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Abstract

In this paper we introduce a Petrov-Galerkin approximation model to the solu-
tion of linear and semi-linear elliptic boundary value problems in which piecewise
quadratic polynomial space and piecewise linear polynomial space are used as the
shape function space and the test function space, respectively. We prove that the
approximation order of the standard quadratic finite element can be attained in this
Petrov-Galerkin model. Based on the so-called “contractivity” of the interpolation
operator, we further prove that the defect iterative sequence of the linear finite
element solution converge to the proposed Petrov-Galerkin approximate solution.

Key words: Petrov-Galerkin approximation, defect iteration correction, interpola-
tion operator

1. Introduction

Frank etc. cf. [1] established the iterated defect correction scheme for finite ele-
ment of elliptic boundary problems. For linear elliptic boundary value problem [2-5]
have discussed the efficiency of the scheme by using superconvergence and asymptotic
expansion under the conditions that the partition is uniform or strongly regular. It is
proven that for the given linear finite element solution as initial approximation the first
iterated correction can achieve the approximation order that the standard quadratic
finite element solution has. However, for example, when the partition is only piecewise
uniform, the approximation order of the quadratic finite element can not be obtained
by the first iterated correction under the natural smoothness assumption. Moreover
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numerical results present that the approximation order is lower around the crossnode
of bigger element; cf. [2, 3], although the exact solution is sufficiently smooth. On the
other hand, the results in [2, 3] point out that the iterated corrections after many times
can make up for a loss of approximation defect. That is, the iterated defect correction
scheme is efficient. How can one give a theorectical explanation?

For the linear two-point boundary problem, it has been shown [7] that the iterated
defect correction of finite element solution converges to the Petrov-Galerkin approxima-
tion solution. Can one further study the convergence of the iterated defect correction
scheme for the finite element of the elliptic boundary problem by the aid of ideas given in
[7]? To answer the question, we should establish a suitable Petrov-Galerkin scheme for
the elliptic boundary problem. Although the theoretical analysis for Petrov-Galerkin
approxiamtion of the elliptic boundary problem has been established in [8], to construct
a practicable Petrov-Galerkin scheme and prove its convergence and error estimation
is important work. This paper will be dedicated to this problem.

The remainder of the paper is organized as follows. We establish the so-called con-
tractivity (cf. Theorem 2.1) of the interpolation operator in the next section. Then, in
Section 3 we consider the linear elliptic boundary problem and establish a scheme of
Petrov-Galerkin approximation. Furthermore we prove that the iterated defect correc-
tion for the linear finite element solution geometrically converges to the solution of the
proposed Petrov-Galerkin scheme. Finally, in Section 4 we report the similar results as
in Section 3 for the semi-linear elliptic boundary problem.

2. Approximation property of interpolation operator

Given a triangle T" with vertices at P; = (z;,v;), ¢ = 1,2,3, denote by A the area
of T and set

§1 =29 — @3, {2 =23 — 1, §3 =T — T2

M =Y2—Y3, M2 =Y3— Y1, 13 =Y1 — Y2 (2.1)
1 1 1
m(T) = Z(ﬁz&s +mamz), ro(T) = Z(é’s& +m3m), r3(T) = Z(ﬁz&s + 1213),
1 1 1
t(T) = K(ff +17), ta2(T) = Z(fg +n3), t3(T) = Z(fg +13) (2.2)
WT? =&+, b(T)? =& +n3, (T =& +n3, (2.3)

where [; is the length of the edge P,_; P,y opposite to the vertex P; (with i = 1,2,3
and i—1,i,i4+1 € Z3 similarly defined in the following) and it is obvious that ;(T) < 0
and
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Now let A; be the area coordinates related to the vertices P;, i.e.,

T =T1A] + Tado + 33
Y =111 + Y22 + ysAs (2.5)
1=X+ X+ A3

such that the triangle 7T is transformed into the standard simplex T' = {(A1, 22, A3) | M+
A2 + A3 =1, \; > 0}, where (A1, A2, A3) are called the barycentric coordinates of (x,y)
with respect to the triangle T'. By the transformation (2.5) any function u(x,y) defined
on T can be associated with a function u(A1, A2, A\3) defined on T such that

u(z,y) = (A1, A2, A3) (2.6)
On the other hand it is not difficult to prove that, with (2.5),

