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Abstract

We study the sufficient and necessary conditions of the convergence for parameter-
based rational methods in a Banach space. We derive a closed form of error bounds
in terms of a real parameter A (1 < A < 2). We also discuss some behaviors when
the family is applied to abstract quadratic functions on a Banach space for A = 2.

1. Introduction

We consider the problem of solving
F(z) =0, (1)

where FF : D C X — Y is a nonlinear differential operator defined on some convex
subset D of a Banach space X with values in a Banach space Y. Many problems of
applied mathematics can be brought in the form of equation (1). (see Ortega and
Rheinboldt [1970], Lancaster [1977], Dennis and Schnabel [1983], Cuyt and Rall [1985],
Laub [1991], etc.) A well-known method for solving (1) is the third-order Halley. Given
an approximation xx, compute x4 by

Tpy1 = xp — [F'(xr) — %F”(ﬂﬂk)F/(xk)_lF(iﬁk)]_1F(1‘k), (2)

Recent years, Kantorovich-type convergence (sufficient conditions for the convergence)
of the Halley method in Banach space setting has been mentioned by many authors:
Candela and Marquina [1990], and Kanno [1992]. In this paper, we introduce a real
parameter A and design a new parameter-based rational iterations in Banach spaces as
follows:

yk = x5, — F'(wg) " F(2y)
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H (g, yp) = F'(2x) " F" (x1) (ye — k)

1 A _
Thi1 = Yk — iH(l’k, yr) [ + §H(ﬂfk, )] " (ks — k), (3)

which include the Halley method as a specific choice of the parameter. We will not only
provide a complete Kantorovich-type convergence analysis as well as a local convergence
for this one-parameter family for 1 < A < 2 but also we point out that the maximum
order of convergence for the iteration at A = 2 is greater than the famous conjecture by
Traub [15]. The conjecture states that their maximum order of convergence is three,
but we will show that it is of order four.

2. Sufficient Conditions for the Convergence

We first need a lemma.

Lemma 2.1. Let F(x) be a nonlinear operator from an open convex domain D in
a Banach space X to another Banach space Y. Suppose that F' has 2nd order contin-
uous Frechet derivatives on D. Then the F(xyy1) together with the sequence {x}7,
generated by (3) has the following approzimation for allk >0 and 1 <\ < 2,

1

Flaen) = | CE g+t — (1 - Dt - ) - / [+t — )

(1= M1~ )t — ) H (e )L+ 5 H )]~ o~ 20)

1 1
+/ {F" @k + tlyr — )] (1 —t) — iF"(l’k)}dt(yk D))
0

< U+ 5 H )™ o~ ). @

Now we can state our main result.

Theorem 2.1. Let F(z) : D C X — Y, X and Y are real or complex Banach
spaces, and D is an open convexr domain. Assume that F has 2nd order continuous
Frechet derivatives on D and satisfies the following standard Newton-Kantorovich con-
ditions:

| F'(z) |< M, || F"(z) = F"(y) IS N | = —y |, forall z,y € D. (5)

For a given initial value xo € D, assume that F'(xo)~! exists and satisfies

I F'(zo)™t |I< B, || F'(wo) ™" F(xo) <, (6)
2N 13
h=Kpn<0.5, (8)

S(xo,t*) C D, 9)
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where S(z,r) ={a' €z ||z’ —x ||[<r} and

1 1 n
t) = —Kt* — —t+ =, 10
9(t) 5 35 (10)
t*_l—\/l—Qh t**_1+\/1—2h @_1—\/1—2/1 ()
- o Pt T R T =T

where t* is the smallest oot of equation (10).
Then procedures (3) are convergent for all 1 < X\ < 2, and xy, yr € S(xo,t*) for all
k € No. The limit x* is a unique solution of equation (1) in S(xo,t*). We have the

following optimal error bound estimate for all k > 1:

e 1-©? -
|z — 2 ||I<t —tkg(lggznesk L (12)
for all X in [1,2), where {t;;} and {s;}32, are defined as
o, g9(te)
Sk - tk g,(tk),
9" () (sk — tr)
ol 51) = 9'(tk)

b = 1 hg(ty, sk)(sk — tr)
k+1 = Sk — 3 2 .
1+ §hg(tk,5k)

