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Abstract

This paper discusses the optimal preconditioning in the domain decomposition
method for Wilson element. The process of the preconditioning is composed of the
resolution of a small scale global problem based on a coarser grid and a number
of independent local subproblems, which can be chosen arbitrarily. The condition
number of the preconditioned system is estimated by some characteristic numbers
related to global and local subproblems. With a proper selection, the optimal
preconditioner can be obtained, while the condition number is independent of the
scale of the problem and the number of subproblems.

1. The Construction of Preconditioner

Let © be a polygon domain in R?, f € L?(Q). Consider the homogeneous Dirichlet
boundary value problem of Poisson equation,
—Au=f, in
(1.1)
ulpg =0

Assume that, for domain 2, there are a coarser subdivision Ty with mesh size H
and an another one T; with mesh size h, which is obtained by refining Tg. The both
subdivisions satisfy the quasi-uniformity and the inverse hypothesis.

For a given element T, P,,(T) denotes the space of all polynomials with the de-
gree not greater than m, Q,,(T) denotes the space of all polynomials with the degree
corresponding to x or y not greater than m.

Let Vi and V}, be some nonconforming finite element spaces corresponding to T g
and T}, respectively. For problem (1.1), the nodal parameters on the boundary o) are

all zero. For finite element spaces V;, and Vi, the finite element equations for problem
(1.1) are

ap(un,vp) = (f,vn), VYop € Vi, (1.2)
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ag (W, o) = (f,07), Wl e vy, (1.3)

respectively. Where (-, -) is L?(Q) inner product and

oudv Oudv
Z/ 8x8$ aya)d zdy,

TeTy
8u ov  Ouov
Z / Or O 8787>d zdy.

For v € V}, denote the vector of its nodal parameters by Cj(v), and for v € Vj,
denote the vector of its nodal parameters by Cg(v). Thus, equations (1.2) and (1.3)
can be written as

ApCh(up) = Fy (1.4)
ApCr(u?) = Fy (1.5)

where Aj, Ap are the stiffness matrices corresponding to problems (1.2) and (1.3)
respectively, and F}, Fg are the loading vectors.

Now consider how to solve (1.2). The Preconditioned Conjugate Gradient method
(PCG) would be used. So the preconditioning matrix @ needs to be constructed.

Let {w1,ws, - ,wn} be a domain decomposition of Q, i.e., Q@ = UM @y, and w,, N
wp, = B(m # n). For each wy, it is extended to Qf, such that the boundary of € is
consists of the edges of Ty, and

dist {ka, 8Qk} > L, (1.6)

where L is a fixed positive constant. For each element T' € Tj, the number of subdo-
mains Qj, containing 7' does not exceed a fixed number.

Corresponding to Tp, a subdivision of €2 can be obtained, and the corresponding
nonforming finite element space is denoted by V}, ;.. The corresponding finite element
equation is

ag(ug,vr) = (f,ve)k, Yor € Vg, (1.7)

where (-, ) is L?(£) inner product and

(9 0 Ouy, 0
ar(uk, vg) = Z / 5;: (‘;f auk avk)da:dy.
TET,,TCO 4

The stiffness matrix is denoted by Ay.
Let Ej, be the zero extension operator from Vj, i, to Vj, i.e., Vo, € Vj, 1, VI' € Ty,

Uk|T; T C ﬁk
Jo o (1.8)

0, otherwise
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For vy € Vi, its nodal parameter vector is denoted by Cj(vg). In the sense of
nodal parameter vectors, a mapping matrix Ej is given, that is

Ch(Ek’Uk) = Eka(’Uk), V’Uk S Vh,k- (19)
Let Iy be a linear operator from Vg to Vj,. Let Iy be the matrix such that
Crh(Igv™) = 1gCx (), Vol € vy. (1.10)

The expression for the inverse Q~! of the preconditioner Q is defined as follows,

M
Q' =1gA 1+ > E A 'E], (1.11)
k=1
while Q7! is symmetric and positive.

In the PCG iteration, only Q! not @ will take part in the operation, the expression
for @ is not necessary. The process of Q! is to solve the finite element equations on
coarser subdivision and the subdomains simultaneously. The computing is fully parallel.

