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TWO DIMENSIONAL RIEMANN PROBLEM FOR GASDYNAMICS SYSTEM IN THREE PIECES�1)Jie-quan Li(Institute of Mathemati
s, A
ademia Sini
a, Beijing 100080, China)Shu-li Yang(Institute of Applied Mathemati
s, A
ademia Sini
a, Beijing, 100080, China)Abstra
tThe Riemann problem for two-dimensional 
ow of polytropi
 gas with three
onstant initial data is 
onsidered. Under the assumption that ea
h interfa
e ofinitial data outside of the origin proje
ts exa
tly one planar wave of sho
k, rar-efa
tion wave or 
onta
t dis
ontinuity, it is proved that only two kinds of 
ombi-nations, JRS and Js, are reasonable. Numeri
al solutions are obtained by usinga nonsplitting se
ond order a

urate MmB S
heme, and they eÆ
iently re
e
t the
ompli
ated 
on�gurations and the geometri
 stru
ture of solutions of gas dynami
ssystem.Key words: Two-dimensional Riemann problem, MmB s
heme, gas dynami
s.1. Introdu
tionIt is well known that the Riemann problem plays an essential role in developingone-dimensional theory of hyperboli
 
onservation laws[3℄ and it is the simplest one ofgeneral Cau
hy problem and mu
h easier to 
larify the expli
it stru
ture of its solutions.On the other hand, the solution of the Cau
hy problem 
an be lo
ally approa
hed bythe solutions of Riemann problem. Hen
e the Riemann problem serves as the tou
h-stone and the building blo
k of mathemati
al theory of hyperboli
 
onservation laws.Of 
ourse, the most interesting and important model is the Euler equations in gasdynami
s.The Riemann Problem for two-dimensional unsteady 
ow of invis
id, polytropi
gas with four pie
e 
onstant in ea
h quadrant was investigated by Zhang and Zheng in[10℄, and Chang, Chen and Yang in [2℄ et
.. With the 
hara
teristi
 analysis and thenumeri
al method, a set of 
onje
ture on the stru
ture of solutions is formulated. Un-fortunately, nothing analyti
 has eventually been solved, although there are still manymathemati
ians who present various simpli�ed models and try to approa
h the 
onje
-ture and to explain the 
ompli
ated 
on�gurations in gas dynami
s system. Thereforeit is worthwhile to 
onsider mu
h simpler Riemann initial data in two dimensions.� Re
eived Mar
h 21, 1997.1) The �rst author was supported by State Key Laboratory of S
ienti�
 and engineering 
omputing,A
ademia Sini
a. The se
ond author was supported by NNSF of China.



328 J.Q. LI AND S.L. YANGThe present paper deals in detail with the Riemann problem in three pie
es for gasdynami
s system, i.e.8>>>>>><>>>>>>: �t + (�u)x + (�v)y = 0;(�u)t + (�u2 + p)x + (�uv)y = 0;(�v)t + (�uv)x + (�v2 + p)y = 0;���e+ u2 + v22 ��t + ��u�h+ u2 + v22 ��x + ��v�h+ u2 + v22 ��y = 0; (1.1)where �; (u; v) and p, e = p(
 � 1)� , h = e + p� , 
 > 1 denote density, velo
ity, pres-sure, spe
i�
 internal energy, spe
i�
 enthalty and polytropi
 index respe
tively. AndRiemann data in three pie
es are des
ribed as follows,(�; p; u; v)jt=0 = Ti; (i = 1; 2; 3); (1:2)where Ti are 
onstant states (See Fig.1.1),being sele
ted under the assumption (H)that exa
tly one planar wave of sho
k, rar-efa
tion wave or 
onta
t dis
ontinuity issuesfrom ea
h interfa
e of initial data outsideof the origin. It's proved that only two
ases, JRS and three Js, are in theoryreasonable. Here we use a nonsplitting se
-ond order a

urate MmB (lo
ally Maximum-minimum Bounds preserving) s
heme to ob- Fig.1.1 Distribution of the initial datatain the numeri
al results for these two 
ases. MmB s
hemes are basi
ally derived fromthe stru
ture of the equation and the solution properties of s
alar 
onservation laws[5℄,and are generalized to hyperboli
 systems. The nonsplitting Mmb s
hemes have these
ond order a