; (13)

Proof. 1t suffices to show that the following items are true for all £ > 0 by mathe-
matical induction.

xr € S(wo, tr); (14)

| F' () 1< =g/ (tk) 7 (15)
|k — 2k [|1< sk — tes (16)
yk € S(xo, 51); (17)

| Zhs1 = Yk |< b1 — sk (18)

It is easy to check in the case when k = 0 by the initial conditions. Now assume that
the above statements are true for a fixed k¥ > 1. Then

| Zhg1r — 20 | <N @hgr — v [ + [l gk —2p || + || 21 — 20 ||
< (tge1 — sk) + (sk — tg) + (tx — to)
= tht1-

It convinces that (14) is true when k is replaced by k + 1.
Since

1
F'(xpq1) — F'(x0) = /0 F"[x + t(xrq1 — x0)|dt(zp1 — 20),
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then
| F' (k1) = F'(2o) [| < M || 241 — 0 ||
< K(tg1 — to)
= Kty
< Kt*
1—+v1—-2h
h
1—+v1—-2h
Kn
el VI-2h
g
1
S —
g
< 1
T F @)
and by the Banach lemma, F'(x)1)~! exists and
_ | F(xo)~" |
I F' (zrg) ™" | < m
1= | F"(zo) =" || | F'(zps1) — F'(20) ||
< g
1= BK || op1 — o |
_ 1
5= K || @rp1 — 0 ||
1
<3
5 = K(trs1 —to)
1
N % — Kigq1
_ 1
9 (tk1)

Which implies that (15) is true when k is replaced by k 4 1. By using the identity (4),
we can estimate F'(zj41) to obtain

M? 3
T | Yk — Tk
| Plonsn) < M oppn — g o (L = Yy E o L~ ]
+ =5 + 2 4 1 — A_Mllye—zpll
N ye — ?
61 _ A Mlye—zill
2 %—M”zk—l‘oH
(2—>\)]\/12+£
4 Te8 — 3
M 7 e T
—7””‘“_9’“” * A Mllys—ai]

2 §—M|lzy—aoll
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(2—N)M?/4+N/63 3
“1/8—M|[zr—zo] |y — 2 ||

A Mllyg—zk]

2 1/B—M||zk—xo]|

(s—tx)?

M 2
<5 laws—wn P +

K 2 K? 5Kt
St =)+ Q=N Ry
2 %—Ktk
=g(trs1) ,

which yields

| —F"(zp1) " F (1) ||

| Yet1 — Trtr ||

<l F'(@pg) ™ Il F (@) |l
< 9(tk+1)

g (trt1)
= Sk+1 — Lkt1-

Then (16) is true when k is replaced by k 4+ 1. Now we conclude

kst — 2o | <l yrrr =2 | + 1 Zhgr — v [ + [l ye — 22 || + || 20 — 20 ||
< (kg1 — thg1) + (teg1 — sk) + (56 — tr) + (tx — to)

= Sk+1-

So is (17). Finally we use the fact that

A _ A _
I 5 F (zx41) YF (1) (ke — 2g) || < 2 I F'(@rs) SN F @) I s — 2 |
< ME(skr1 — thia)

2 —g(tkt)

K(Sg+1 — trt1)
N % — Kigq1
<1,

and conclude that [1 + 3 F(241) " F" (2g41) (Yk1 — Tt1)] 7! exists and

A _ _
|1+ §F'($k+1) Y (@g1) Wagr — 2gn)] |
A _ _
<fA-3 Fl (@) 7 1 F (@rg1) 1 vrgr — zpga 171
A _ _
< 1+ 59 (tes1) YK (spg1 — tra)]

A _ _
=[1+ 59/(tk+1) Yo" (tes1) (k1 — tigr)]

A _
=[1+ §hg(tk+1a sk41)]
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From (3), we shall have

