Journal of Computational Mathematics, Vol.15, No.1, 1997, 14-22.

L>* CONVERGENCE OF TRUNC ELEMENT FOR THE
BIHARMONIC EQUATION*Y
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(Department of Mathematics, Beijing University, Beijing, China)

Abstract
The paper considers the L> convergence for TRUNC finite elements solving
the boundary value problems of the biharmonic equation. The nearly optimal L
estimates for the error of first order derivatives are given.

The TRUNC plate element is proposed and developed by Argyris et al.. The nu-
merical experiences show that the element has very good results2. The mathematical
proof of convergence of the TRUNC element is given by Shi Zong-ci in paper [3]. This
paper will consider the L convergence for the TRUNC plate element.

1. The TRUNC Plate Element

Given a triangle T' with vertices a; = (zi,v;),7 = 1,2,3, we denote by \; the area
coordinates for the triangle 7" and put
Gi=wm—a3, S=x3—x1, &=z T2
m=Y2—-Y3, MN2=Y3s—¥y1, N3=Y1—Y2.

The nodal parameters of the element are the function values and the values of the two
first derivatives at the vertices of the triangle T'. According to paper [3], on the triangle
T the shape function is an incomplete cubic polynomial,

w = by A1 4 bodg + b33 4+ by A1 Ao + bs Ao A3 + bgAz Ay
+b7()\%)\2 — )\1)\%) + bg()\%)\g — Ag)\%) + bg()\g)\l — )\3)\%),

which is uniquely determined by the nine nodal parameters w;, w, (%), wy(2),7 = 1,2, 3.
The coefficients b; are determined as follows,

(1.1)

by =w;, 1=1,2,3,

by = —5{(ws (1) = we(2))& + (wy (1) — wy(2))n3},

bs = —5{(wz(2) — we(3))&1 + (wy(2) — wy(3))m},

b = —5{(wz(3) — we(1))& + (wy(3) — wy(1))n2}, (1.2)
by = wy —wy — %(wx(l) +wz(2))€3 — %(wy(l) + wy(2))ns,

bs = wa — w3 — (W (2) +we(3))&1 — (wy(2) + wy(3))m,

by = w3 —wy — %(w:c(3) +wz(1))§2 — %(wy(?)) + wy (1))n2
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The shape form (1.1) with (1.2) is another one of Zienkiewicz’s element. This
element is a C° element, nonconforming for plate bending problems, which converges
to the true solution only for very special meshes. The TRUNC element is obtained by
modifying the variational formulation.

Let 2 be a convex polygon in R?, f € L?(2). Consider the plate bending problem
with the clamped boundary conditions,

N2y =, in Q

| ou 0 (1.3)
u = — =

9= ON o0

The weak form of the problem (1.3) is to find u € HZ(f2) such that,
a(u,v) = (f,v), Vv e Hy(Q), (1.4)
where

a(u,v) = /(AUAU + (1 = 0)(2ugyVay — UgaVyy — UyyUsg)) dady,
Q

v) :/fvdxdy, (1.5)
Q

and 0 < o < % is the Poisson ratio.

Dividing €2 into a regular family Tj of triangular elements 1" with diameters hp < h,
and defining on each triangle T' the shape function in the form (1.1) and (1.2), w
obtain the finite element space V}. Then, the standard finite element approximation of
problem (1.4) is to find uy € V}, such that

ah(uhvvh) = (f> Uh)v V’Uh € Vh7 (15)
where

n(u,v) = Z/ (AuLv 4+ (1 = 0)(2UgyVey — UgaVyy — UyyVzg)) dzdy. (1.6)
T

The modification of variational formulation (1.6) is carried out as follows. Every func-
tion vy, € V}, can be splited into two parts,

O = Up + U, (1.7)

where
Uplr = a1 A1 + aga + agAg + asdidg + asAads + agA3Aq, (1.8)

representing a full quadratic polynomial on 7', and
vy, = ar(M g — MA2) + ag(A3A3 — AaAd) +ag(M3A — A3)?), (1.9)
being a cubic polynomial. Define a new discrete bilinear form,

bh(vh,wh) = ah(f;h,wh) + ah(fu;l,wﬁl), Yop, wp, € Vy,. (1.10)
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Obviously,
br,(vn, wr) = ap (v, wp) — ap(Op, w),) — ap (v, Wp). (1.11)

The solution, produced by TRUNC element, is exactly the one of a variational problem
to find uy, € V}, such that

br(up,vp) = (f,vp), Yo, € Vj,. (1.12)

2. Some Estimates

Before going to discuss the L convergence of the TRUNC element, we need some
estimates about it. For function v, € L*(Q) and v|p € H™(T),VT € Ty, define a

seminorm as follows,
ol = ( 3 Jonlnr)'/™. (2.1)

TeTy

Throughout the paper, C' is a generic constant independent of h.
From paper [3], we have the following lemmas.

