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Abstract

Smooth interpolants defined over tetrahedra are currently being developed for
they have many applications in geography, solid modeling, finite element analysis,
etc. In this paper, we will characterize a certain class of C! discrete tetrahedral
interpolants with only C' data required. As special cases of the class characterized,
we give two C! discrete tetrahedral interpolants which have concise expressions.

1. Introduction

The purpose of the paper is to characterize a certain class of C'! discrete interpolants
defined over tetrahedra with only C! data required. We assume that a polyhedral
domain in three-space or a set of 3D scattered data have been tessellated into tetrahedra
with any two of which share only one face. As for this preprocessing stage, one may refer
to [2] and [3] and here we omit it. In the paper, we only describe the characterization
of an interpolant over a single tetrahedron for the interpolants have the same form.
Now we begin our paper with some conceptions and notations.

A discrete interpolant P is said to interpolate a linear functional £ if LPf = f for
any function f. For simplicity, we sometimes use P to denote Pf for any function f
being interpolated. Denote a general tetrahedron by V' with vertices V;, i = 1,---,4.
Denote its faces by F;, i = 1,---,4, with F; opposite to vertex V;, and edges by E!,
Jj # i, with E} opposite to vertices V; and V;, i.e.,

Elt)=1 -tV +tV, kil#i4,5, k#IL

(2

Denote edge vectors by e;; = V; — V;. Furthermore, denote(see Fig.1)

ni-el- ; ; €ik " €kl
n,=e; — —+—nl, nl=ey— 2 e (1.1)
i i b l J
n; - n, €jk * €5k

where (i,7,k,1) € A = {(1,2,3,4),(2,3,4,1), (3,4,1,2),(4,1,2,3)}, then the direc-
tional derivative is computed to be
Ob; Ob; _ mj-ey ej-en

—_— =1 = 4 . 1.2
on; T on, ni-nt e ek (1.2)

* Received January 19, 1995.



150 X.C. LIU

8bk o TL% c€lp €kt €l abl _ ’I’l; * €l

on;,  mni-nt er-ej’ On; ni-n’
where (b1, b, b3, by) is the barycentric coordinate of a point P on tetrahedron V:

P=bVi +bVo +b3V3+b4Vy, by +by+bs+by=1.

%1
€41
€21 n
g [ Vi
n;
/1
ny €34
V2 V3
€23

Fig. 1 Notational conventions on a tetrahedron

2. Interpolation Requirements

Our goal is to characterize the set of discrete tetrahedral interpolants P which
satisfies the following requirements:

(2.1). P forms C' joins with adjacent interpolants.

(2.2). P is locally defined, i.e., evaluating the interpolant at a point within a
tetrahedron domain requires only data defined on it. This ensures that local changes
in the data will only have local effects.

Usually, the construction of a C! tetrahedral interpolant requires the positions and
the first derivatives at vertices of the tetrahedron. But the above information is not
sufficient to insure C'! joins with adjacent interpolants. We restrict P to satisfy

(2.3). P interpolates some cross boundary derivatives in addition to the positions
and the first derivatives at corners. In order to maintain the interpolation precision
and shape fidelity, we insist that

(2.4). P has cubic precision, i.e., P reproduces any trivariate polynomial up to
cubic degree.

Because a great deal of flexibility can be obtained by using rational functions, we
also insist that

(2.5). P is a rational polynomial in form.