The convergence of PCG method is dependent on the condition number of matrix
Q~'A;. Smaller the condition number is, faster the convergence is. The condition
number of Q~'Aj, is bounded by the ratio of the upper bounds of the generalized
Rayleich quotient

(ApQ 1 ApCh(v), Ch(v))
(AnCh(v),Cr(v))

R(v) = Yv € Vp,. (1.12)
to the low one.

The remainder of the paper will give the linear operator Iy for Wilson element, and
estimate R(v) and get the bound of the condition number.

Throughout the paper, C' always denotes the positive constant independent of H,
h and the choice of the subdomains.

For a set G € R? and an integer m, Sobolev semi-norm is denoted by | - |m.,q. For
subdivisions Ty and Ty, define the following discrete Sobolev norms,

= (X 1 Br) s hn= (X 1 Rr)

TeTy TeTy,

2. Wilson Element

In the case of Wilson element, the subdivision elements are rectangles. Wilson
finite element space Vj, = {v|v € L?(), v|r € Py(T), VT € Ty, and v is continuous
at vertices of Tj, and v vanishes at the vertices on dQ }. Similarly, spaces Vi and V},

can be defined. The function v of Wilson space is uniquely determined by its values at
2 2

the vertices, and the values of —wv and ——wv on all elements.
ox 0y
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The bilinear interpolation operator using the function values at the vertices, for
element 7T, is denoted by QlT. Q}q and Q}L are the interpolation operators corresponding
to Ty and Tp, respectively.

For all v € Vi, define Igv € Vj, as follows,

1. Ixv equals to Q}{vH at the vertices of Ty,.

2. For each element T” of T}, there exists an element T' € Ty with 77 C T', then

0? H H §? 0? H 02

H H
- i , =
v, v | h Oy?

_ 1o H
g2 1Y I = h Oz2 Oy? vl

Before estimating the condition number of Q~'A, some preparation results will be
given.
Lemma 1. There exists a constant C' independent of H,h, such that,

W — It < CHY ™0 ) g, m=0,1 " € vy (2.1)

Proof. For a given rectangle T, its four vertices are denoted by A% (1 <i < 4). It
is easy to show that for arbitrary element 7 in Ty or in Ty,

4
glrlie < {1l +17F (5 <[ SA])} < o 22

Shr<{ > |p<AZ‘T>—p<A4>|2+|T|2(\§3§\2+\22;3\2)}sc|p%,T, (2.3)
1<i,j<4

are true for all p € P»(T), where |T'| is the area of T'.
Now let v/1 € Vi and T € Tpg, then from the definition of I and (2.2),

4
W -1 = S IR <c Y { R0 - o) (Ab)P
SeT,,SCT SeT,,SCT i=1

+ hG(‘aa;(UH — IH’UH)‘S‘Q + ‘;;(UH — IHUH)‘S‘z)}

4
=0 > {Xr@k - Qi (Ap)P

SeTy,SCT =1

(RN (e )

0? 92
<0 3 {1@h= Qi s+ s (g i+ 50"}

By the interpolation property and the inverse inequality, one gets

W = I < CHPME {1+ Y wHT
SET,,SCT
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Since the number of the elements contained in T' is bounded by CH?/h?, one has
[ — Iy [§ 7 < CH?|0" 3 . (2.4)
From the definition of Iy and (2.3),

S oW -mfEe<o Y Y (07 - o) (Ak) - (07 — o) (AL
SeT,,SCT SeT,,SCT  1<i,5<4

+ h4(‘§;(v[{ — IHUH)|5)2 + ‘;;(UH — IH’UH)|S‘2)}

=C Z { Z ‘(Qllz - Q}L])UH(AQ) — (Q}ll _ Q}{)UH(A%‘)‘z

SETL,SCT ~ 1<i,j<4
2 2
1 (1= 20 (g lel + |5z}

9?2 H?
<0 B e-an i ol + o)
It leads to

> W - IR s < Ot (25)
SeT,,ScT

Lemma 1 follows from (2.4) and (2.5).
Lemma 2. There exists a constant C' independent of H,h, such that,

W g < ClIgv |, Y € Vy. (2.6)

Proof. Let v € Vj, and T € Tg. (2.3) gives

<o X 1) - o e (| o] + 2 el))

