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Abstract

In this short note we use the idea of R. Du.ran 5] a.nd mtroduce a new 1aw-nrder
triangular element by replacing the nonconforming hnea.r element for the rotation
in [2] with the conforming linear element.The: optimal order error estimates are
obtained uniformly in the plate thickness.

; 1. Introduction

We consider the finite element method for the Reissner-Mindlin plate model in the
primitive variables. The plate model descnbes the displacement of a plate with small
to moderate thickness subject to a transverse load.

Tt is well known that the standard finite element method fails to give good ap- |
proximations when the plate thickness is too small, owing to a loclﬂng phenomenon.
In 1986, Brezzi and Fortinl!l introduced an equivalent: of the Reissner-Mindlin plate
model by using a Helmhotz decomposition of shear strain. Recently, Arnold and Fa]k[?] .
developed the idea of [1] and proposed a low-order triangular element in the primitive
variables by introducing a discrete version of the Helmhnltz decomposition. They ana-
lyzed and proved uniform aptlmal-order convergence in the plate thickness. To remove
the internal degrees of freedom in the Arnold-Falk element {2], R. Duran®® introduced
a modification of the element in [2] and proved the uniform optimal order convergence
with respect to thickness. -

In 1992, Cheng [6] proposed a simple finite element method for the Reissner-Mindlin
plate, by using conforming linear element both the transverse displacement and rotation
by a new discrete version of the Helmholtz decumposltm It was proved that the
method converges with optimal order uniformly with Wt to thickness. o

In this short note we use the idea of the mixed finite element method pmposed
by R.Duran et al [5] and mtroduce a new lnw—order tn!mgula-r element, in which the
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nonconforming linear element are replaced by the conforming linear element the Arnold-
Falk element [2]. Our analysis provides a duect proof of the convergence without using
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the discrete Helmhotz decomposition. To eliminate the bubble flmctlcn of displacement |

at element level, we obtain the Cheng element [6].

2. The Relssncr-Mmdlm clatc model and notation

We use standa.rd notation: for the -'Scbclcv spaces H*{Q}) and Hf,‘(ﬂ) with the norm

llﬂllu =% IID"“"E(n)

ek

fcr bcth sca.la.r and vector functlcns Bcldfacc typc is used tc dcnctc vcctcr spaces. .
Let © x (—%,%) be the region occupied by the undeformed plate, where Q C R?

is a ﬂll'ﬂpl.'f connected polygon and 0 < £.< 1 is the plate ! thlcknm Fcr the sa.'ke of
- simplicity, we consider the fcllcmng variational Reissner-Mindlin plate | |

Problem RM. Find (w, ﬁ )€ H 1(ﬂ) x H n(ﬂ) such that

a(B, ﬂ)+t“2(Vw" B, Vv - 7)=(g,v), Vv, 7)€ HM)RQ)x H} Q). (2.1) %

Here (-,-) denotes the scalar product-in either L?(2) or L*(f2), and the bilinear
form a(-,-) is defined as in [1-6]. It is known that a(-,-) defines an inner product in

- H $(8D) cqmvalent to the usua.l one.

Let

be thc shear strain. We use C to dencte a constant mdcpcndcnt of h and ¢ but not

—

3. The finite element method. and error analysis

Let 2 be a convex pclygcn a.nd Thbea rcgula.r triangulation of O, where as usua.l

-~ h stands for the mesh size. Denotirig Pi(T) as the set of functions on T' which are -

pclyncmm.ls of degree no greater than. k, we define the following finite element spaces:

Wir={we HI(Q) - W|T EPl(T),VT et Gt B e (3. 1)
Th= (7 € L@ Vo é P, (TINTERET T 6D
EY L E = {WeHY®):T Tl € Pr(T) @ Pu(T)bT VT € 1;.}, | @ 3)

‘chrc bT is a bubblc ftmctlcn cf dcgrcc 3 namely, bT = P3(Tj and-by “'0 on 8T
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and . it v . . |
R Uy SV
_ _vhﬁ rmeas (T) L , ._( .)
Obviously, * s G o " - 3
|7~ T o < CRY T |Is, for V' € H (D), (3.5)
% flo < I llo, for V" € LXQ). (3.6)

<o fudi b
Then our approxunatmn scheme is gwen in the fnllomng problem.