Finally, due to aesthetic reasons we insist that the form of the interpolant P is not
affected by the ordering of the tetrahedron vertices, that is:

(2.6). P is of tetrahedral symmetric form.
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In terms of linear functionals, the interpolation properties (2.3) of P can be ex-
pressed as follows:

Fif = f(Vp), 1=1,2,3,4.
af . L
7—75' = ) ) :17273747 )
i = 5w, vy e j#i (2.7)
Nef = of a=1,234 i#a p=1,2 s
p ang ng )&y ’ )Ly ey 9y

here D, are some vectors on face Fy and Py = P!, some points on edge E where
cross boundary derivative evaluations take place. From the cubic precision (2.4) and
fact(derived from (2.3)) that P restricted on edge Ef* interpolates Fj, Fy, T and Ty;,
we conclude that Pf is a cubic on each edge of the domain tetrahedron. Without loss
of generality(for details, see [1]), we suppose points P and Pg are not equal for p # ¢
and vectors Dj are perpendicular to E7*, and their arrangement is symmetrical about
the edge midpoint.

3. Cardinal Functions

Denote
wi(V) =b2(3 —-2b;), i=1,2,3,4,
wij(V) = b2b;, i,j=1,2,3,4, i#j, (3.1)

wljk(v) = blb]bka (iaj7 k) € {(17 27 3)7 (27 37 4)7 (37 47 1)7 (47 17 2)}7

then we have

Theorem 1. The first sizteen functions of (3.1), w;, w;;, are cardinal with respect

to the first sizteen linear functionals of , F;, T;j, respectively, where i,j = 1,2,3,4,
1 # j. This is,

{ Fjwi = wi(V;) = bij,

ow;
7; i = — =Y '7
S -y P
and
{ Frwij = wiz(Vi) =0,
8&)2']' o
ﬁlwij = m}% = 5zk5yl7 I # k.

Corollary 1. The twenty functions of (3.1) form a basis for the trivariate cubic
polynomials.

Corollary 2. The interpolant C formed by the linear combination of the first sizteen
linear functionals of (2.7),

4
C=Y wiFi+Y wiT;
i=1 i
= w11 +woFo + w3F3 + waFy + w1712 + wizTi3 + w4714 + wo1 o1
+ w23T23 + wasTos + w31731 + w32T30 + w34 T34 + wa1 Ta1 + wanTao + wazTy3
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interpolates these linear functionals.
The proofs of the above three results are similar to those of [1] and [4] and thus are
omitted.

4. Characterization of the Interpolants
The first characterization of the set of discrete tetrahedral interpolants P satisfying
(2.1) through (2.6) is
Theorem 2. If P is an interpolant which satisfies (2.1) through (2.6), then P has
the following form

P=C+ b2b3b4 Z Z j}p./T/’ilp + b3b4b1 Z Z j?pﬁfp

i#1 p=1 i7#2 p=1
s 3 S
+ bgb1bs Z Z j?pﬁip + b1b2b3 Z Z j?pﬁ?p
i#3 p=1 i#4 p=1
S
_1 =
=C+ > bbb Y. > 3N,
Z7]7k7l q¢l p:1

where ./T/'ép = ./\/'Z-lp(I —C), and iﬁp is some unspecified trivariate rational function. (I
is the identical operator)
Proof. P is of cubic precision, and C is a cubic interpolant, thus PC = C and

P=P+C—PC=C+P(I-C).

Since P is the linear combination of F;,7;; and /\/Z‘;‘, with rational polynomials as coef-
ficients, the form of P(Z — C) is simpler and is the combination of N} (Z — C). This is
due to the fact that F;(Z —C) = F; — F;C = 0 and 7;;(Z — C) = T;; — 7;;C = 0. Thus,
P(Z — C) only contains linear functionals N Z; = NG(Z - 0).

Now restrict our consideration to each face of the tetrahedron, for example, by = 0.

