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Abstract

The convergences ununiformly and uniformly are established for the noncon-
forming finite element methods for the second order elliptic problem with the lowest
regularity, i.e., in the case that the solution u € HE(f2) only.
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1. Introduction

The aim of this note is to establish the convergence of the nonconforming finite
element methods for the second order elliptic problem with the lowest regularity. The
proof of the convergence is not trivial, although the convergence results for the con-
forming finite element methods were known ([2], [3]).

Consider the following boundary value problem on a polygonal domain  C R?:

{ Au=37 | ~0;(a;(z)0u)=f in

(1.1)
u=~0 on Of.

We assume that the coefficients a;;(x) € L>°(€2) and the A is uniformly elliptic on €2,
i.e., there exists a constant « > 0 such that for all real vectors £ = (£1,&2) and all z € 2

2

> aij(@)&& > > & (1.2)

ij=1 i=1

The weak formulation of (1.1) is: Find u € H}(2) such that
a(u,v) = / a;j0judjvde :/ fode = f(v), ¥ ve Hy(9Q). (1.3)
Q Q

It is well known that for any given f € H '(£2), there exists an unique solution u €
H{ () of the problem (1.3), by the Lax-Milgram Lemma, and the conforming finite
element approximation uy, converges to u in H'(€2) space (c.f.[2]).
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We now consider the nonconforming finite element methods for the problem (1.3).
For each h € (0,1), let 7}, be a quasi-uniform triangulation of 2, and V}, be a noncon-
forming finite element space with respect to the triangulation 7. In this case it should
be noted that V, ¢ H'(2), and assume that f € L?(Q), while it can be assumed that
f € H () for the conforming finite element methods, since the functional f € H ()
is defined on the space H{(€2) only. And it is also noted that the solution u of the prob-
lem (1.3) is, in general, in H}(Q) space only, in tha case of that f € L?(Q), since that it
is not known in general whether u € H*(Q2) for some s > 1 even if f € C*°(12). Finally
it is assumed that the element of the nonconforming finite element space V}, passes the
generalized patch test, which is the necessary and sufficient condition, assuming the
approximation holding, for the convergence of nonconforming finite element methods
in the case of the solution u of the problem (1.3) smoother enough (c.f.[5]).

Then the nonconforming finite element approximation to (1.3) is: Find u, € Vj,
such that

ah(uh,vh) = Z /K aijaiuhajvhdx = /Qf -vpdx = f(?)h) Y vy € V. (1.4)
K

2. Convergence

Theorem 2.1. Assume that the solution of the problem (1.3) u € H}(Q), f €
L2(2), the triangulation Ty, of the polygonal Q is quasi-uniform and satisfies the inverse
hypothesis (c.f.[2]), and the nonconforming finite element space Vi, ¢ H{}(Q) possessing

the following property, for any given ¢ € Cg°, there exists C' = Const. > 0 independent
of h, such that

> [ 0up-wnds| < Chllaq - fuwnll ¥ wn € Vi, (2.1)
K

where K € Ty is the element with the edge 0K, 0, denotes the conormal derivative
operator associated with the operator A in (1.1) on 0K, and

lwnlln = {3 lwnl i }2. (2.2)
K

Then the solution of the problem (1.4) uj converges to the solution of the problem
(1.3) w in the space H'(2) as h — 0. Precisely, for any given € > 0, there exists
ho = ho(€,u, f) > 0, such that

lu —upllp <€, as 0<h < hy. (2.3)

Proof. (i) By the second Strang Lemma (c.f.[4])

i Ep(u,wy,
lu—unln < { inf flu—onlp+ sup M}
vp€Vh whEV, HwhHh
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where
Ep(u, wp) = ap(u, wp) — f(wp). (2.5)
In the same way as in [2] for the conforming finite element methods, we can find
that there exists hy = hg(e, u) > 0, such that

€
inf |u— < -, 0<h<Hh. 2.6
,inf. | — vp]ln 5 88 < hy (2.6)

ii) We now estimate the term Fj(u,wy). Since u € en for any given
(i) We now estimate the term By (). Si HY(9), then for any g
€' > 0, there exists a function u € C§°(f2), such that

lu — a0 < €. (2.7)
So we have
Ep(u,wy) = Ep(u — @, wp) + By (4, wp), (2.8)
and
|En(u — @, wp)| = lap(u — @,wp)| < Cllu — 1,0 - lwplln < Cé'llwg || (2.9)

With use of the Green formula, we have

Eh(ﬂ,wh) = ah(ﬂ,wh) - f(wh) = Z /K aijamajwhd:r — /wahdr
K

= { - ;/K 9j(aijOiu)wpdr — /wahd.r} + ;/M 8, fwpds.