1 A _
Thyo — Yhtl = —5[1 + §H($kz+1,yk+1)} YH (21, Y1) (Y1 — Th)
and then
< 1 I )\H —1 F/ —1 F// 2
| Try2 — kg1 || < 3 | [1+ 5 17 Fr(opr) ™ I EF (2rs1) N Yerr — 2rg |

1 _
< —5[1 + §hg(tk+17 Ska1)] " g (tgts Skg1) (Skg1 — tre)

=tki2 — Sk+1,

which convinces that (18) is true when k is replaced by k + 1. Now we are ready to
prove (13). Notice that

1) = o (0 — )t — 1),

and

(1) =~ 18" — )+ (¢ — 1)

For convenience, we denote ap = t* — ty, by, = t** — t;.. Then we have

K
g(ty) = Eakbk:,

K
g (te) = —5(% + br),

1-0?
bk =a + (9)77
Now from (13), we have

ap—1bp—1(ar—1 +bp—1)> + (1 = N)aj_,bi_,
(ap—1+bx—1)% — Aag—1bg—1(ar—1 + bp—1)
ap g+ (2= Nai_ by

(ak—1 + br—1)> — Aag_1bp—1(ar—1 + bp—1)

ap = ag—1 —

By the similar way, we have an expression of by,

_ b1+ (2= \)b}_ a1
(agp—1+ bg—1)> — Aag—1bk—1(ar—1 + bp—1)

Hence we obtain

ak _ {Clk—1 }3 ap—1+ (2 = A\)bg—1
bi; bi—1" bp—1+ (2= Nag—

ey B RN

b1 14 (2= N\)72=t’

b1
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Notethat()g%g@gl,andiflg)\<2,then

ap—
b’Hl 2N <1

ag—1 — *°
1+ (2-X) -

Which implies
R e
bi br—1

and we solve this equation for a; and obtain

(1- @2)77 3k—1
—er O

ak:t*—tkg

273

Finally to show uniqueness, we assume that there exists a second solution y* of the

equation (1) in S(xo,t*). We now obtain the estimate:

1
I F' (o)~ | /0 I F'(2" +t(y" — 2%)) — F'(x0) || dt

1
<BM [ o+ ey~ o) o | de

0

1
éMﬂ/O (1= t) || 2 — 2o || + | v — zo [t

1

SMB(E +17)
< 1.

<

Hence the linear operator fol F'(xz* + t(y* — x*))dt is invertible. It follows from the

approximation

[y ety - ) = B - B =0,

that «* = y*. The proof of the theorem is now completed.

3. Necessary Conditions for the Convergence

Assume that F': D C X — Y has the following property: there is an z* € D such

that F(z*) = 0 and F’(z*) is nonsingular.

Theorem 3.1. Assume that the oporator F satisfies (6) and (7) in Theorem 2.1

and there exist & and B* such that

| e —a* |< 6, || F'(z*) 7! ||< 5%,

(19)

then x11 is well defined and converges to x* with order of convergence four. We have

also the following error estimate:

l2hsr =2 < C | 2 — 2™ |,

(20)
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where C* is an expression in terms of M, 5* , § and \.
Proof. Using the fact that

| F'(wg) = F'(27) |< M || 2 — 2™ ||< M,

we can choose ¢ > 0 such that § < ﬁ Thus F'(x;,)~! exists and
- [ F'(z*) 7 |
| F' () 1< - ;
1= || /()= I FY (k) — F7 () ||
* 1 3
< g _ <35
1—p*Ms 5 —Ms 2
then

3 *
IV (g, ye) | MB" Ly — 2 ||

Now we can estimate the distance between 41 and yy.

1 A -
lwkir =y | < S H (e ) (110 = 5 1V H @) 1170 1wk — 2 |
g

< | gk — k||
1—2MB* || yp — ax ||

Here we need an identitity due to Dennis and Schnabel [6] that

1
Tty = —F’(mk)fl/o F'(2* + t(xg — 2))tdt(z* — zp)°.

We have ;
|y =2 < S MB7,
and ;
Fye =@ < (3MB76 +1)8,
this gives
| H ok i) 1< 5 MB"6(3 MB"5 +1),
and