First, P|,,—o is a univariate cubic polynomial from cubic precision. Since a univariate

b1=0
cubic polynomial is uniquely determined by the position values and first derivatives at

the two ends, we have P = C on each edge, i.e., P(Z —C) = 0 on each edge. Note
that P(Z — C)|p,—0 is a rational polynomial, so P(Z — C)|p,—0 contains by, by and b3 as
factors. Hence, we can write

4 s
P(T = C)lpymo = bibaby > 3>z Ny

a=1i#ap=1

From the local property, P(Z — C)|p,—0 should be independent of the A g,, for a # 4.
Thus,

P(T — C)lpymo = bibabs S S a4 N,

1#4 p=1

P(Z — C) is rational polynomial, so P(Z — C) can be rewritten as
P(Z—C) =P —C)loy—0 + b3Q4
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with ¢ > 0 and either Q4 = 0 or Qy4|p,—0 # 0. Again from the symmetry, it follows that

4
P(Z—C)=>_ P(T—C)lp=0+ (brbabsbs)'Q
i=1
= 3 bbby S ELN, + (bibabsba)'Q
(i,j,k,l)EA p=1

with £ > 0 and either @ = 0 or Q|bi:0 #0,1=1,2,3,4. From P(b1bobs) = b1babs,
C(brbobs) = 0 and N, (bibabs) = 0, for o # 4, we have

bibobs = bibobs > & N i (b1babs) + (b1babsbs) Q(bibobs)
p=1

i.e.,

1= 3" 2L N} (bibabs) + (bibabs)''b5Q(b1babs)

p=1

Since Z f;le?p(blbgbg) and Q(b1bebs) do not contain by as a factor, thus £ = 0. But this
=1

is impi)ssible, therefore, Q(b1bobs) = 0. Similarly, we have Q(bobsby) = 0, Q(b3bsb1) =0
and Q(bgb1b2) = 0. Besides, it is not difficult to show QC = 0. Combining these
equalities, we get Qf = 0 for any cubic f. This means Q = 0 for Q is the combination
of F;, T;j and /\fg Thus the proof is complete.

The final characterization of the interpolant is as follows:

Theorem 3. If P is an interpolant which satisfies (2.1) through (2.6), then P has
the following form

s ! ! !
Poct Y bt (bid; fipN b + bsbr iy Nip + 015, N 5p)
= (4] s 1 LAl LAl ’
(i,,k ) €A p=1 (0ib; fipCiop + bibrFipcip + bibifjpChp)

where cé, ./T/'élp(bibjbk). The weight functions {filp} satisfy the symmetry of tetrahedra

(i,,k,1) €

p =
and zero conditions: fl-l,p = Z-l,p(bi, bj,by) are zeros on all Pl-l,q other than Pl-l,p,
A, i e i, g, k}.

Proof. From Theorem 2, we have

P =C+biboby Y S F NG +babsby >3 LN

i#4 p=1 i#l p=1
S S
_ 2 _ 3
+ b3bsby Z Z x?pﬁip + bab1 by Z Z x?pﬁip‘
i#2 p=1 i7#3 p=1

Applying P to function bybebs, we can get, from P(bibabs) = b1babs, C(b1b2bs) = 0 and
N (brbabs) = 0,

3 s
1= Z Z Lf?pﬁ?p(blbgbg)

i=1p=1
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Let :iélp / g, for all z¢ , where :E;lp and g are polynomials about b1, by, b3. Then

ip>

Y b,

i=1p=1

here we denote cf‘p = ./\_/'?p(blbgbg). Now let us consider the cross boundary derivative
oP

ony’
P ac 0 Z? 1 Z; 1 954 N
s - b1b2bs3
Ony 1ba=0 Ony lba= 8” =1 Z Zp zp by=0
| , 1 _1 ' N2 s 3RS
+ <bzb3 Zif1 Zpol . 1 E +b3by Lz Zp = 5 2Zp +0ib S g 32p>
Zz;él Zp 1 TipCip 22#2 ZP 1 LipCip 227&3 Zp 1 :Elp P/ 1ba=0

In order to satisfy the C' and local properties, z&, for o # 4,4 # a4, should contain

b4 as a factor. Thus,

Zp’