OA\i  m OXa M2 0Nz 3

Or 2N’ dx  2A7 Oz 24
oA & Ok S 0Nz &

Dy T 2N oy 2N oy oA @7)
Hence we can conclude from (2.6) and (2.7) that
@_L( ou . ou n Gu)
ox — 2a\"ax, T P ox, 8/\ Boxs
ou 1 ou
- _ﬁ(gla 52 -l- 538)\3) (2.8)

For any triangle T' with vertices at P, = (z;,y;) (¢ = 1,2,3), four sub-triangles
Ty, T1,T> and T3 can be obtained by connecting the midpoint P; of each edge P 1P
opposite to the vertex P;, where Ty = P\ PoPs, T) = PiP3P,, Ty = P3PoP; and Tz =
P, Py P;. We can define similarly r;(T}) to (2.2) and it can be proved that r;(T}) = r;(T)
and t;(T;) = t;(T) fori =1,2,3 and j = 0,1,2,3. Then we also denote by r; = r;(T}) =
ri(T) and t; = t;(T) = t;(T) without any confusion.

Let Iru be the quadratic Lagrange interpolation polynomial defined on the nodes
{P;, P;,i =1,2,3} and Iu be the piecewise linear interpolation polynomial with respect
to {P;, P;, i = 1,2,3} on the four sub-triangles Ty, Ty, T> and 7.

Define
Jullr = \// 2 y) )dady (2.9)

Then with (2.8) we have
(8u

||UHT:/ ((%)2+ ay) )dardy

—/ A 7718)\ 7725—;\22-1-7735—)1) (51 52 éggf )z)dA
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Now we are in a position to state a main theorem about the contractivity of the
interpolation operator.

Theorem 2.1.
2
HIQU — [1UHT S \/%HIlu”T (2.11)
3
[ lou — Lul||r < ZHIguHT (2.12)

Proof. It is not difficult to show that 1{271 can be represented as follows by the
barycentric coordinates with respect to the triangle T,

3

3
Lu =Y u(P)N + Y (4u(P;) — u(Pi1) — w(Pit1)Ai-1hig1 (2.13)
=1 =1

From (2.10) we can obtain the following, after some tedious computation,

dlu
. e 0\
ey LT Ty S S 1 L P
T2 1 i el ) -
8]211,
s s
=~ > rilB(u(Picy) — u(P)? + 3(u(Py1) — u(P;))?
=1
+2(u(Pim1) — u(P)) (u(Pip1) — w(P)) + 8(u(Pimy) — u(Pit1))?]
Since ||ullf = [lullf, + llullf, + llullf, + llullZ,, we just need to compute [ullz; (j =

0,1,2,3), respectively, where u is piecewise defined on T'. We first take computing ||u||;
as an example. On 17, Iyu can be represented as follows in the barycentric coordinate
(111, p2, p3) with respect to 71,

Lulr, = w(Py)ps + w(Ps)p2 + u(Py) s
And also
2 B, 2 B, 2 1 1 5
Iyu =u(Py)py + u(Ps)pz + w(Pe)ps + (§U(P1) — gu(P2) + QU(P?,))MM
1 1 — — —
+ (ulP) = Gu(Ps) +2u(P) ) ss + (u(Pr) + u(P)
1

(P = Su(Py) — Su(Py))
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Then we have that
2 1 5 e 1 % 2 1 % 2
| hul7, = —gri(u(P) —u(Ps))” — cra(u(P) —u(Pr))” — <ra(u(3) —u(Pr))” (2.14)
8 8 8
and
13 oy _ .
[I2u — Tl = - 9% > ril(w(Pi1) = u(P) + u(Pio1) = u(Pit1))?
=1

+ (w(Pir1) — u(P) +u(Br1) — u(Pio1))?] £ A

Similarly, we can also obtain the following results

Tl = —gra((B) — w(B))? — gra(u(B) — u(P2))? — Srs(u(F) — u(Py))
(2.15)

T, = —gra(u(P) = u(P)? — cralulBy) — u(Py))? — gr(u(F) — u(By))
(2.16)

Il = —gra(u(Ps) — u(5)? = grau(Ps) — u(PL))? = gra(u(B) — u(Fs))?
(2.17)

and

[Iyu — Ll = A (5 =0,1,2,3) (2.18)

Thus with (2.14), (2.15)—(2.18) we can write

3
ITlly = =3 grl20u(B) = u(Br))? + (u(B) — u(Pi))? + (u(F) — u(Pis)))

i=1

and

13 - __ __
[I2u — Tyu||7 =4A = —gq 2 Tilu(Pie) —u(Pr) +u(Fi1) — u(Piy1))?