§M5*
| zrr1 — gk I< . Il ye — e |1
1—2MB*(3MpB*5+ 1)
Following (3), we have
M 1A 2 M B
F < = o 2 (=== 3 o 3
| F(2rs1) | < 9 | Ter1 — vk |l (2 4)1—%Mﬁ*5(%Mﬁ*5+1) Il vk — zk ||

Ellye —an |3
1— 2 MB§(3MB*5 + 1)
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ME?PM2372 | g — e |t
T [1—2MB (3 MBS+ 1))

LM g - P ol RNl
L= MBro(IMBo+1) 1= FMFS(IMB6 +1)
3 %2 - *
B -l F7 5% N 5 M
T - BMBO(EMBS+ 1) L RMBO(FMBS + 1)
N
+ y [P
[ BagsEape ) |
=C|lyx— i ||

On the other hand, by the continuity of F'(z*)~!, there is an « such that

| Fzgi1) = F(27) |2 o || 20 — 2" ],

and so
| F(zrar) | I F@pga) — Fz") |
| yx — o |3 | yx — o [|3
all oppr — 2" ||
| yx — o [|3

all zper — 2" ||
~ gk = I+ [ — 2 1P

llzg+1—2* ]
_ [z —a* |3
T a3
L+ fox=o]
It follows that
— g 1 - F
| Zgs1 w 3H <Ing | Yk :B* 13 1l Fzrs1) !
| zg — x* || o | e —a* |7 |y — 2k ||
1 —z*
o |z — a* |
which gives
Ty —° C C N
M < I+ MB ||op—a2 ||| < =1+ MBS = C*.
| xp — x* | « o

That is (20). The theorem is now proved.

4. A New Method of Order Four

In order to increase the order of convergence, we select A = 2 and construct a new

Halley-type method as follows:
yk = ap — F'(ap) T F ()
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H (g, yp) = F'(2x) 7 F (x1) (ye — k)

risn = g = 3 H Gyl + Ho )]~ o — 20 1)

We for the first time point out that the maximum order of convergence of this method
could reach up to 4 when the function F(x) is any quadractic function in a Banach
space. Let F(z) be a quadratic operator in an open convex domain D in a Banach
space X to another Banach space Y with the form of

F(x) 5

z? + Mz + Mo, (22)

where M; is the i*" symmetric bilinear operator defined in [14]. Assume that F’(z*)~!
exists and satisfy
| F/(z*) 1< 8%, oy —a* <6 (23)

From (4) and A = 2, we obtain

F(xp11) = /01 F"(xg, + t(@pgr — ) (1 — t)dt(wpsr — yi)?

1

5 [ F et~ )2t~ it — ) H Ol + H )]

1 1
+/0 {F" (x4 tlye — 1)) (1 — 1) — §F”($k)}(yk — xp) [+ H(wp, ye))~ dt(yr — z3).
We apply this approximation to a general quadratic operator (20) and obtain

M.

F(zpy) = 72(9%“ —yr)?
M> 1 _

and

| Ma || 1 | Mo || ~

| Flan) | < S a2 | E @ = e |2
| Mo [P || F'(ze) ! | .
=8 (- [[HEmw D2 ’

that is ) i

[ F@pe) | ol Mz || || F(ze) " |

lye —ap I* = 8 (1= || H(zx,yx) [1)?
Since

| F'(zx) — F'(«") || < || Ma ||| 2 — 2™ |
< || M || 9,
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and we can choose a 6 > 0 such that || My ||0 < ﬁ, then by the Banach lemma,
F'(x},)7! exists and

[ | F' @) |
)™ < T ) T ) = P |
B
S L [ 5
3
éiﬁa

and

3 *
I (2 ye) | < 5 1 M2 ] 57 [ gk — @l
3
<5 MM | 87 we — 2™ || + [ 2 — 27 ).

In order to estimate the distance between y;, and x*, we need an identity that
ot —yp = —F'(xp)"! /01 F(x* + t(xg, — a*))tdt (™ — zp)2.
Now we shall have 5
lyn = 2™ <5 | Mz || 3767,
and

3 * 3 *k
IV H (2, 50) 1< 5 | M2 | 570(5 (| Mz || 576 +1).

this gives
[ Flzpsn) | 1 g1l M| B2
lye =i 1" = 8 (1= (G [ Mz || B*6(5 || Me || 5*6 +1))?