urate, high resolution and nonos
illatory properties, and have beenused to solve many other problems 
on
erning dis
ontinuous solutions fruitfully[6;7℄.This paper is organized as follows. Se
tion 2 gives the ne
essary preliminaries. InSe
tion 3 we dis
uss the distribution of initial data 
arefully. And the 
hara
teristi
analyses are presented and the 
orresponding numeri
al results are illustrated in Se
tion4. 2. PreliminariesIn this se
tion we begin by re
alling the main results in [2, 10℄ as our ne
essarypreliminaries.Noting that the dynami
 similarity of (1.1) and la
k of 
hara
teristi
 length param-eter imply that the solutions be the fun
tions of the variables � and �, where � = x=t,� = y=t, we seek the self-similar solutions.(�; p; u; v) = (�; p; u; v)(�; �): (2:1)
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es 329The 
hara
teristi
 for (1.1) in (�; �)-plane is either� = �0 = VU ; (pseudo
ow 
hara
teristi
); (2:2)or � = �� = UV �p
2(U2 + V 2 � 
2)U2 � 
2= V 2 � 
2UV �p
2(U2 + V 2 � 
2) (pseudowave 
hara
teristi
s); (2.3)where (U; V ) = (u� �; v � �) (pseudovelo
ity) and 
2 = 
p=� (the sound speed). Dueto the well known reasons, it's natural to 
onsider dis
ontinuous solutions. Assume� = �(�) to be the dis
ontinuity line, by Rankine-Hugoniot 
ondition we have thenlinear(
onta
t) dis
ontinuity d�d� = VU = V0U0 = �0; (2:4)or nonlinear dis
ontinuities,d�d� = U0V0 �q
2(U20 + V 20 � 
2)U20 � 
2 = ��; (2:5)where (�; p; u; v) and (�0; p;u0; v0) denote the left and right states along any dis
onti-nuity line, and 
2 = p� p0�� �0 .The system (1.1) must be supersoni
 at the in�nity in (�; �)-plane[6℄, and the in�nity
an be 
onsidered as a Cau
hy support. In the neighborhood of the in�nity, the solutionmust 
onsists of planar waves (�; p; u; v)(�� + ��), whi
h involves:(i). 
onstant states (�0; p0; u0; v0);(ii). rarefa
tion waves (R);R : 8>>>>><>>>>>: ut;1 = ut;2;un;1 = un;2 � Z �1�2 
�d�;�1 < �2 or �1 > �2;p1��
1 = p2��
2 ; (2.6)(iii) sho
k waves (S);
S : 8>>>>>>>><>>>>>>>>:

ut;1 = ut;2;un;1 = un;2 �s p012�1�2 (�1 � �2);p1p2 = (
 + 1)�1 � (
 � 1)�2(
 + 1)�2 � (
 � 1)�1 ;�1 > �2 or �1 < �2; (2.7)



330 J.Q. LI AND S.L. YANG(iv) positive and negative slip lines (J�)J� : 8><>: un;1 = un;2;p1 = p2
url(un; ut)jJ = �1; (2.8)where un and ut denote the normal and the tangential 
omponents of the velo
ity alongany 
hara
teristi
 or dis
ontinuity line, 
url (u; v) = vx � uy, p012 = p1 � p2�1 � �2 .A

ording to [10℄, we have 
onje
tures for the general pseudostationary 
ow that:(1). The pseudostationary is 
ontinuous on the whole plane if and only if it is 
ontinuousand rarefa
tive in the neighborhood of in�nity; (2). The psedo-stationary 
ow is smooth(i.e. C1) on the whole plane if and only if it is a 
onstant state.3. Analysis of Distribution of Initial DataIn this se
tion, we will dis
uss the distribution of initial data in detail. At �rst, wegive the 
lassi�
ation.3.1. Classi�
ation.Under the assumption (H), in the neighborhood of in�nity, the solution only 
onsistsof three planar elementary waves in addition to the 
onstant states. One 
an easily�nd that the possible 
ombinations of waves are as follows.(a). three Rs; (b). three Ss; (
). one S and two Rs, or one R and two Ss; (d). oneJ and two Rs, or one J and two Ss; (e). one J and one R and one S; (Abbr.JRS) (f).three Js.Next, we will show the following theorem holds.Theorem. The �rst four 
ases are impossible, and only the last two 
ases arereasonable theoreti
ally.Remark. In the experiment that a planar moving in
ident sho
k wave en
ountersa sharp 
ompressive 
orner [1℄, regular re
e
tion, Ma
h re
e
tion et
. are observed.Case (b) shows that in the neighborhood of the triple point, there may exist a slip linebesides the in
ident sho
k wave, the re
e
ted sho
k wave and the Ma
h Stem.3.2 The proof of the theoremBy the nature of system (1.1), We always think that l1 
oin
ides with y-axis inthe initial plane under a suitable rotation transformation of the 
oordinate system (
f.Fig.1.1) Next, we will prove the theorem 
ase by 
ase.Case (a) In this 
ase, we just 
onsider the sub
ase �3 < �2 < �1, and the othersub
ases are similar.Obviously, the relations (2.10) hold, i.e.R12 : 8<: u1 � u2 = 2pA