(2.10)

By the assumption of the Theorem
> [ ovaunds| < Chlila - lunh. (2.11)
K JOK

(iii)We now turn to estimate the first two terms on the right hand side of (2.10).
Let
—0j(a;(xz)0iu) = f in Q, a=0 on 01, (2.12)

which is equivalent to the following problem: 4 € HJ () N H?(£2), such that
a(i,v) = f(v) ¥ ve H(Q). (2.13)

And let the interpolation operator o, : vV, — Vh, Vi, be the corresponding conforming
finite element space, V, C H}(Q), and assume that

ITpws, — whllo.q < Chllwy ||, (2.14)

we can find such interpolation operator for the nonconforming finite elements of Wilson,
Crouzeit-Raviart (c.f.[1]). Then

—;/K 0j(a;j0;u)wpdz — /wahd:L‘ = /Q(f— flwpdx
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:/ (f — f)ﬁhwhd:ch/(f— F)(wp, — Mywy)dx
0 Q

<OIf = fll-r0 - IMywilve + 1f = fllog - lwn = Dywplloo-

(2.15)
And by (1.3) and (2.13), we have
~ f(v) — f(v a(t —u,v
P ) I L) R Y B
veri@)  Ivllie verd@) vl
< COlli —ull10 < C€. (2.16)

Then from (2.14) (2.16), and with the inverse inequality, we have
- [ oytas@giunds — [ funds < O+ HIF - floal- 217
= -

Finally, from (2.8), (2.11)and (2.17), it can be seen that
| En(u, wn)| < C(€' + h)|[wp]n, (2.18)

where the constent C is dependent on f. Then there exists hy = h{ (e, u, f) > 0, such
that

0%<i
and choosing €' such that
Ce < E,
4
thus
By (u, wp)| < %HwhHh, as 0<h<hl. (2.19)

Summarizing (2.4), (2.6) and (2.19) implies the result (2.3) of the Theorem as
ho = min(hg, hg).

3. Uniformly Convergence

In the previous section, it is investigated that the nonconforming finite element
approximation uj, conveges to the solution u of the problem (1.3) as h — 0, but not
uniformly, that means that in the Theorem 2.1, hg = hg(e,u, f) is dependent not only
on €, but also on v and f. For the situation of conforming finite element methods,
the uniformly convergence has been considered by Schatz and Wang in [3]. By the
similar way as [3], in this section we can also prove the uniformly convergence for the
nonconforming finite element methods. Our result is the following

Theorem 3.1. Under the hypotheses of the Theorem 2.1, then the following result
holds: For any given € > 0, there exists an hy = ho(€) > 0, such that for all 0 < h < hyg,

lu = unlln < el fllo- (3.1)
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Before proving Theorem 3.1, we will statement some lemmas in [3].
Lemma 3.2. Let D = {f: f € L*(Q), ||fllo = 1} be the unit sphere in L*(SY). Let
W ={u:u=Tf f€ D} where u="Tf € H} () is the solution of (1.3), i.e.,

a(T'f,v) = f(v) ¥V ve HYQ). (3.2)

Then W is precompact in H}(€2).

Lemma 3.3. Let V be a fived compact subset of H}(Q). Then there evists a
finite open cover: S(¢i1,€),---,S(¢pn,€), such that V. C Ul S(¢;,€), and ¢; € C5° for
1 <i < n, where S(¢,€) is an open ball with the center ¢ and the radius € in the sense
of H' () —norm.

The proof of the Lemma 3.3 is due to that the space C§°(9) is dence in H{ (£2).

Proof of Theorem 3.1. We prove the estimate (3.1) by the similar manner as in [3].
For f € L%(Q) set
fo__u up

U= —.
1fllo™ " Ilfllo 1o

Then a(u,v) = f(v) Yo € H}(Q), and ay(in,vp) = f(vp) ¥ vy € Vi, and hence from
(2.4) we have

and up =

f=

- P En(a, wp)
= anln < O inf fla—onllp + sup == to) (3.3)

wpEVy, ||1,Uh||h

It has been obtained in [3] that there exists h{ = h{(§, W) such that for 0 < h <
€ —
h6 (51 W)a

inf [ —vglln < (3.4)

v EVY

DN

where W = {u : a(u,v) = f(v), [[f]o = 1}.
As to estimate the second term on the right hand side of (3.3), from the steps (ii)
and (iii) in the proof of Theorem 2.1 and taking account of Lemma 3.3, we can find

that there exists hg’(%, W) > 0, such that for 0 < h < h{]’(%, W),
- €
| B (@, wh)| < 5 llwhlla. (3.5)
Thus we have, from (3.3) (3.5),
_ _ . € - € -
|G —anlln <€ as 0<h<hg= mln{hg(§,w),hg(§,w)}, (3.6)

or

lu = unlln < el fllo,

which completes the proof of (3.1).
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