Problem CW. Find (ws, £ h) e W x H-Much ihat.
E(Fh’ n ) + t_z(vwh - ﬁ?ﬁ,?ﬂ — H ) (glv)‘l V(”i ?) € Wy X Hh (3 7) 3

Yoy

The existence and uniqueness of the sclutlon follow easily from the coerciveness of -
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a(,-). Denote - o w s gkl e g e
- Ph= t-ﬂ(vw,, g[ ﬁ »- B 8)
From Duran et al [5] we have o e T o R
] H{-‘g G :"'-: Hie Y = f

Lemma3 1[5] For any ﬁ EH};,‘H}EWh and D" _t ﬂ(vw Hﬁ) .
3~ Bali+ 47 - Falo < {8 ~ Bl +47 - Pho+hlZho}.  09)

From Lemma 3.1 we see that, if there exist ;5' € Hy and w € Wh such that .ﬂ g
and © are good apprmmatmns of ﬁ and V', respectwely, we get an error estlmate.

The key is t0 choose ,6 and w properly. Duran et alls) first chose {)’ and then fc}und :

1 such that 7 isa good approximation of 7. Alt_hough they introduced a low-order
triangular element by using the quadratic element for displacement, it was not optimal
J—.

for displacement and was not economical. Here we first choose % and then find 8 such
that 7 is a good approximation of 7'. We obtain the optimal-order error estimate for - f

our method (3.7).
Let II; : H}(2) — Wj be the orthogonal pm]ectlon and II; = II; xII;. Then, from

1l

Jjw = Dywflo + Aljw = mu;;_ < CRlwlla - (310)
ST =T o+ AW I < Ch?ll?llz - (311).

for any w € HA(@) N HY(), 7 € HA(R) n HY(@).

Let (w, ﬂ ) be the solutlon of Problem RM. We ﬁrst chom

w=nlwewba i | (3.12) -

Then we deﬁne [3' € H h Bl.l(‘.h that i —— G ol g
T Pelh KL ¥ f e : " ] S e e “':

@M B = 8 ¥ +Rﬁ, (n) 'iRIe*— o b, We’ﬁ,, -Lne(3.13)
(i) @ =60{V(w =)= (BT B)Hr- |
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Obviously, from (3.10), (3.11) and (3.6), - E |
a7l < C{IV(w — Mw)|lor + 1|8 — 111 8 o7} ;
B =Bl <! -mBlh+IRB I <c{hBlla+( 2 a)*} 1
| TeTy,
.
< Ch(| Bl + ol 314) |
Prom Lemma 3.1, & = t~2(Vio — T 3) € Ts. For any T € T, ;
(@7 - B)r = {2V - TF) - +(Vihw — T F + RA))Hr
= = = 1 !
= 2{(Ve - VIw)lr ~ (B -~ B)lr — g5 @7} =0
A - '%.
Then, ¥ = II# and by (3.5),
, 1% = 7 llo < CRIP 1. (3.15) |
Using the error estimates (3.14),(3.15) and Lemma 3.1, we get
—_ — R - — }
1B~ Ballh <18 - Bla+l8 - Ball <Ch{i P ll2 + 117l + 17 Mlo)- ﬁ
Applying the regularity result!!?l, we have
Theorem 3.1. Let (i, F) and (ws, Fh) be the solutions of Problem RM and
Problem CW, respectively. If g € L*(R) , then we have
— -
I8 — Bally < Chllglio. (3.16)

Remark 1. The error estimate fjw — wall1 can be derived easily by (3.15) and

Corollary 3.1 of [5].
Remark 2. If we eliminate the bubble function b; at element level [3,4], then

we get the Cheng element [6] directly without using the discrete version of Helmholtz

decomposition.
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