Math., 5 : 3 (1987), 272{280.[3℄ D.N. Arnold, J. Douglas, Jr., V. Thomee, Math. Comp., 36 : 153 (1981), 53{63.[4℄ B. N. Lu, Math. Num. Sini
a, 11 : 2 (1989), 119{127.