1<ig<a 0x? Oy?
1, Hypi 1, H( 4y 2 1P w219 m
=o{ 3 @i (4h) = Qi (Aq) P + 1 (| 5o [+ |50 e ) }
1<i,5<4
< C{Ql -+ 1| 2o e ]+ e )

82

Oz2

C{ Sl s+ H4(‘
SeT,.ScT

ol > > [QhvT(A) - Qv (A2

SeTy,,SCT 1<4,j<4

e (| Lo | o))

el + | 250t}

IN

ox
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=cf Y (a4l - Lo ()P

SeTy,SCT 1<4,5<4

o lel ]}

+H4<‘8x2

Noticing that H?/h? is not greater than the number of elements in T; which are
contained in T, one gets, from the definition of Iy,

WRr<c 3 {0 av(Ab) — o™ (AL)2

SET,,SCT  1<i,j<4
(| 20l |25 a[))

<c Y X (Al - o (4

SeTy,SCT  1<i,j<4

(et [ L)

Combining (2.3) and the above inequality, one has

H H
e <C Y s (2.7)
SeT,,SCT

Lemma 2 follows.
Let P : L?(Q) — Vy is the orthogonal projection operator in the sense of L?(f2),
that is, for v € L?(Q2), Pv € V and

(v,v7) = (Pv,v®), vl € Vy.
Lemma 3. For allv € H}(Q), the following estimates are uniformly true,
v — Polpy < CH" ™|y g, m=0,1, (2.8)
|Pvl g < Clv|1,5. (2.9)

Lemma 3 can be proved by the similar way used in [2].

3. The Condition Number

Let Py : Vi, = IyVy and Py : Vi, — EpViy, (K =1,2,---, M) be the orthogonal
projection operators in the sense of inner product ay(-,-), that is, for vy, € V4, Py, €
Iy Vg and

ah(PH’Uh,IHUH) = ah(vh,IHvH), V’UH € Vy, (31)
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and Py, € Eth,k and
an(Pyvn, Byvr) = an(vn, Epvg), Yo € Vig. (3.2)
For all v € Vj,, let ull € Vi be the solution of equation
ap(ul o) = ap, (v, Igv), Wl € vy, (3.3)
that is,
ApCr(ull) = 1] A,Ch(v).
It is easy to show that

M
(ARQ " ApCh(v), Ch(v)) = an(u , ull) + > an(Prv,v), Vv € Vi (3.4)
k=1

Lemma 4. There exists a constant C independent of H, h and the choice of sub-
domains, such that,

R(v) < C, Yo € V. (3.5)
Proof. By the way used in Lemma 2.1 in paper [4], one can prove that
M
Z an(Piv,v) < Cap(v,v), Yv e V. (3.6)
k=1

From (3.3) and (2.1), one gets
apg(ull ull) = an(, Igull) < ap(v,v)Pap(Tgull, Inuf)? < Cap (v, 0) 2| Igull]s
< Cah(v,v)1/2|uf\1ﬂ < Cah(v,v)l/QaH(uvH,uf)lﬂ,

aH(uf,uvH) < Cap(v,v). (3.7)

Lemma 4 follows from (3.6) and (3.7).
Lemma 5. For allv € Vy,

M M
ap(Prv,v) + Z an(Pyv,v) < Cag(ull ull) + Z ap (P, v). (3.8)
k=1 k=1

Proof. 1t is sufficient to show the following inequality

an(Prv,v) < Cag (ul ull). (3.9)

v v

By (3.1) and (3.3),
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and
V2= gup an(Prv, Igw) sup an(uy, w)
ozwevy an(Igw, Igw)/2 o Lwevy, an(Ipw, [pw)l/?

ap(Prv, PEv)

H H)1/2 su aH(w,w)1/2

<
ari (i s 0£wevy an(Igw, Igw)'/?