=1
o~ _ _

+ (u(Prr1) = w(B;) + w(Pir) — u(Pi-1))?)

Let

As = 5l((Pio) = u(P) + u(P1) — u(Pr)

— — —

+ (u(Prr1) = u(P;) + u(Pir) — u(Pr-1))?]
By =5 2(u(P) — u(P)* + (u(F) — u(Pr1)? + (u(F) — u(P1))?
Ci = Bu(Piot) — u(B))P + 3(ulPiyy) — u(P)

— — — —

+2(u(Pim1) = u(Py)) (u(Pig1) — w(B)) + 8(u(Pi-1) — u(Pi41))?),
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3 3
then we have the equalities ||lou — ul% = — ZTZ'AZ" | ul3 = — ZTZ'BZ" | Loul3 =
i=1 i=1

3
— Z?"Z'CZ'. For ¢« = 1,2,3, we can obtain the following relations by using the Cauchy
i=1

inequality
A =§[<u<a_1> —u(P))? + (u(Pi1) — u(P))? + 2(u(Pi1) — u(Pria))?
+2(u(Pi1) = u(P)) (uw(Pi—1) = u(Piy1)) + 2(u(Py1) — u(P)) (u(Pi1) — u(Pii1))]
<5 2((P0) — (PP + (B — (P + (P — u(Pre)?) = 3B

On the other hand, it is obvious that r; < 0, hence we can derive the following
inequality

3 3
2 2
| Tou — Tul|3 = — ZmAi < - anBi = g”fluu%
i=1 =1
That is the first part of Theorem 2.1. Similarly, we have
1 _ -
=gal(w(Fiz1) — w(Pi41))? + 2(w(Pim1) — w(P))? + 2(u(Piy1) — u(P))?
t A(u(Pim1) = u(P)(u(Pryr) = u(P) + 8(u(Pimy) = u(Piy))’]

— L (Pio1) — u(Piyn))? + 8(u(Pry) — u(Pron))? + 2(u(Po1) + u(Poy) — 2u(B))?]

&

(u(Pis) — u(Pean))” + 5 (u(Pir) — u(Prr))
(Pict) + u(Pig1) — 2u(P;) + 2u(P, 1) — 2u(P;11))?

(o) + u(Pror) = 2u(By) + 20(Pia) — 2u(Piy))?

|
~~
N =

—~
g &

I I

(w(Pre1) — w(Pis1))* + 4(u(Prs) — u(P) + u(Py) — u(Py))?

—

(Pit1) — u(Pi1))(u(Pimy) — u(B) + u(Pim1) — u(Pi1))
Pisy) = u(Pi1))? + 4(u(Piy1) — u(P) + uw(Piy1) — u(Pi1))?

»-lkvﬁl
D N W
<

N W
—~
I
—

B
—

u(Pim1) = u(Pi1)) (w(Pig1) — w(F5) + u(Pig1) — u(Piz1))

— — — i|

—
N

-+

Vo (Bian) — u(P) + 2 2P — B+ P —u(P)’
Va(Pr) ~u(Pin)) + 24/ 2u(Pin) — u(P) + u(Pr) —u(PL))’

— _—
[

(w(P—1) — u(Pr) + w(P—1) — u(Pii1))?

+

(w(Pi1) = u(P) + u(Prs1) — u(Pim1))?

+ 4
QI Wl —

— — — }

\
ol
&
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3
Hence ||Iou — IluH?p = ZriA- < — Zrl i ]IguHT

This completes the proof Of the second mequahty With similar method, we can also
prove the following conclusions.