Lemma 1. Let u € H3(Q) N HZ(Y) be the solution of problem (1.4) and uy, € Vj, be
the solution of problem (1.12). Then

llu — upll1,0 +h_1\u—uh]2,h < Ch2\u]3,g. (2.2)

Lemma 2. According to representations (1.7) to (1.9), the shape function is wy, =
wp, + wj,. Then
Wnlo,r + [whlor < Clwslar, (2.3)

for each T € Ty,
For T € Ty, we define the interpolation operator Il such that for Vo € H?(T), Ilpv
is in the form of shape function (1.1) and IlIyv, (II7v), and (IIpv), are equal to v, v,
and vy at the vertices of T respectively. For w € L*(Q) and w|r € H3(T),VT € Tp, we
define Iyw € L?(Q) such that w7 = Hrw.
Let (z9,%0) € Q be a fixed point, define the weight function p as follows,
p(x,y) = (z —20)* + (y — y0)* + A%,

For integer § and v € H™(T) and T € Ty, define

0w
oxt oyl

) 1/2
dxdy) . (2.4)

[Vl m,(8), 7 = ( > /p_ﬁ
T

i+j=m

When v € L?(Q2) and v|p € H™(T) for VT € T}, define

1/2
‘U‘m,(ﬁ) = (Z ‘U‘%m,(ﬁ)7T) . (2.5)

TeT)
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In the estimates involing the weight function p, the constant C' is also independent

of (xo,y0). For the weight function, the following inequalities,
Wl i) < Bl 3y, 7> B,
are true for v € L?(Q) and v|p € H™(T),VT € Tj. And
lo,ay < Cln b2 |vllosen, Vo € L®(Q),

(v, w)| < vlog) [0lo,—p),  v.w € L*().

For the interpolation operator Ilr,

v — oy 57 + [v — vl o), + |Trv) [k s).0 < CR*Fols 5.7,

hold for 0 < k<3, v € H3T), T € T},
For v,w € L*(Q) and v|r, w|r € H3(T), we define

0%v. Ow
E(v,w) = Z / [Av— (1 — 0)%]8—”&9.
TEThaT

Lemma 3. For each integer 3, the inequalities

(820, wh) = b (o, wh)| < Chlvls (g)|whla,—s),

|E(v, wn)| < Chlvls,s)|whla,—p)
|E(v =, wp)| < Ch(|v = Talz,5) + hlvls 5) lwnls,p),
|B(v, yw — w)| < Ch?[v]s 5)wl3 (—p),
are true for Vv,w € H3(Q) N H3(Q) and Yop, wy, € Vj,.

Proof. By the way used in [3] directly or alternatively, we get

(A0, wp) — b (v, wy)| < Ch Y |ulsrlwplar
TeTy

|E(v,@p)| < Ch Y |v]sr|whlar,
TETh

|E(v — 0, w)| < Ch > (Jv = Bplar + hlvlsr) wslsr,

TeTy,

|E(0, Tyw —w)| < Ch* Y [l r|wlzr.
TeTy

(2.6)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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On the other hand, for VI € Ty,

max p(x,y) < C min p(z,y). 2.15
(w)eTp( y) (W)ETP( y) (2.15)

Then the lemma follows.