S5 (babs FA NS, + by f& Ny, + biba fi N'3.)
Zp 1(b2b3f1p61p + b3b1 f2p62p + b1b2f3p63p)
Z}S):l(b3b4f21p'/\/2p + b4b2f§pN3p + b2b3f4pN4p)
_1(b3baf3,c5, + baba f3,c, + babs fi,ch)
> (b451f§p/\/3p + b1b3f42pN4p + b3b4fle1p)
_1(babr f3,¢3, + bibs f7,c, + bsbafT,cT))
Z (blbgf4pN4p + bgb4f13pN1p + b4b1f23pN1p
_1(biba 3,8, + baba fi,cl, + babi f3,c3,)

P =C + bibobs

+ babsby

+ b3baby

+ bab1bo

Without loss of generality, let us calculate the cross boundary derivative of P(Z — C)
on edge Ef:

s Ve s AL
Z?P(I — C) Zp:l f{lelp by 1 bybs Zp:l f41pN4p

ba=0 = b203~=3 4 4 s I 1 -
ony b1=0 Zp:l flpclp ony Zp:l f4pc4p

From the interpolation properties of P, pr and ./\flq, Nip and N41q, p # q, are inde-
pendent of each other. These will happen only if flp is zero on {Pflq} other than P14p
and fj, is zero on {P,} other than P} = P . Finally, the symmetry of f}, and fj,
are derived from (2.6).

5. Application

In this section, we use Theorem 3 to give two discrete C'! interpolants over tetra-
hedra, one with cubic precision and the other quadratic precision.
(1) A discrete C! tetrahedral interpolant with cubic precision
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We are interested in creating a discrete C'! tetrahedral interpolant which interpolates
the positions and gradients at the vertices of a general tetrahedron, in addition to the
perpendicular cross boundary derivatives at midpoints of its edges(see Fig. 2). For
simplicity, we omit the second subscripts of N, N f;, and ¢, since only one cross

boundary derivative is required at each edge. Thus we have

o 0
N = on® |E2(1/2)’
1
and ¢ = 7 for all possible 7 and «. The choice of weight functions f{* should be f* =1

for no zero conditions are needed in this case. Hence, the C! tetrahedral interpolant
with cubic precision can be expressed as

babs N + bybi Ny + byboN3 . bsbi Ny + bybo N5 + bobs N
bob 4 babi bk T bty + bobs
baby N + bybsN s + byby N> - b1bo N5 + bybs N> + byby N

byby + b1bs + b3by - dbabib b1by + boby + baby

P = C + 4b1babs3

+ 4b3bgbq .
(5.1)

Fig. 2 The data required for the interpolant with cubic precision: filled circles denote posi-
tion values, arrows denote given directional derivatives.

Now we show (5.1) is a C'! interpolant. To this end, we calculate the cross boundary
derivative of P on the face Fy. It is not difficult to obtain

oP oc 1 2 3
— =— 4bsb 4bsb 4b1b
o - on, b4:0+ 2 3N4+ 3 1N4+ 1 2N4
0 bgbgﬁ? + bgblﬁg + blbgﬁg
+ —(4b1b2b3 )
Ony bobs + bsby + b1ba
and
oc; e eeyLaC . Lop 0P 0P
Onalbi=0 ~ ong 1120 ang =0 any =0T Mg v T P anglve T Bong v
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b3
—6by(1 — bl)ﬂf1 — 6by(1 — bg)ﬁﬁ — 6bs(1 — bg)— s £
ony ony Oony
Combining these two equalities, we have
op,  _9P 9P OP | 9P 2 OP anP
Ony 1ba=0 _8714 2328 8714 b4_0 ongy ggig 187’14 \%1 287’14 8714
ob b ob
— 6b1(1 — by) 1}"1—6b2(1—b2)—2f2—6b3(1—b3) 3]-"
b b b
— dbyby 5 L Nl Abgby 2 Ny — Abyby = Ny
8 (7 a Yy
0 bgbg/\/l + bgb1N2 + b1b2N3
— (4
* ony ( b1b2bs babz + b3b1 + b1bo )

Thus we can conclude from the above equality that (5.1) is a C! interpolant.