3 4
Theorem 2.2. ||Lullr < \/;HIguHT and || loullpr < \/gHIlUHT

3. Linear Elliptic Problem

Let © be a bounded, convex polygonal domain in R? with the boundary 0. We
consider the elliptic model problem

Find u € H}(Q), such that
(3.1)

a(u,v) = (f,v), ¥Yve HHRQ)

where a(u,v) = / VuVudzdy, (f,v) = / fvdxdy and f sufficiently smooth.
Q Q

To define a finite element method, we need a partition of {2 into elements F, for
example triangles in this paper. Let the triangulation 75 be regular with maximum
diameter 2h. Another triangulation 77 can be obtained by connecting the middle
points of edges for each triangle of 75. Let V; (i = 1,2) be the finite element space
composed of piecewise polynomials of order i defined on 7;. Thus V; ¢ H'(Q), and
denote V) = V; HE (). Define I; : C° — V;, i.e., piecewise interpolation operator
of order 7 on the all vertices of triangles of 77.

This paper formulates the following Petrov-Galerkin approximation model

Find wup, € V2 such that
{ P (3.2)

(I(Uh,v) = (fvv)v Vv € ‘/10

Theorem 3.1. Let u be the exact solution of (3.1), then there exists exactly one
finite element solution uy for (3.2) and there hold the estimates

lu —unlla < Cllu— Taulla (3.3)
lu —un|l < C - hlju = Taullq
where ||u|? :/ w’dzdy and ||ul|? :/ |Vu|*dzdy.
Q Q
Proof. The variational problem (3.2) is equivalent to the following one

Find uy, € V3 such that
a(up, [1v) = (f, 1), Yo € V3

From (2.12) of Theorem 2.1 we have

a(v, I1v) =a(v,v) — a(v,v — [v) = [ollz = [vllallv = L1vla

> o] - f ol = (1= y2) ol o ey (35)
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This means that the bilinear functional a(v, I;v) defined on Vi is positive definite.
Obviously a(v, I1v) is a continuous and (f, I;v) is continuous linear form on V3. Hence
there exists only one solution wy for the variational problem (3.2) by Lax-Milgram
Lemma. On the other hand, it can be seen from (3.1) and (3.5) that

a(u — up, [1v) =0, Yo € Vy

With the above equality and (3.6) and Theorem 2.2 the following estimates can be
achieved

[ Tou — uh||g <C-a(lou —up, [1(Iou — up)) = C - a(lou — u, I1 (Iou — up))
<C- | lau — ulla - 2w — uplla

That completes the proof for (3.3).

At last by using Nitsche’s technique (3.4) can be proved. This completes the proof
of Theorem 2.1.

The iterated defect correction scheme established in [1] and [2] is

Flnd u?—l—l S Vlo (3 7)
a(uzh+171)) = a(ul,v) — {a(l2u},v) — (f,v)}, Yo e VP '
In this scheme ug can be taken as the following linear finite element solution
Find uf € VP (3.8)

It can be seen that the coefficient matrices in the linear systems (3.7) and (3.8) are same.
After calculating u? by (3.8) the first iterated solution uf can be obtained from (3.7).

[2-5]

Many researches are dedicated to estimating errors of ué‘ as well as higher order

interpolation of ué‘ approximating to the exact solution. It is the goal of this paper
to prove that for any chosen initial approximation solution ug € V{ the quadratic
interpolation Igu?ﬂ of the iterated solution uﬁﬁrl of (3.7) converges geometrically to
the Petrov-Galerkin approximation solution uy of (3.2).

Theorem 3.2. Yul! € V, the iterative scheme (3.7) is convergent and the following

estimation is valid.

1 2v\i
ot~ <~ (/2) st — e (39)
1-.,/2
4

Proof. By (3.7), for any v € V,
a(uf,v) = a(u_y,v) = {a(lzuf_1,v) = (f,v)} (3.10)
Then, from (3.7) and (3.10),

a(ujyy — g, v) = a(ui —wiy,v) — a(lpuy — Iugy,v)
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= a((I - I)(u} — uj'1),v)

Taking v = ul',; — u?, by using (2.11), it results in

h h h h h h
”Ui+1 — Uy ”3 < (I = I2)(ug" — ui—l)Ha”ui+1 — U [la
200 h h h
< \/;Huz - ui—lHIl : Hui+1 — U lla