On the other hand, by the continuity of F’(x*)~!, there is a v > 0 such that

| F(zrg1) = F(@%) |27 [ 2pgr — 27 |,

and yields
| Frpa) | I Fzper) — Fz¥) |
| yr — a |1* | yr — . |4
Y Thgr — @ |
|y — i |*
UM el
{lar —a* |+ Iy —2* I}
Hence § §
| Tk — 2" || < £{1+ lye —a* llya | Flzaen) |
| e —a* |* ~ v l2ze —a* |7 || zhgr —an [I*
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It follows immediately

| 21 — 2o |< CF || g — 2* |14, (24)
1 3 9| M- 3 x2
where C* = —(1+ — || My || 5%0) 3 H *2|?’, y ¥ 2"
D) 32(1— 3 || My || B*5(3 || M2 || B*6 + 1))

In this section, we first use the Theorem 2.1 to suggest some new approaches to the
solution of quadratic integral equations of the forms:

1
2(5) =y(s) + aals) [ als Dty (25)
0
in the space X = ([0, 1] of all continuous functions on the interval [0, 1] with the norm

@ = nax, | a(s) | . (26)

Here, we assume that « is a real number called the “albedo” for scattering and the
kernal ¢(s,t) is a continuous function of two variables with 0 < s,¢ < 1 and satisfying

0<q(s,t) <1,0<s,t<1, (27)
q(s,t) +q(t,s) =1,0 < s,t < 1. (28)

The function y(s) is given by a continuous function defined on [0, 1], and z(s) is the
unknown function sought in [0, 1]. Equations of this type are related with the work of
S. Chandrasokhar [3], and arise in the theories of radiative transfer, neutron transport
and in the kinetic theory of gases. There exists an extensive literature on equations
like (25) under various assumptions on the kernel ¢(s,?) and « is a real or complex
number. One can refer to the recent work in [1] and the references there. Here, we
demonstrate that the theorem via the iterative procedures (3) provide existence results
for (23). Moreover, the iterative procedures (3) converge faster than the solution of
all the previous known ones. Furthermore, a better information on the location of
the solution is given. Note that the cost is not higher than the corresponding one of
previous methods. For simplicity, we shall assume that

S
t) = —,0<s,t<1. 2
Q(Su ) S—l—t’O >S50 ( 9)

Notice that (s, t) satisfies (27) and (28) above. Let us now choose y(s) = 1 for all s in
[0,1] and define the operator F' on X = C]0, 1] by
Flp) — s
(z) = a:c(s)/o P
Note that every root of the equation F'(x) = 0 satisfies the equation(25). Set zg(s) = 1
and a = 0.25, use the definition of the first and second Frechet derivatives of the
operator F' to obtain

1

(t)dt — z(s) + 1. (30)

1
M =2|a| max | / i dt |=(2In2) | o |= 0.34657359,
0<s<1 ' Jo s+t
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N=0,K=Mpg=|| F'(1)7"|=1.53039421,
t* = 0.28704852, © = 0.08239685
and

(1-6%n 4,  0.26339662

)\ _ * < =
Foe(A) =2 < g5 1 — (0.08239685)%"

(0.08239685)" !

for 1 < A < 2 which shows that z* is unique in S(xo,t*). We now discuss the deter-
mination of the parameter A so that the iterative procedures (3) will produce better
solutions by spending the same amount of computations. Our numerical example do
convince the above theoretical conclusions. Let us consider F(x) = 23 — 22 — 5, where
x* = 2.094551481, and

Eo(A) =[l wo(A) — 2" [, E1(A) =[| z1(A) — 2" | . (31)
We have the following numerical results.
Table
Az 1 Ep(N) E1(N)

1.0 2.0 2.0943396 0.95%10~' 0.21%1073
2.0 2.0 20946429 0.95%10"' 0.91%10~*
3.0 2.0 20949152 0.95%10~' 0.36%1073
4.0 2.0 20951612 0.95%10~" 0.61 %1073
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