3. The L* Estimates
In this section, we will prove the following theorem.

Theorem 1. Let u be the solution of problem (1.4) a nd uy, the solution of problem
(1.12). Then
[t — un)1 00,0 < CP?|In h"*|uf3 00 0, (3.1)

when u € W3(Q).
By the interpolation result!), we have

[t — un|1,00,0 < |t —pult 00,0 + [Hpw — upl1,00.0
< OR?Jul3000 + [Tt — up100,0- (3.2)

So we must estimate [IIyu — upli 0o0. Let T7 € Ty, be the element such that |IIu —
U |1,00,0 = [IIpu — up|1,00,77. Without loss the generality, suppose that

o(Ipu —u
Ipu — uplt corr = ’%IO,w,T’-
Let (x0,y0) € T' be the point such that
0 Hhu — Up, O(Hhu — uh)
AT =), e = [T ) ),

To prove (3.1), we need some results about the regular Green function. Let ¢ €
P3(T") satisfy

0
[ apdedy = plao.go).  Vpe BT (33)
T/
Define 8, € L?(Q2) such that,
_Jaly) (zy) el
on(®,y) = { 0 otherwise (3.4)

From Lemma 3 in [5], we have
hllonllog + 10k -1.0 + 10k llo,—1) < CAT". (3.5)
Let g be the regular Green function determined by

N%g =6y, in 0
Jg 0 (3.6)

gloa =zl =
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and gy be its finite element solution by the TRUNC element, i.e.,
bn(gn,vn) = (On,vn).  You € Vp. (3.7)
From (2.2) and (3.5), we get

g — gnllio + hlg — gnlon + R*|gls.o < Ch. (3.8)

By the way used in [5], we have

lgllz,o + 1gl3,(-1) < C|In h|M2. (3.9)
Lemma 4.

g — Thglo,—1) < ChIn h|'/? (3.10)

119 — gnla,—1) < Ch|ln ¥/, (3.11)

Proof. Inequaltity (??) follows from (??) and (2.9). Now we prove (??7). For
v,w € H?(T) and integer 3, we define

ar(v,w) = /(Av&w + (1 = 0)(20py Wy — VpgWyy — VyyWeyz)) drdy
T

arg(v,w) = /p‘ﬁ(AvAw + (1 = 0) (2UpyWay — VeaWyy — VyyWay)) drdy.
T
By Leibniz’ formula, (2.8) and the inequality

dp2  0pa2
— — " <4 3.12
|8x| + |8y < 4p, (3.12)
we obtain
ar,—1(v,v) < ar(v, pv) + Clvly 1 —plvlir — 2(1 +0) / Avvdrdy (3.13)
T

It is easy to prove that for vy € V}, the following inequality is true,
lonl57 ) < Clazg(0n, 1) + arp(vy,, vp)), VT € T (3.14)
From (?7), (??7), (2.3) and (2.15), we derive that

only 1y < C Y lar—1(On, Bn) + az -1 (vh, v},)]
TeTy

< C{ an(@n, o) + an(vh p04) + [T, -1y B0 + [vh |2,y vhle

+H Y / ATpopdady + Y / szvzdfcdy\} (3.15)

TETy TETL T

< C{ an(@n, o) + an(v} po4) + [onlo, -1 onlr0

+ > /A@hvhda:dy] +1 > /(Avﬁl — Aff)h)fuﬁlda:dy]}.
TEThT TEThT
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Then we get, from (2.3) and (2.9),

\Uh\g,(_l) < C{ an(On, pon) + an(vy,, pvy,) + [vnla, 1) [vRl0

3.16
+h2]vh]%7h+] Z /A@hvhda:dy]}. ( )

TeTy T

By similar way used in the proof of lemma 3.5 in [3] and the fact that v, € H (), we
have
| Y [ Atwndady] < Chlunlsalonlan (3.17)
TeTy T
and then

[onl3 1y < C{ an(On, pon) + an(v}, pvy) + lonla, -y om0 19

+R?|vnl3 , + h!’l}h\m!’vh!z,h}-

For vy, € Vi, Iy (pvp,) € V. Then from (2.3), (2.8) and (2.15), we get

|an(Tn, pon) + an(vh, pvp,)| =[bn(vn, M (pvn)) + an(On, pon, — L (pvn))
+ ap(vp, pvi, — (Ma(pvn)))|
<|bn(va, 1 (pn)| + 1O8]2, =1y lp0n — Tapvn) |,
+ [Vhl2, =1y lovh, — (M (pvn))[2,0)
<|bs (vh, I (pvn)| + Va2 <1y (IR — T (pvn) |2, 1)
+ |pvp, = (W (pvn))l2,)-