Hence we have

2 2\
s — o < 20— e < (4 2) ok —

Substituting (3.2) into (3.7) results in a(ul,; —ul,v) = a(up, — Lul',v), Vv € V.
Let P: H}(Q) — V{ denote the Ritz projection operator, then
uppy —ul = Pluy, — L)

wp, — Lul = up, — Lul' — P(up, — Lul') +ul'y —uf
It can be seen, from the property of the orthogonal projection operator and (2.12), that

up, — Lulllo < flup — Lul — Pup — Lul)|lo + ol — ula

< Jun — ol — Ty — Tond Y+ oty — o
3 h h h
<[ = I+ s =

Finally one can write the following inequality

1 1 2\
lun — Fouf o < —llufty —ullla < —3(\/2) et~ uf o

1—4/2 1—4/2
4 4

This completes the proof.
4. The semi-linear elliptic boundary problem

Consider the semi-linear elliptic boundary problem

{ —Au= f(z,u), inQ

4.1
u =0, on 0f) (41)

where z = (z,y), f(z,u) and f,(z,u) are respectively continuous on the domain Q x
(—00,0), and for each (z,u) € Q x (—o00, 00)
a(w,w)

(2, <A<A= inf
’f (Z U)‘ wevll%’z(ﬂ) (wvw)

(4.2)
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The weak form of (4.1) is

Find u € H}(Q), such that (4.3)
a(u,v) = (f(z,u),v), Yv € Hg(Q) '
Similar to (3.2), define corresponding Petrov-Galerkin approximation as
Find uy € V3, such that (4.3)
a(un,v) = (f(z,up),v), Yove VP '
and the iterated defect correction scheme of (4.3) as ([1])
Find u?,; € VY, such that (4.4)
a(ulyy,v) = a(ul,v) — {a(louf, v) = (f(z, ou),v)}, Yo eV, '

Assumed (4.2) satisfied, then there exists only one solution u, respectively, for (4.1)
and (4.3). In this section we will use the mean value formula in the following form
many times

flz,w) — f(z,v) = fulz, 0w+ (1 — 0)v)(w —v)

where 6 € (0,1) is a function of z and w, v. For simplicity, abbreviate the above formula
by

f(Z,’LU) - f(Z,'U) = fu(w - U)
and f(z,u) by f(u).

Theorem 4.1. Assumed (4.2) satisfied and v, = \/g—i— )\A_l\/g < 1, then (4.4)

exists only one solution up, and the following estimates are valid

[ —unlla < Clll2u - ulla (4.6)
lu —un|| < C- bl Lu — ull

Proof. For any w,v € V3, from (3.6) and (4.2), we obtain
aw = v, 1w — ) = (F(w) = ). hw =) = (12 o =2
—17w) = S =0l = (1= /2 oo — o2
o = 0l =0 = (1= /) o= o2

3 3 3
-1 2 _ Y -1 /< . 2
e [ (Y RSV T
=(1=)llw — ol (4.8)

That is, the strong elliptic condition is satisfied. On the other hand, for any wy, we,v €
vy,

la(wy — wa, [1v) — (f(w1) — f(w2), [1v)] < Cllwr —walla - [[11v]la + (| fu(wr —w2)| - |10
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<C - flwr —walla - [|v]la (4.9)

That is, the continuity condition is also satisfied. Hence by Lax-Milgram in the non-
linear form (4.4) has one solution.
Also based on (4.3) and (4.4) it can be seen that

alu —up,v) — (f(u) — flup),v) =0, YveVy (4.10)
It follows from (4.8) and (4.10)
(1 — ’yl)HIQU — uhHg SCL(IQU — Up, Il(Igu — uh)) — (f([gu) — f(uh), Il(Igu — uh))
=a(lou — u, Iy (Iou — up)) — (f(Lou) — f(u), [ (Tou — uy))
+ a(u —up, h(lou —up)) — (f(u) = fun), i (Tau — up))
:CL(IQU —u, [1 (Igu — uh)) — (f(Igu) — f(uh), Il(fgu — uh))
<C|l2u = ullq - [[lou — uplla + Alll2u — ul| - [ 11 (T2u — up) ||
<C||u — u|lg - [[T2u — up)|q (4.11)

Thus (4.6) is derived from the above inequality.
By using the mean value theorem, from (4.10) we derive

a(u —up,v) — (fulu —up),v) =0, YoV (4.12)

1
Let U = m(u —uyp,) and o € H(Q) be the exact solution of the following linear
— Up

problem
a(v, ) + (fu-v,0) = (v,¥), Vo€ Hy(Q) (4.13.)