This scheme requires a user to supply not only the values of positions and gradi-
ents but also cross boundary derivatives on each edge of the tetrahedron. However,
sometimes it is difficult to supply cross boundary derivatives. So we will construct a
condensed version of the above interpolant which can relieve the user’s need to supply
any cross boundary derivatives but at the sacrifice of precision to only polynomials of
degree up to two.

(2) A discrete C! tetrahedral interpolant with quadratic precision

For this interpolant, the supplied data are only values of positions and gradients at
the vertices of the tetrahedron. We need to construct the approximations of the cross
boundary derivatives at edge midpoints. In fact, we only need to give the approxima-
tions of N/ ;x Without loss of generality, we construct N'; and N,.

Notice that the cross boundary derivatives along each edge are univariate quadratic

to be linear. This

4 1 oP

olynomials, we can determine N'; and N, by enforcing —| .

poly W 1 a4 DY g on,; | B9 1)
can be realized by setting

oP 1,0P oP
any E}1/2) §(a—m EL(0) ong Ei(l))7 (5.2)
oP 1,0P oP
ony B}1/2) 5(8—714 EX0) ony E%(l))' (5.3)
Thus, from (5.2) we have
oc 4 Oby—1  1,0C oc
any 1B} (1/2) TN+ G—mN4 2 (8n1 E}0)  Ong E;(l))’
ie.,
—4  Oby oc oc oc
Y - . A4
Nl on N4 (a’l’ll onq VS) onq 1(Va+V3)/2 (5 )
In the same way, from (5.3) we have
by oc oc oc
3n4N4 Ni= (0n4 ony VS) T Ong (Ve va)2” (5.5)
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Since the cross boundary derivatives at any point E}(t) is computed to be

oC 0bs obs 2
— =6t(1 —t)——F5 + 6t(1 — t)——F: 1 —t)“T:
on1E}(t) ( )anl 2+ ( )anl 3 +( ) 21
Oby 9 Obs 9 Oby
+ (2601 ) o (1= 1) 8n1)T23 + (1= 1) STy
ob ob ob
2 2 02 _ 9% 2974
+ 12Ty + (t o 20 t)anl)ng 5 T,
oc Oby 0bs oby 9
T 61—t 2R 6t — )22+ L (1 - 1)
Ong EL(t) ( )871,4 > + 6t )8n4 3 8n4( )T
8[)2 2 8[)3 2
+ (2t(1—t)a—n4+(1—t) 8—7’L4)T23+(1_t) Toy
—tT: t"—— +2t(1 —t)=— ) 1: tT:
+ On,! st +( ons + 2t( )8n4) 32 + t° T3y,
it follows from (5.4) and (5.5) that
Ob, Oby Oby \—1
N?—(Cl—a—mCQ)-(l—a—nla—m) ) 56)
Nl_(c_%c).(l_%%)—l '
N 2 8714 ! 8711 8n4 ’
where
3 0bo Obs 1 1 Oby  Obs
1 = _58—7L1F2 + a—an3 + ZTzl + Z( - 28—”1 + a—m)T23
1 Oby 1 1/ 0by Obs 1 0by
+ Za—anm + ZT31 + Z(ﬁ—m - 28—m)T32 + Za—anM’
3 0by Obs 1 0by 1 Oby  Obs
©= 28n4F2+8n4F3+48n4T21+4( 26?14 +8’I’L4)T23
1 1 0by 1/ 0by Obs 1
+ 4T24 + 48n4T31 + 1 (8714 28n4)T32 + 4T34.

Thus, combining (5.1) and (5.6), we get a condensed scheme with quadratic precision.

6. Conclusions

In the paper, we have characterized a class of discrete C! tetrahedral interpolants.
Furthermore, two C! discrete tetrahedral interpolants, one with cubic precision and
the other quadratic precision, are created.
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