Set PY: L?(T) — Py(T) be the L?(T') orthogonal projection operator and P, : L?(Q) —
L*(Q) defined such that for v € L?(Q), Pyv|r = P?(v|r),¥T € Tp. Then from (2.?)
and the inverse inequality of polynomials,

PO =101 (pon) 2,1y = [(p — Prp)on — n((p — Pap)vn)la)

<|(p = Prp)(@n — vi)la, 1y + [(p — Pup)vn — Tp((p — Pap)vn)lan)

<C(h|vplan + |vnl10),

lpv, = (M (pvn))'|2,0) =I(p = Pup)v, — Ma((p = Pup)ow))' |2,y
[(p = Pup)vpla,qy + [(Ta((p = Pup)ow))' |2 )
(

IN

IA

|(p = Prp)vnl2,qay + Chl(p = Pup)vnls )
SC(h|Uh|27h + |Uh|1,Q)-
Thus we get

|lan(n, pO) + an(vh, poy)| < [bn(vn, Ia(pvn))] + Clonls (—1) (hlonlon + [vale). (3.19)



L™ Convergence of Trunc Element for the Biharmonic Equation 21
By (2.11), we have
b1 (Thg — gh, T (pon)| =1ba(TTng, T (pvn)) — (A%g, Tk (pun))|
<Chlgls 1) Tn(pvn)l2,a)-
On the other hand,
TLn(pvn)l2,1) < Clpvnlz,a)
< C(lvnlg,—1) + lvnlia + lvalo,a))
< C(|onla, -1y + lonlie + 10 B2 [uglo.00.0)-

From [4], we know that
[Vhlo,00,0 < C 10 h[Y?|vh]1,0,

therefore,
b (TThg — gh, i (pvn)| < Chlgls,—1)(Jvnlz, -1y + (1 + [In A])|val10). (3:20)
Combining (??) to (??) with v, = IIg — gp, we get
Thg = gnl5 1) < C{h2|Hh9 — gnlap + hhg — gnl.alThg — gnl2n
+ hlgls,—1)(1 + [In A])[rg — gnl1.0
+ Mg — ghla, (1) (hlonlo.n + [Tag = gnlio + Blls 1) }-
By (2.7), (2.9), (3.8) and (3.9), we have
Thg — gnl3, 1) < CR*(1 4 |In h|(1 + |In h['/?)). (3.21)

Inequality (?7) is proved.
From (3.3) and (3.7), we see that

hu — upl1,000 = [0 (gn, hu — up)|. (3.22)
From (1.11) and (1.12), we have
br(gn, Tht — un) = an(gn, Mpu) = an(Gn, (Mpu)') = an(Myu, g;) — (A%, gp).
From [3] we have
an(gn, (pw)') = E(gn, (Hpu)’)
ap(Ipu, g) = E(Myu, gp)

(A2u7 gh) = ah(ng u) - E(urgh)'
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Then
b (gn, Tpw — up) =ap(g — gn,u — Mpu) — (A%g,u — yu) + E(u — Myu, gj,)
+ E(g = gn, (Mnw)") + E(u, gn — TTng) + E(u, g — g)
+ E(g,Thu — u) + E(u, g) + E(g, u),
Noticing E(u,g) = E(g,u) = 0, by (2.8) and (2.12) to (2.14) we have,
b1 (gn, Ty — un)| < C{lg = gnl2, 1)l — Tpulz, 1) + 100, 1) [u — Tyulo )
+ hz’“\?,,(l) 9l3,(=1) + h(Ju — H—hub,(l) + h\ub,(l))’gﬁb,(—l)
+ h(lg = Gnla,—1) + h|9|3,(—1))|(Hhu)/|3,(1)}-
From (2.9), (3.5) and (3.9) to (3.11), we derive that
[bn (g Tt — un)| < CR2Julg 1) (1 + [In A¥* 4 |ghl5 1)) (3.23)
Using the inverse inequality of polynomials and (3.9) to (3.11), we have
|9h13,(—1) < Clgnls,—1) < C(Thg — gnls,(—1) + [Trgls,—1)
< C(h™Ing = gulo, -1y + | In A['/?)
< C|In h¥/1,
From (3.23), (2.7), we derive that
105 (g1, T — up)| < Ch?|ul3.00.0|In 2[>/* (3.24)

Inequality (3.1) follows from (3.24), (3.22) and (3.2).
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