>~ v

< Cap(ull,uf)/? sup LWLH
0£wevy [THW|1,H

(2.6) leads to (3.9).
Lemma 6. For allv € Vy,
H? B2 M
ap(v,v) < C’(l + ﬁ) (1 + ﬁ) {ah(PHU,v) + Z ah(ka,v)]. (3.10)
k=1

Proof. If there exist 0 € IV, ui, € EyVhg, k=1,2,---, M, such that,

M
U:f}H—i—Zuk
k=1

(3.11)
M
ap (O, 57) + > ap(up, u) < Bap(v,v),
k=1
then (see [1])
M
ap(v,v) < Bap, (PHU + Z Pyv, v). (3.12)
k=1
It is necessary to find a decomposition of v which makes (3.11) true for some 3. The
subdomains {Q, k = 1,2,---, M} are an open covering of 2. There exists a sufficiently
smooth partition of unit for the open covering, {¢x, k =1,2,---, M}, such that
M
LY ¢pp=1and0< ¢, <1, k=12 M.
k=1

2. ‘D¢k| < CLilv ’D2¢k‘ < CL727 k= 1727 T 7M'
Where C'is a constant independent of M and the choice of subdomains.
For v € Vj, define ¢ = IHPQ}LU, then v can be written by

M
v="0"+ Z(pk(v—ﬁH).
k=1

The interpolation operator of Wilson element, for T' € Ty, is denoted by Ilp, and IIj is
the interpolation operator corresponding to Tp,. IIj,(¢r(v — ™)) is well defined because

or(v—2o) is piecewise smooth. On the other hand, }, is sufficiently smooth, and v—o'
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is continuous at the vertices. Hence IIj,(px(v — 9H)) € Vi Hp(pr(v — 07)) € ExVig
since I, (pr (v — 5H))‘§—Qk = 0. A decomposition of v is obtained by

M
v =0+ Z 11, (i (v — 97)). (3.13)
k=1
Inequalities (2.1) and (2.9) and the interpolation property of Q} give
an(@,5) < Claf2,, < Clof,, (3.14)

Let k € {1,2,---,M}, T € Ty, and T C Q. Denote the center point of T' by A%.
By inequality (2.3), one has

A[(or — pepr) (v — 5]

Br<c{ Y lenlo— o) (Ak) — pr(v — 57 (4] 2

1<i,j<4

e ]+ AT )

+ h4(‘ e

<cf Z lor(A%) (v — 8 )(A%) — (v — 5)(AL)?

+ > on(Ah) — (Ap) (v —37) (A7)

1<4,5<4

+ b ( 8;;}’“ (A?r)|2 + ]88;’“ (A9 )\ )](v — 5y (42)P2

(|52 ()
WMW + iW(A%)f) (AN}

Denote Sobolev maximum semi-norm by | - |, 00, 7. The property of ¢y, leads to

+h4(

h (kv —o")Rp <CLAL™2 + WL — 3" F o 1

+ (B2 DL )0 — 57 2+ W — 6713 oo )
(3.15)

From the inverse inequality, one gets
10 (o (v — ™))[Tp <CULT2 + B2 o =373 1
+ (14 R°L72) v — 373 1} (3.16)
Summing the above inequality for all T' C €, one gets

Ma(er(v =" NEy = Y. [Halerw —37)F
TeT,,TCQy



202 M. WANG AND S. ZHANG
<C > A@P+rL Y -d"5r+ 1+ RL ) — 577 1}
TeT),, TCy

Summing the above inequality for all k£, one has

M
Y M(er(v = 0" NE ), < CULT2+ RPL o =073 ) + (L + K2 L72) o = 7|2 ).
k=1
where the fact, that the numbers of subdomains containing each elements in T are
bounded, has been used.
Estimates (2.9) and (2.1) and the interpolation property of Q} give that

. Hyy|2 H? YT
> Malen(v = 0" < C(1+ 75 ) (14 45 ol o
k=1
Since the norms |- |1, and ay(-, -)'/? are equivalent, the above estimate and (3.14) lead
to
M 2 2
~H -~ - - H h
an (8", ) + 3 an(Ma(pr(v = 0)), Mi(n(v = 8)) < C(1+ 55 ) (1+ 73 ) an(v, ),

k=1
(3.17)

(3.10) follows.

The main theorem of the paper can be immediately obtained by (3.4), (3.5), (3.8)
and (3.10).

Theorem. For Wilson element and the operator Iy defined in section 2, there
exists a constant C' independent of H, h and the choice of subdomains, such that the
condition number of Q™1 A}, satisfies

_ H? h?
Cond (Q™1A4) < C’(l + ﬁ) (1 + ﬁ) (3.18)

Estimate (3.18) leads to that the condition number is independent of the scale of
problem and the number of subdomains if H = L. So the optimal preconditioning is
obtained.
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