�1 (�
�121 � �
�122 );v1 = v2; (3.1)R23 : 8<: u02 = u03;v02 � v03 = 2pA

�1 (�
�122 � �
�123 ); (3.2)
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es 331and R31 : 8<: u001 = u003;v001 � v003 = 2pA

�1 (�
�121 � �
�123 ); (3.3)where ( u0 = u � 
os(� � �=2) + v � sin(� � �=2) = u � sin� � v � 
os �;v0 = �u � sin(� � �=2) + v � 
os(� � �=2) = u � 
os � + v � sin�; (3.4)( u00 = u � sin�+ v � 
os�;v00 = �u � 
os�+ v � sin�; (3.5)and A is the entropy.By (3.1){(3.3), one 
an getu1 � u2 = �� 1sin� + 1sin��(v1 � v3); (3:6)and u1 � u2 = �(
ot�+ 
ot �)(v1 � v3): (3:7)(3.6) and (3.7) show that sin(�+ �) = sin�� sin�;i.e. sin� = sin� + sin
: (3:8)Furthermore, we have sin� = sin
 + sin�; (3.9)sin
 = sin�+ sin�: (3.10)(3.8){(3.10) lead to sin� = sin� = sin
 = 0; (3:11)whi
h means �; �; 
 = 0; or �: (3:12)This show that it is impossible that there are only three planar rarefa
tion waves issuingfrom the jumps in initial data.Case (b) By Rankine-Hugoniot 
ondition, we have8<: pipj = (
 + 1)�i � (
 � 1)�j(
 + 1)�j � (
 � 1)�i (i; j = 1; 2; 3; i 6= j);pi 6= pj; (3.13)whi
h implies that z � �21� �2z = x� �21� �2x � y � �21� �2y ; (3:14)



332 J.Q. LI AND S.L. YANGwhere �2 = 
 � 1
 + 1, x = �1�2 , y = �2�3 , z = �1�3 .Noting that z = xy; (3:15)we obtain that (x� 1)(y � 1)(z � 1) = 0: (3:16)It follows that at least one of x; y and z equals to 1, whi
h 
ontradi
ts to (3.13).Case (
) For this 
ase, if suÆ
es to noti
e the following lemma.Consider the properties in the phase plane (�; p), and letR(Q0) = f(�; p)jp�
 = p0�
0 g;S(Q0) = f(�; p)j�(p + �2p0) = �0(p0 + �2p)g; (3.17)where � = 1� , we have the lemma.Lemma. (1) S(Q0) \ S(Q1) = ; if Q1 2 R(Q0). (2) R(Q0) \ R(Q1) = ; ifQ1 2 R(Q0):The proof of this lemma is trivial and omitted, from whi
h it is easy to know thatit is impossible for this 
ase to appear.Case (d) The two sub
lasses are similar, we only 
onsider the latter. Without lossof generality, suppose the Riemann data are sele
ted su
h that the following relationshold, J12 : ( u1 = u2;p1 = p2; (3.18)
S23 : 8>>>>>>>><>>>>>>>>:

u02 = u03;v02 � v03 = s p023�2�3 (�2 � �3);p2p3 = (
 + 1)�2 � (
 � 1)�3(
 + 1)�3 � (
 � 1)�2 ;p2 < p3; (3.19)and S13 : 8>>>>>>>><>>>>>>>>:
u001 = u003;v001 � v003 = s p013�1�3 (�1 � �3);p1p3 = (
 + 1)�1 � (
 � 1)�3(
 + 1)�3 � (
 � 1)�1 ;p1 < p3; (3.20)where (u0; v0) and (u00; v00) are the same as in (3.4) and (3.5). By Rankine-Hugoniot
ondition, we obtain �1 = �2: (3:21)From (3.18){(3.21), it is not diÆ
ult to get tan � = � tan�. It follows that�+ � = �: (3:22)
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es 333Thus the 2-D Riemann problem (1.1){(1.2) degenerates to the 1-D problem, i.e. thereare only one sho
k issuing from the jumps in initial data. This 
ompletes the proof.4. The Chara
teristi
 Analysis and Numeri
al ResultsWe will employ the 
hara
teristi
 method to understand the stru
ture of solutions,and evaluate them by 
omparing with the 
orresponding numeri
al results.a. JRS

Fig. 4.1 Mesh points 401� 401, Time steps n = 480Through our analysis 
arefully, it suÆ
es to 
onsider the distribution of Riemanndata as shown in Fig.4.1. The relevant 
ompatibility 
onditions should be
R12 : 8>>>>>><>>>>>>: � = u2 + 
;u1 = u2 + Z �2�1 
�d�;v1 = v2;p1p2 = (�1�2 )
 ; S13 : 8>>>>>>>>>><>>>>>>>>>>:

� = �13 = u3 �r�1�3 p013 = u1 �r�3�1 p013;u1 = u3;v1 = v3 �s p1 � p3�1�3(�1 � �3)(�1 � �3);p1p3 = (
 + 1)�1 � (
 � 1)�3(
 + 1)�3 � (
 � 1)�1 ;and J23 : 8<: p2 = p3;u2 � u3v2 � v3 = � tan�:



334 J.Q. LI AND S.L. YANGWe know that the solution 
onsists of R12; S13 and J23 besides the three 
onstant statesin the neighborhood of in�nity in (�; �)-plane. Taking the in�nity as a Cau
hy supportand extending the solution along 
hara
teristi
 lines or stream lines, we obtain thatR12 must meet the soni
 stem P1P2 and S13 
an arrive at the soni
 
ir
le of the stateT1 at Q1 before they meet R12 sin
e �13 < u1, and that J23 rea
h the soni
 
ir
leof T2 at Q2. A
ross the 
ir
le of T1, the 
ow is subsoni
 and S13, whi
h 
uts the
onstant states T3 from a subsoni
 region and form a free-boundary value problem,should mat
h smoothly. From the numeri
al results, we �nd it be
omes weaker andweaker (See Fig.4.1).The distribution of initial data is as follows,u1 = 0 v1 = 0 �1 = 1 p1 = 50u2 = �6:86099 v2 = 0 �2 = 0:408327 p2 = 14:2686u3 = 0 v3 = 6:86099 �3 = 0:431515 p3 = 14:2686and � = �t�x = �t�y = 0:05b. Three Js

Fig.4.2 Mesh points 401� 401, Time steps n = 420In this 
ase, the pressure p is 
onstant. Due to the di�eren
e of J� and J+, this
ase is 
lassi�ed as two kinds of sub
ases.Sub
ase 1. 2J+ + J� The three jumps, J+12; J+23 and J�13, from in�nity meet thesoni
 
ir
les of states T2 and T3 at Q1; Q2 and Q3 �rstly. We draw the 
hara
teristi
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es 335lines �+(1);�+(2) and ��(1) through Q1; Q2 and Q3, respe
tively. It's easy to see thatthe determination region 
1 of T1 is en
ompassed by J+12; J�13;�+(1) and ��(1), whileJ23;��(3), the part of the soni
 
ir
le of (1) Q3Q4 and J13 bound the determined region
3 of the state T3. Obviously, 
1 and 
3 may overlap. A

ording to the 
hara
teristi
theory, there will appear a dis
ontinuous solution whi
h 
onsists of sho
k waves or/and
onta
t dis
ontinuities. From the numeri
al results, we observe that J12 and J23 mayintera
t ea
h other and produ
e two sho
k waves, whi
h bound the pseudo-subsoni
region, and a 
onta
t dis
ontinuity or other new nonlinear waves whi
h have not beentesti�ed yet in this region (See Fig.4.2).The distribution of initial data is as follows,u1 = �1 v1 = �1 �1 = 1:5 p1 = 1u2 = �1 v2 = 1 �2 = 0:5 p2 = 1u3 = 1 v3 = �1 �3 = 1 p3 = 1and � = �t�x = �t�y = 0:1Sub
ase 2. 3J�s. This sub
ase is similar to the 4Js dis
ussed in [6℄, our ne
essaryand signi�
ant supplement is that a spiral may appear, whi
h is the result of theintera
tion of Js (see Fig.4.3).

Fig.4.3 Mesh points 401� 401, Time steps n = 360



336 J.Q. LI AND S.L. YANGThe table of initial data is as follows,u1 = 1 v1 = �1 �1 = 1:5 p1 = 2u2 = 1 v2 = 1 �2 = 0:5 p2 = 2u3 = �1 v3 = �1 �3 = 1 p3 = 2and � = �t�x = �t�y = 0:2. 5. Con
lusionFrom the above analyses and numeri
al results, we know that Riemann problemare the simplest in 2-D gas dynami
s, the stru
ture of solutions is the basis for thestudy of phenomena appearing in gas dynami
s. Furthermore, we �nd many interestingphenomena similar to those of Riemann problem in multipie
es, su
h as spiral, and theintera
tion of S and R et
.. Espe
ially, the intera
tion of J+ and J� may produ
e anew kind of a sho
k, whi
h we 
all a delta wave of the solutions[9℄. Now we keep ondoing both numeri
al experiments and theoreti
al proof to 
he
k it.In addition, we �nd the numeri
al results are in a

ordan
e to the theoreti
al anal-yses, whi
h shows that MmB s
hemes are dependable on
e again.A
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