Then taking v = u — up, we have, by using of (4.12),

lu —up| = a(u —up, 0) + (fu- (u—un),v)
= a(u—up, o — N1p) + (fu (u—up), o — Lip)
< C-hllu—uplla- [l (4.14)

Let us rewrite equation (4.13) as follows
a(v,¢) = (v,9) = (fu-v,), Yve Hy(Q).
Based on the priori estimate of generalized solution of the boundary problem we have
lellz < C -l fup + V|| (4.15)
Moreover with the positive definiteness of a(-, ) and (4.2), it can be derived from (4.13)
lella < C- ¥

Finally from this inequality and (4.15) we can obtain

el < C- 9] = C.
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Subsituting the above inequality into (4.14) results in the final estimate (4.7).
Theorem 4.2. Suppose that the hypotheses of Theorem 4.1 are satisfied and that
2 4
Yo = \/g—i-)\A_l\/g < 1, then the interpolation Iou?, | of the (i+1)th iterated solution

ul' y converges to the Petrov-Galerkin solution up, of (4.4) and the corrected solution
obeys the estimate

1 aufey — unlla < V245t [ Tauf — unlla (4.16)
Proof. From (4.5) it is obvious that
a(ufyy —uf',v) = a(u —uly,v) —{a(louf — Iuf ) = (f(I2uf') = f(Luiy),v)}

< a(u] —ul |, v) — a(lul — Lul y,v) + (fL(Lu] — Lul' ,),v)
h h h h h h
< g —wiy — To(ug —wiy)|la - Jvlla + Al[Z2(ug —wi )| - o]

200 h . ho o h
< \/gHUi —ul 1 [lallvlla + AT (] — ul ) la - vlla

< (\/g+AA—1\/§)\

Take v = ul,; — ul, then

h h
Uy — ui—lHa”U”a

h h h h i, h h
||Ui+1 = lla < volluy —uiqlla <0 < Yllut —uglla

As 79 < 1, it can be seen that {u?} is a Cauchy sequence of V;?. Hence there exists
@ € V such that |[ul — @||, — 0, for i — co. This derives

4
o — Byl < /2~ s — 0, for i — oc.
Take i — oo in (4.5), then
a(t,v) = a(u,v) = {a(l2u,v) = (f(120),v)} (4.17)

That is
a(lti,v) = (f(I20),v), Yo VY.

Consequently I>u is a solution of (4.4) and Isu = wup with uniqueness. This completes
the proof of first part of Theorem 4.2. On the other hand with (4.5)-(4.17) we have

a(uly — @,v) = a(ul — ,v) — {a(lul — L, v) — (f(Lul) — f(120),v)}
<a(ul — @ — Lul —a),v) + || f(Lul) — f(La)] |jv]
< ul =0 — ) =)o vlla + | fo(lul — La)|| - o]

2 N _ ~
<2l = ol + A = ) ol

2 /A ~ -
< (\/g+ AA 1\/;) Jult = dllalv]la < Yellul —allalv]a
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Write v = uf' | — @, then
s = lla < 2l = @lla < -+ <25 flug — lla

and by Theorem 2.2

. 4 . ; .
T2l — Iil]lq < \/%73“”1112(“3 —0)la £ V29| uf — Ll

This completes the proof.

Remark 1. When (2 is a concave polygonal domain, the all results except for (2.12)
of Theorem 3.1 and (4.7) of Theorem 4.1 are valid with some remedy.

Remark 2. Let

a(u,) = [ K(2,y)Vule,y)Vo(e, y)dody
Q
where K (z,y) is continuous and K (z,y) > ¢ > 0, then it is easily proved that

[ (U= 1)+ (Lo = Tyw))*ldady < Ky [ K[+ (1)) *ldzdy
and

[ K= 1))+ ((Fow = ) *ldady < K" [ KI((Tau),)? + (T, dady
3
’

Hence while h is sufficiently small, the theorems of this paper are valid for a(u,v) =

[ K@)Vl ) Vo(a, y)dady.

Q

2
where lim Kj; = —, lim K" =
h—0 3’ h—0
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